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PREFACE

Variational or Partial-Differential Equations (PDE) approaches have proven to be
powerful for biomedical image analysis. The basic ingredients of image analysis
are basically comprised by the trilogy of segmentation, registration, and visual-
ization. Variational and PDE approaches enable soft tissue modeling and detailed
structural analysis of complicated topologies, and create the capability of alignment

tional and PDE methods in biomedical image analysis. The chapters are written
by well-known researchers in this field, and the presentation style goes beyond an
intricate abstraction of the theory into real application of the methods and descrip-
tion of the algorithms that were implemented. As such these chapters will serve
the main goal of the editors of these two volumes in bringing down to earth the
latest in variational and PDE methods in modeling of soft tissues. Researchers at
various levels will find these chapters useful to understand the theory, algorithms,
and implementation of many of these approaches.

The two volumes not only introduce application research but also novel the-
oretical ideas related to the problem under investigation. A list of algorithms is
found in most of the chapters to provide an opportunity for those who want to
implement the algorithms and repeat the results. Nearly all the chapters have a
theoretical and algorithmic aspect of variational and PDE-based methods. A brief
summary of the chapters in Volume 1 follows.

Chapter 1 deals with simulation of bacterial biofilms and ubiquitous life forms

surfaces. Level sets are combined with other numerical methods to model biofilms
to explore the variety of their behavior.

v

 on the planet. More than 90 aggregates of cells attached to both biotic and abiotic

  of tissues for subsequent statistical analysis. This two-volume set, Deformable

cations provides a wide cross-section of the methods and algorithms of varia-
Models: Biomedical and Clinical Applications, and Theory and Biomaterial Appli-
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Chapter 2 examines the distance transform and other distance measures and
provides an approach to evaluate them. Interpolation and skeletonization are dis-
cussed as applications for the distance transform in image analysis and processing.

Chapter 3 deals with structural inversion for modeling structural information
in medical imaging. It provides a brief introduction to some techniques that have
been recently developed for solving structural inverse problems using level sets.

Chapter 4 deals with shape- and texture-based deformable models as applied
to facial image analysis. The chapter examines various characteristics of active
shape, appearance, and morphable models.

Chapter 5 describes a method for identification of the breast boundary in
mammograms and its use in CAD systems for the breast and other applications.

Chapter 6 describes the use of statistical deformable models for cardiac seg-
mentation and functional analysis in Gated Single Positron Emission Computer
Tomography (SPECT) perfusion studies.

Chapter 7 presents an implicit formulation for dual snakes based on the level
set approach. The key idea is to view the inner/outer contours as a level set
of a suitable embedding function. Details of the approach are provided with
applications to segmentation of cell images.

Chapter 8 describes a generalized approach for monotonically tracking ad-
vancing fronts using a multistencil fast marching (MSFM) method, which com-
putes a solution at each grid point by solving the eikonal equation along several
stencils and then picks the solution that satisfies the fast marching causality rela-
tionship.

Chapter 9 examines the use of deformable models for image segmentation
and introduces an approach to reduce the dependency on initialization that utilizes
object and background differentiation through watershed theories.

Chapter 10 describes the use of deformable models for detection of renal re-
jection as detected by Dynamic Contrast Enhanced Magnetic Resonance Images
(DCE-MRI). The approach involves segmentation of the kidney from surround-
ing tissues and alignment of the segmented cross-sections to remove the motion
artifices. The renogram describing the kidney perfusion is constructed from the
graylevel distribution of the aligned cross-sections.

Chapter 11 deals with a class of physically and statistically based deformable
models and their use in medical image analysis. These models are used for seg-
mentation and shape modeling.

Chapter 12 reviews deformable organisms, a decision-making framework
for medical image analysis that complements bottom–up, data-driven deformable
models with top–down, knowledge-driven mode-fitting strategies in a layered fash-
ion inspired by artificial life modeling concepts.

Chapter 13 provides a detailed description and analysis for use of PDE meth-
ods for path planning with application to virtual colonoscopy. The method works
in two passes: the first identifies the important topological nodes, while the second
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identified topological node.
Chapter 14 describes an approach for object tracking in a sequence of ultra-

sound images using the Hausdorff distance and entropy in level sets. The approach
tracks the region of interest (TOI) using information in previous and current slices
and accomplishes segmentation with Tsallis entropy. The Hausdorff distance is
used to match candidate regions against the ROI in the previous image. This
information is then used in a level set formulation to obtain the final output.

Chapter 15 describes a deformable model-based approach for image regis-
tration. A nonuniform interpolation functions is used in estimating the joint his-
togram between the target and reference scans. A segmentation-guided nonrigid
registration framework is described.

The authors of these chapters deserve a lot of credit and have the respon-
sibility for preparing first class manuscripts that will stand the test of time and
will guarantee the long-term value of these two volumes. Several people at
Springer deserve special credit for making every effort to carry out this project

Senior Editor, Beverly Rivero, Editorial Assistant, Tim Oliver, Project Manager,
and Amy Hendrickson, LATEX Consultant, have made every effort to make this
project smooth to its superb completion.

Finally, Jasjit Suri and Aly Farag acknowledge the support of their families
and express their gratitude to their collaborators and graduate students.

Jasjit Suri and Aly Farag
January 2007

pass computes the flight path of organs by tracking them starting from each
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in such a beautiful and professional fashion. In particular, Aaron Johnson,
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1

SIMULATING BACTERIAL
BIOFILMS

David L. Chopp
Department of Engineering Sciences and Applied Mathematics
Northwestern University, Evanston, Illinois

Biofilms are the most ubiquitous form of life on the planet. More than 90% of bacteria live in
biofilms, which are aggregates of cells attached to both biotic and abiotic surfaces [6, 13].
Biofilms are responsible for nitrogen loss from agricultural fertilizers, and they deplete
oxygen in streams, cause disease in humans and plants, and foul pipes, heat exchangers,
and ship hulls. Biofilms are responsible for a number of human diseases, including cystic
fibrosis and Legionnaire’s disease, and are a potential source of nosocomial infections.
According to The Biofilm Institute, biofilms cost U.S. industry billions of dollars annually
in equipment and product damage, energy losses, and human infections.

On the other hand, biofilms are also exploited for their good properties. Biofilms
are employed for treating sewage, industrial waste streams, and contaminated groundwa-
ter. Biofilms can also be used to improve nutrient cycling through plant roots to improve
agricultural productivity, and are used to produce a wide variety of biochemicals used in
medicines, food additives, and cleaning products. Because of their immense impact on
society, both positively and negatively, understanding biofilms is an important goal. In
this chapter, we describe how the level set method is used to simulate biofilm growth and
development.

1. INTRODUCTION

include multiple species of bacteria—for example, in activated sludge reactors,
nitrifying bacteria form dense subclusters within larger colonies of heterotrophic
bacteria [39]. Nitrifying bacteria are essential for nitrogen cycling in nature and

Address correspondence to David L. Chopp, Engineering Sciences and Applied Mathematics Depart-
ment, Northwestern University, Evanston, IL 60208-3125, USA. chopp@northwestern.edu.
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Biofilms are composed of a number of different components. They may
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are used to treat nitrogen-contaminated water and wastewater [54]. The nitrifying
bacteria are autotrophs that consume inorganic carbon sources and produce mi-
crobial products that can be consumed by heterotrophic bacteria. Heterotrophic
bacteria rely on organic carbon sources such as glucose and typically grow much
faster than the autotrophs. In these types of biofilms, the heterotrophs shield the
nitrifiers from the external environment while the autotrophs provide an additional
source of nutrients. Biofilms are also composed of inert biomass produced by dead
and decaying cells, and extracellular polymeric substances (EPS), which comprise
the glue that holds the biofilm together and bonds it to surfaces [35].

The biofilm structure has many important properties that give cells in biofilms
an advantage over free-floating cells. For example, biofilms are well known to have
a much higher resistance to antimicrobial treatment [13, 14, 60, 67]. While the
precise reason is not known, several different hypotheses have been proposed for
how biofilm formation enhances antimicrobial resistance [67]. For example, the
EPS may have a large binding-site capacity that inactivates antimicrobials before
they are able to penetrate the full depth of the biofilm. This gives bacteria deep in
the biofilm protection from treatment, and they are consequently more difficult to
eradicate.

In addition to the structural components of biofilms, there are other important
soluble diffusing substances present in biofilms. Some substances, such as sub-
strates, may come from external sources, while other substances, such as certain
soluble microbial products, are produced by the biofilms themselves. For example,
several bacterial species are known to produce specialized molecules, called sig-
nals, which allow the bacteria to monitor their local population densities [23, 24].
When the signal concentration reaches a critical threshold, the bacteria are said to
be quorum-sensing, and upregulate certain genes, leading to a change in behavior
[15, 51].

Computer simulation of biofilms have generally been done using discrete
type models. The most notable among these methods is the individual based
model (IbM) developed by the Delft group [32, 33, 68]. In this model, biofilms
are represented by a collection of packed spheres. Each sphere is divided into
mass fractions representing bacteria, EPS, and other residual biomass. Diffusing
substances, such as substrates, are modeled using continuum equations. Biomass
reproduction is simulated through two distinct mechanisms: growth of spheres and
sphere division. Because the growth model leads to overlaps between neighboring
spheres, an elastic relaxation problem is solved to allow overlapping spheres to
push apart until all overlaps are resolved. While this approach has produced
interesting simulations, e.g., [74], the growth rules can be viewed as arbitrary.

Other discrete type models include cellular automata based methods [5, 20,
21, 27–29, 48–50, 52, 73]. In this case, simple rules are applied to each cell,
or collection of cells, for substrate consumption, soluble products production,
and reproduction. As in the IbM method, the substrate and soluble products are
typically modeled as a continuum, while the biomass is represented discretely.
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Continuum models of biofilms, based on partial differential equations, have
only recently been developed [17]. These models rely on the level set method
for tracking the evolving biofilm surface, while additional variables in the domain
determine the concentrations of substrates and other soluble products. In this
chapter, we provide a description of how the level set method can be used to
simulate biofilm growth and structure.

2. GENERAL MATHEMATICAL MODEL

Mathematical models of biofilms vary significantly in complexity. At the sim-
plest end of the spectrum is a single-species biofilm, with a single substrate using
linear kinetics. At the other end of the spectrum, multiple species, multiple sub-
strates, inert biomass, signaling molecules, other soluble products, and nonlinear
reaction kinetics can all be included. The level of detail and the characteristics
of the reaction kinetics must be tailored to the particular biofilm system, as well
as the questions about biofilms that are to be explored. In this section, a generic
model suitable for use with the level set method is presented.

The physical structure of a bacterial biofilm consists of more than just cells.
The cells are held together, and attach to solid surfaces by using extracellular
polymeric substances (EPS), which are adhesive polysaccharides excreted by the
cells. Other inert biomass, such as the nonbiodegradable portion of dead cells also
accumulates in biofilms [34, 35].

In this model, the different components of the biofilm will be broken down
into their local volume fraction within the biofilm. Let X1, . . . , Xn be functions
that represent the volume fraction of n different bacterial species and other space-
occupying biofilm components, such as EPS and inert biomass. These functions
may vary in space and evolve in time. If these account for all the components of
the biofilm, then the volume fractions must sum to one:

n∑
i=1

Xi = 1. (1)

Each of these components will be assumed to have a constant density given by ρi.
In addition to the structural components of the biofilm, there are also many

diffusing substances that are carried by the fluid, including various substrates,
signaling molecules, and soluble products which contribute to the growth, devel-
opment, and behavior of the biofilm. The variables S1, . . . , Sm will represent the
concentration of these diffusing substances in the fluid.

With these variables defined, a basic mathematical model of the system can be
constructed. The system is composed of two sets of equations. The first set comes
from the mass balance equations for the biofilm components, Xi, and the second
set comes from the mass balance equations for the diffusing substances, Sj . These
combined with appropriate boundary conditions form the mathematical description
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of a biofilm and its environment. The model presented here is a multidimensional
generalization of the work in [71].

2.1. Biofilm Structure Equations

The mass balance for species i is a combination of a growth/decay reaction
term with the local mass flux:

ρi
∂Xi

∂t
=

n∑
j=1

µj
i (S1, . . . , Sm)ρjXj −∇ · (vρiXi). (2)

where µj
i is the rate that species i is produced by species j, and v is the velocity

of the biomass. Note that for most cases µj
i ≡ 0 for i �= j, but not always. For

example, if species i produces EPS, then µ1
EPS �= 0. Likewise, EPS is not able to

reproduce itself; hence µEPS
EPS = 0.

The velocity, v, is generated by changes in total biomass, which are not able
to go through the substratum, the surface on which the biofilm is growing. The
velocity is computed from the mass balance equations. Since the sum of the
volume fractions is constant, then

0 =
∂

∂t

n∑
i=1

Xi,

=
n∑

i=1


 n∑

j=1

µj
i (S1, . . . , Sm)

ρj

ρi
Xj −∇ · (vXi)


 ,

=
n∑

i=1

n∑
j=1

µj
i (S1, . . . , Sm)

ρj

ρi
Xj −∇ ·

(
v

n∑
i=1

Xi

)
,

=
n∑

i=1

n∑
j=1

µj
i (S1, . . . , Sm)

ρj

ρi
Xj −∇ · v.

Next, we make the assumption that the velocity field is irrotational so that
v can be derived from a potential, v = ∇Φ for some function Φ. This gives an
equation to determine the velocity field:

∇2Φ =
n∑

i=1

n∑
j=1

µj
i (S1, . . . , Sm)

ρj

ρi
Xj . (3)

This equation is coupled with boundary conditions including no flux through solid
surfaces, i.e., ∂Φ/∂n = 0, and constant Φ = 0 at the biofilm/liquid interface.

liquid interface is given by ∂Φ/∂n.
Once the velocity potential is computed, then the normal speed of the biofilm/
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2.2. Diffusing Substances Equations

The concentrations of the various diffusing substances play an important role
in determining the evolution of the biofilm. These substances are either consumed
or produced by the different components of the biofilm, and are also affected by
the fluid flow over the biofilm. For this discussion, we will consider only laminar
fluid flow so that there is a linear boundary layer between the bulk fluid flow, which
has fixed bulk concentrations of the diffusing substances, and the biofilm surface.

The mass balance equation for substance Sj is given by

∂Sj

∂t
=

n∑
i=1

ηi
j(S1, . . . , Sm)Xi − βjSj +Dj∇2Sj , (4)

where ηi
j is the rate of production (ηi

j > 0) or consumption (ηi
j < 0) of substance

Sj byXi, βj is the rate of degradation of Sj due to hydrolysis or other effects, and
Dj is the diffusion coefficient. The diffusion coefficient may vary by substance,
and also by location, e.g., inside or outside the biofilm [59].

For the length scales at work in biofilms, the time scale for diffusion is typically
on the order of seconds, while the time scale for growth is on the order of days.
Consequently, the mass balance equations for the diffusing substances are taken
to be quasi-steady state. Thus, the equations to be solved are

Dj∇2Sj = −
n∑

i=1

ηi
j(S1, . . . , Sm)Xi + βjSj . (5)

Note that the summation in [1.5] is nonzero only inside the biofilm, and is
zero outside the biofilm. Furthermore, since the diffusion coefficient is typically
smaller inside the biofilm compared to outside, then [1.5] is really a combination
of two elliptic equations coupled together through a shared boundary, the interface
of the biofilm, along with the interface conditions:

[
Dj

∂Sj

∂n

]
= 0, [Sj ] = 0. (6)

Here, the brackets [·] indicate the jump across the biofilm/liquid interface. The
first condition is continuity of flux, and the second condition is continuity of
concentration.

The boundary conditions for [1.5] depend on the particular system being
modeled. One example of boundary conditions is given in the next section.

All the equations discussed in this section are summarized in Figure 1.
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Figure 1. Summary of biofilm model equations.

3. EXAMPLE: QUORUM-SENSING IN P.AERUGINOSA BIOFILMS

As an example of how the mathematical framework can be used to model a
specific biofilm system, consider a simple model for describing a single species
Pseudomonas aeruginosa biofilm that exhibits quorum-sensing. A more complete
description of this model can be found in [9, 10].

P. aeruginosa is a common bacterium, which is one of the leading causes of
death for people suffering from cystic fibrosis [55]. It is an opportunistic bacterium,
which can infect almost any human tissue which has compromised defenses. For
example, it can cause a variety of infections in patients with severe burns, cancer,
or AIDS.

One interesting aspect of this particular type of biofilm is that these bacteria
use a signaling molecule to monitor their local population density [44, 45]. For
purposes of the model, the signaling molecule is considered one of the diffusing
substances. It is produced by the bacteria, degrades through hydrolysis (analogous
to [56]), and diffuses through the biofilm, out into the surrounding fluid, and carried
downstream by the bulk fluid flow. If sufficient bacteria are present, then the
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concentration of the signal builds up. When the concentration reaches a threshold,
the bacteria upregulate certain gene expressions and are said to be quorum-sensing
[15, 51]. Quorum-sensing bacteria increase signal molecule production tenfold,
and also release virulence factors which lead to tissue damage. Understanding
quorum-sensing is an important goal in the effort to treat cystic fibrosis.

For this model, the biofilm is assumed to consist of two components: a single
bacterial species,X1, and EPS,XEPS. In this model, inert biomass will be included
in theXEPS term. The substrate is assumed to be saturating, so the reaction rates are
limited by availability of O2 represented byS1. The signal molecule concentration
will be given by S2. Following the description in the previous section and using
the reactions detailed in [9, 10], the structure equations are

∂X1

∂t
= (Yx/oq̂o − b) S1

Ko + S1
X1 −∇ · (vX1), (7)

∂XEPS

∂t
=

ρ1

ρEPS
((1− fD)b+ Yw/oq̂o)

S1

Ko + S1
X1 −∇ · (vXEPS). (8)

In (7), the first term in µ1
1 gives the rate of reproduction and the second term gives

the rate of endogenous decay. The reactions require the presence of oxygen; hence
the Monod term S1/(Ko + S1). In (8), the first term in µ1

EPS represents the accu-
mulation of inert biomass from the nonbiodegradable portions of cells undergoing
endogenous decay, and the second term represents the direct production of EPS
by the bacteria. Note that both equations have been divided by the corresponding
densities ρ1 and ρEPS.

The quasi-steady state substrate and signal equations are

Do∇2S1 = ρ1(q̂0 + γfDb)
S1

Ko + S1
X1, (9)

Da∇2S2 = −ρ1

(
β1

S1

Ko + S1
+ β2 + β3H(S2 −A)

)
X1 + β4S2. (10)

In (9), the two terms correspond to consumption of O2 for reproduction and en-
dogenous decay as described above. In (10), the first term corresponds to signal
production by bacteria that have access to O2. The second term corresponds to
signal production independent of the environment. The third term corresponds to
the increased signal production of bacteria that are quorum-sensing, the function
H(S2 − A) is the Heaviside function, and A is the signal concentration thresh-
old for quorum-sensing. The final term corresponds to hydrolysis of the signal
molecules.

The boundary conditions for (9), (10) are no flow through the attachment
surface, i.e., ∂Sj/∂n = 0 and a fixed constant at the edge of the boundary layer,
Sj

∣∣
top

= S̄j . The O2 concentration in the bulk flow is S̄1, while the signal

concentration in the bulk flow is S̄2 = 0.
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4. NUMERICAL IMPLEMENTATION

The simulations presented in this chapter use the level set method to track
the location of the biofilm surface as it grows. This information is important for a
number of the steps in the numerical solution of the mathematical model described
in the previous section. We shall also see that certain steps in the process are
sensitive and require specialized numerical tools in conjunction with the level set
method. These new tools will be described in detail in Section 4.2.

4.1. Overview of the Algorithm

In addition to the functions described in Section 2, let φ(x, t) be the level set
function that tracks the biofilm surface located at φ(x, t) = 0, where φ(x, t) < 0
inside the biofilm. The steps of the algorithm are:

1. Solve diffusing substances equations [1.5] for fixed values of Xi, φ. Note
that in [1.5] ηj

i = 0 when φ(x, t) > 0, since this is outside the biofilm.

2. Compute the velocity potential, Φ, using (3). This is done only in the
region where φ(x, t) < 0.

3. Update the volume fractions Xi using (2).

4. Update the level set function φ(x, t) using normal speed F = ∂Φ/∂n.

5. Return to step 1.

Before proceeding, we make a few comments about the algorithm:

Both of the first two steps in the above algorithm involve solving a set of
nonlinear elliptic equations. In Step 1, the equations are solved on the
whole domain, but with an interface internal to the domain that imposes
additional constraints. In Step 2, the equations are solved only inside the
region where φ < 0, hence it is an additional nonlinear elliptic equation
solved on an irregularly shaped domain. Both of these steps will require
an accurate solver since there are often sharp boundary layers near the
biofilm/fluid interface due to stiff reactions.

Step 3 will use standard conservative upwind methods for propagating the
volume fractions as the biofilm expands.

In order to advance φ in Step 4, we will require evaluation of the normal
derivative of the velocity potential, and then use velocity extensions.

In the remainder of this section, we will detail how these steps are imple-
mented.

From the outermost viewpoint, the algorithm is relatively straightforward.
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4.2. Solving Elliptic Equations with Irregular Boundaries

Calculating the concentrations of the diffusing substances and the velocity
potential require solving a system of elliptic equations. It is very common for the
velocity of a moving interface to be determined in some way by the solution of
a connected elliptic equation. In some cases, the equations are relatively tame,
and in other cases, such as the application presented here, the solutions have
narrow boundary layers near the interface that must be adequately resolved. Most
importantly, the interface speed often depends on the normal derivative of the
solution to the elliptic equations evaluated at the interface. Proper evaluation of
this expression requires special care.

There are a number of options available to accurately solve elliptic equations
with arbitrary boundaries. Popular methods include the finite-element method
with a conforming mesh [4, 7], boundary integral methods [25], the immersed
interface method [36, 37], and the immersed boundary method [46, 47]. Each
of these methods has its advantages and disadvantages. Traditional finite-element
formulations can offer excellent accuracy, and can easily handle internal interfaces,
but a moving interface will force a re-meshing every time step adding a significant
expense. Boundary integral methods offer excellent accuracy but can be difficult
to formulate for complicated nonlinear equations. Both the immersed interface
method and the immersed boundary method are attractive because they are de-
signed to work with moving interfaces on fixed meshes. The immersed boundary
method uses extra delta-function approximations near the boundary to account for
interface conditions, then uses a standard finite-difference stencil. The immersed
interface method uses modified finite-difference stencils near the boundary to in-
corporate the interface conditions. The immersed boundary method is attractive
for its simplicity, but it is only first order accurate, and not able to produce reliable
gradients at the interface. The immersed interface method is globally second order
accurate but can still have difficulty with approximating gradients at the interface.

A recently developed alternative to these methods, which works well with
the level set method, is the eXtended Finite Element Method (X-FEM) [19, 40].
The method uses a fixed finite-element mesh with the standard finite-element basis
functions, coupled with additional specialized basis functions that capture interface
conditions and other localized behavior. The method offers the accuracy of the
finite-element method without requiring a conforming mesh, hence it does not
require remeshing. Furthermore, the additional basis functions can be used to
obtain sub-grid accurate solutions, reducing the need for adaptive mesh refinement.
This is particularly important in the context of the level set method, where the
accuracy of the solution and its gradient at the interface is critical.

4.2.1. The eXtended Finite Element Method

For simplicity, the version of X-FEM for solving linear elliptic equations in
two dimensions is presented here. The X-FEM has been successfully applied to
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a growing number of applications, including crack growth [11, 18, 40, 62, 65],
material interfaces and voids [64], solidification [22, 30], and moving solids in
fluid flow [70].

Consider the elliptic equation

∇ · (β∇u) + κu = f (11)

in a domain Ω. Within Ω is an interface Γ. The coefficients β, κ, and f may be
discontinuous across Γ, and jump conditions for solution u must also be specified
to close the system of equations. This type of problem appears across a broad
spectrum of applications, and in particular, in [1.3] and [1.5].

The numerical solution of (11) is represented as a linear combination of basis
functions and so-called enrichment functions:

u(x, y) ≈
∑

ni∈N

ϕi(x, y)ui +
∑

nj∈NE

ϕj(x, y)ψ(φ)aj , (12)

where N is the set of all nodes in the domain, NE is the set of enriched nodes,
ϕi is a standard finite-element basis function corresponding to node ni, ψ is an
enrichment function, and φ is the signed distance function from Γ. Coefficients
ui and aj are the unenriched and enriched degrees of freedom, respectively. In
practice, set NE is only a small subset of N , consisting of those nodes bounding
elements that are cut by Γ.

Following the ordinary transformation of (11) into its equivalent weak formu-
lation, coefficients ui, aj are computed by solving system Ax = b, where matrix
A can be broken down into four submatrices:

A =
[
AUU AUE

AEU AEE

]
, (13)

where AUU is the standard finite-element matrix obtained without enrichment,
and the remaining matrices arise from the addition of the enrichment function.
Matrices AUE , AEU , and AEE are much smaller than AUU becauseNE is much
smaller thanN . Furthermore, all the matrices are sparse. A detailed description of
the contents of these matrices are beyond the scope of this book, but a description
can be found in [69].

Before demonstrating the effectiveness of this approach, we make a few com-
ments:

Contrary to the usual finite-element approximation, it is no longer true that
u(xi, yi) = ui, where ni is located at (xi, yi), due to the inclusion of the
enrichment function. This does not introduce any additional complica-
tions, but is important to remember.
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Table 1. Comparison of system sizes and non-zero density of
the matrices generated by the X-FEM and the IIM

X-FEM IIM

n System size Density System size Density

19 520 2.07396% 400 1.09250%
39 1,840 0.54277% 1,600 0.29234%
79 6,880 0.13840% 6,400 0.07558%
159 26,560 0.03490% 25,600 0.01921%
319 104,320 0.00876% 102,400 0.00484%

Multiple enrichment functions may be added without difficulty. This is
done by adding additional sums, one for each extra enrichment function, to
(12). For most applications, only one or perhaps two enrichment functions
are used.

The most common, and simplest, enrichment functions are a step function
[66] and a linear ramp function [31]. However, enrichment functions
specific to a particular application can also be used, for example a square
root singularity function around crack tips [3]. In each case, the enrichment
functions are given as functions of the signed distance to the interface. This
is easily evaluated when the method is coupled with the level set method.

The resulting matrix that must be inverted for the X-FEM is a little larger,

dimensions and sparsity for a sample problem are compared. The compu-
tational cost of solving the two systems are comparable.

To illustrate the comparative accuracy of the X-FEM, we compared the X-
FEM with the immersed interface method (IIM) on several problems [69]. We
present one of those examples here for which an exact solution is known.

Consider the differential equation

∇2u = 0 (14)

in the domain [−1, 1] × [−1, 1], with Γ consisting of a circle of radius 1
2 in the

center. At the interface, the following jump conditions are specified:

[u] = ex cos y, (15)[
∂u

∂n

]
= 2ex(x cos y − y sin y). (16)

and not quite as sparse as the one generated by the IIM. In Table 1, the
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Table 2. Global max-norm errors for the X-FEM and the IIM
solving system (14)–(16)

n X-FEM IIM

19 1.7648× 10−4 3.6253× 10−3

39 6.0109× 10−5 4.6278× 10−4

79 1.7769× 10−5 3.0920× 10−4

159 4.8626× 10−6 1.1963× 10−4

319 1.2362× 10−6 4.5535× 10−5

Table 3. Max-norm errors measured on the interface for
the X-FEM and the IIM solving system (14)–(16)

n X-FEM IIM

19 4.7842× 10−4 4.0230× 10−3

39 1.0659× 10−4 5.7563× 10−4

79 2.8361× 10−5 3.1617× 10−4

159 7.3603× 10−6 1.2004× 10−4

319 2.0634× 10−6 4.5526× 10−5

The exact solution for this system is

u(x, y) =

{
ex cos y r ≤ 1

2

0 r > 1
2

. (17)

Both the X-FEM and the IIM were used to solve system (14)–(16). In Table 2,
the global accuracy of the two methods are compared. This measures the accuracy
over the whole domain Ω. While the convergence rates are the same, Table 2 shows
how the X-FEM produces an order of magnitude better solution than the IIM. If
the error is measured only around the interface, the X-FEM again outperforms the
IIM as shown in Table 3.

As noted earlier, while the global error is important, it is critical that the
gradient of the solution be accurately computed from the solution. In this regard,
the X-FEM performs dramatically better, as shown in Table 4. Taking the derivative
of the numerical solution is expected to produce lower accuracy as is observed.
However, while the X-FEM produces two or three digits of accuracy, the IIM is
unable to produce any digits of accuracy for this problem. It is worth noting that
this problem is typical of the difficulty faced in (11). One explanation for the
dramatic difference in the results is that the immersed interface method is only
computed at the grid points, so interpolation is required to obtain values at the
interface, which does not generally pass directly through grid points. On the other



 

SIMULATING BACTERIAL BIOFILMS 13

Table 4. Max-norm errors of the normal derivative to the
interface, measured on the interface for the

n X-FEM IIM

19 5.6520× 10−2 3.0009× 10+1

39 2.4190× 10−2 5.5185× 10+1

79 9.4512× 10−3 1.2034× 10+2

159 7.1671× 10−3 2.6466× 10+2

319 2.6865× 10−3 5.2870× 10+2

Table 5. Max-norm errors of the normal derivative to the
interface, measured on the interface for the

n X-FEM IIM

19 1.9× 10−1 2.8× 10+2

39 4.1× 10−2 6.9× 10+2

79 1.1× 10−2 8.3× 10+2

159 3.6× 10−3 8.0× 10+2

319 2.3× 10−3 8.6× 10+2

hand, the X-FEM, through the use of suitable enrichment functions, can provide
more accurate solutions between the grid points.

Comparable results are obtained for a problem much more similar to (11). In
this example, the two methods are compared solving

∇2u− λ2u = 0, (18)

where λ >> 1 inside a circle, and λ = 0 outside the circle. Table 5 shows
the errors in computing the normal derivative to the interface. This example is
significantly more difficult, because of the large value ofλ, and hence an additional
enrichment function was used to improve the accuracy of the X-FEM. In this case,
an exponential function was used, since it is a reasonable approximation to the
solution in a neighborhood of the interface. A side view of the solution for a circle
of radius 1/4 is shown in Figure 2. With the inclusion of this extra enrichment
function, the X-FEM is able to produce at least two digits of accuracy, while the
IIM is not.

While the X-FEM does outperform the IIM in terms of accuracy and solvabil-
ity of the resulting linear system, this does come at a price. The IIM is significantly

X-FEM and the IIM solving system (14)–(16)

X-FEM and the IIM solving the system (18)

easier to program than the X-FEM. In particular, generating the entries in the
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Figure 2. Sample solution of the Helmholtz equation on a circle using the X-FEM with
exponential enrichment. See attached CD for color version.

out on the corresponding elements. The matrix for the IIM, on the other hand, is
much easier to generate. Consequently, the X-FEM can be somewhat more expen-
sive to generate the linear system. However, on the whole, the most expensive step
in this procedure is the actual inversion of the linear system, and that is essentially
the same for both methods.

4.2.2. Coupling the X-FEM to the Level Set Method

The merits of coupling level sets to the extended finite-element method was
first explored in [64], and subsequently its advantages further realized in [12, 26,
31, 41, 61, 63, 66]. The two methods make a natural pair of methods where:

Level sets provide greater ease and simplification in the representation of
geometric interfaces.

The X-FEM, given the right enrichment functions, can accurately compute
solutions of elliptic equations that are often required for computing the
interface velocity.

matrices that include enrichment functions requires careful integrations to be carried
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Geometric computations required for evaluating the enrichment functions
(such as the normal or the distance to the interface) are readily computed
from the level set function [66].

The nodes to be enriched are easily identified using the signed distance
construction of the level set function [61, 63, 64, 66].

In Figure 3 a sample graph of the solution of (9) is shown. Note how the
solution is essentially a linear ramp matched with almost constant zero solution in
the interior of the biofilm. The sharp transition between the two regions is close to
the biofilm surface, and plays a critical role in determining the velocity potential,
and hence the growth rate of the biofilm.

Figure 3. Sample solution of substrate equation (9).

The velocity potential equation that is obtained from (7), (8) is given by

∇2Φ =
(
Yx/oq̂0 − b+

ρ1

ρEPS
((1− fD)b+ Yw/oq̂0)

)
S1

Ko + S1
X1. (19)

Figure 4 shows a sample graph of the solution of (19) for the substrate concentration
computed in Figure 3. Note that this equation is solved only in the interior of
the biofilm, and is constant zero outside the biofilm. Larger negative values are
indicative of greater local growth rates.

4.2.3. Examples of Solving the Substrate and Velocity Potential Equations
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Figure 4. Sample solution of velocity potential equation (19).

4.3. Advancing the Volume Fractions

Once the substrates and velocity potential are computed, volume fractionsXi

must be updated inside the biofilm using (2). It is sufficient to track all but one of
the volume fractions, with the last one easily recovered from (1). Solving (2) is
straightforward using upwind finite differences.

First, the velocity is determined from the velocity potential, v = ∇Φ, by
using central difference approximations at the grid points. Special care must be
taken near the biofilm/fluid interface to ensure that Φ is evaluated only inside the
biofilm, since Φ is undefined otherwise.

To advance in time, (2) is rewritten using the velocity potential:

∂Xi

∂t
=

n∑
j=1

µj
i

ρj

ρi
Xj −∇ · (vXi).

∂Xi

∂t
=

n∑
j=1

µj
i

ρj

ρi
Xj −Xi∇ · v − v · ∇Xi

∂Xi

∂t
=

n∑
j=1

µj
i

ρj

ρi
Xj −Xi∇2Φ− v · ∇Xi

∂Xi

∂t
=

n∑
j=1

µj
i

ρj

ρi
Xj −Xi

n∑
k=1

n∑
j=1

µj
k

ρj

ρk
Xj − v · ∇Xi. (20)
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i

v · ∇Xi ≈ min(u, 0)
(
Xi(xj + ∆x, yk)−Xi(xj , yk)

∆x

)

+ max(u, 0)
(
Xi(xj , yk)−Xi(xj −∆x, yk)

∆x

)

+ min(v, 0)
(
Xi(xj , yk + ∆y)−Xi(xj , yk)

∆x

)

+ max(v, 0)
(
Xi(xj , yk)−Xi(xj , yk −∆y)

∆x

)
. (21)

Equation (20) is only valid inside the biofilm, but as described below, the values
of Xi are extended outside the domain. Thus, the finite-difference approximation
in (21) is valid for all points inside the biofilm.

Note that the volume fractions are updated before the interface is advanced
according to the velocity, v. Thus, while Xi are updated inside the biofilm here,
there may be points that are currently outside the biofilm, which will subsequently
be inside the biofilm after the interface is advanced. To account for this, the values
ofXi are extended outside the biofilm. To do this, it is assumed that ∂Xi/∂n = 0.
In terms of the level set function,φ, which encapsulates the biofilm/liquid interface,
the unit normal to the interface is given by

n =
∇φ
‖∇φ‖ . (22)

Therefore, to extend the values of Xi, we want

0 = ∇Xi · n = ∇Xi · ∇φ‖∇φ‖ . (23)

This equation is easily recognized as the equation required for computing velocity
extensions in the level set method [1]. However, in this instance, the Xi data
need only be extended one layer of additional grid points outside the biofilm, as
illustrated in Figure 5.

The extended value of Xi is computed by discretizing ((23)) in the same
manner as is done for velocity extensions in the level set method. For example,
consider point (xj , yk) indicated in Figure 5. This grid point has two neighboring
interior grid points. For this point, the discretized version of (23) will be
(

Xj+1,k −Xj,k

∆x

) (
φj+1,k − φj,k

∆x

)
+

(
Xj,k −Xj,k−1

∆y

) (
φj,k − φj,k−1

∆y

)
= 0,

(24)

according to the direction of the velocity vector, v = (u, v):
The spatial derivative of X is computed using upwind finite-differences
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Figure 5. Illustration of where Xi values must be extended. The black dots are inside the
biofilm, and the gray dots are where the extension values must be computed.

where here we have dropped the subscript i from Xi for clarity. Equation [1.24]
is easily solved for the extension value Xj,k:

Xj,k =
Xj+1,k∆y2(φj,k − φj+1,k) +Xj,k−1∆x2(φj,k − φj,k−1)

∆y2(φj,k − φj+1,k) + ∆x2(φj,k − φj,k−1)
. (25)

Obviously, Xj,k is a weighted average of the values inside the biofilm.
Once the Xi values have been extended, the volume fractions update is com-

plete, and the location of the biofilm/fluid interface can now be updated using the
level set method.

4.4. Advancing the Biofilm/Fluid Interface

As noted earlier, the location of the biofilm/fluid interface is maintained by
the level set method [42], using level set function φ, where, by convention, the
interior of the biofilm is indicated by φ < 0, and the biofilm/fluid interface is given
by Γ = φ−1(0). Function φ is updated using the level set evolution equation [42]:

φt + F‖∇φ‖ = 0. (26)

The key to all level set method applications is the generation of speed function F .
Once F is determined, φ is easily updated via (26) using upwind finite-difference
methods borrowed from techniques used to solve hyperbolic conservation laws.
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In the case of the biofilm application presented here, speed function F may
only be determined on the interface, and is given by

F
∣∣
Γ =

∂Φ
∂n

, (27)

where Φ is the velocity potential discussed in Section 4.2. Once F
∣∣
Γ is computed,

it must be extended off the interface to the rest of the domain so that we can use
(26). This is accomplished through a velocity extension, discussed later in this
section.

Since Φ is only defined on the inside of the biofilm, then ∂Φ/∂nmust be com-
puted using a one-sided finite-difference approximation at the interface. Suppose
x ∈ Γ is where ∂Φ/∂n is to be computed; then it is approximated by

∂Φ
∂n
≈ Φ(x)− Φ(x− ε∇φ)

ε‖∇φ‖ =
−Φ(x− ε∇φ)

ε‖∇φ‖ , (28)

where ε =
√

∆x2 + ∆y2 is a small constant, and we are using the boundary
condition on the velocity potential, Φ(x) = 0. Evaluation of Φ(x− ε∇φ) is done
through (12).

Now that the speed function can be evaluated at an arbitrary location on the
interface, the speed function must be extended to the rest of the domain. This will
require using a bicubic interpolation procedure to locate the interface and evaluate
the velocity function, followed by the fast marching method to extend the velocity
to the rest of the domain.

4.4.1. Bicubic interpolation

It was shown in [8] that a more accurate method is available, which can drive
higher-order fast marching method solutions.

The underpinning of this higher degree of accuracy around the initial front is
the use of a bicubic interpolation function, p, which is a second-order accurate local
representation of level set function φ (i.e., p(x) ≈ φ(x)). Interpolation function
p(x) can serve many purposes, including second-order accuracy for the distance
to the zero level set, sub-grid resolution of the shape of the interface, as well as
sub-grid resolution of the level set function φ(x) itself.

We begin with a description of the bicubic interpolation for a level set function
given on a rectangular mesh. The approximation is done locally in a box of the
mesh bounded by grid points, and we call them (xi, yj), (xi+1, yj), (xi, yj+1),
and (xi+1, yj+1) as in Figure 6.

A bicubic interpolation, p(x), of function φ(x) is a function

p(x) = p(x, y) =
3∑

m=0

3∑
n=0

am,nx
myn, (29)
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Figure 6. Sample portion of the mesh where a bicubic interpolation is used.

which solves the following set of equations:

p(xk, y�) = φ(xk, y�)
∂p

∂x
(xk, y�) =

∂φ

∂x
(xk, y�)

∂p

∂y
(xk, y�) =

∂φ

∂y
(xk, y�)

∂2p

∂x∂y
(xk, y�) =

∂2φ

∂x∂y
(xk, y�)

for k = i, i + 1; � = j, j + 1. This gives sixteen equations for the sixteen
unknown coefficients am,n. Solving for the am,n makes p(x, y) a bicubic interpo-
lating function of φ(x, y) on the rectangle bounded by corners (xi, yj), (xi+1, yj),
(xi, yj+1), and (xi+1, yj+1). The derivatives on the right are approximated at the
grid points using central finite differences.

Now, given interpolating function p(x, y) in domain [xi, xi+1] × [yj , yj+1],
and given point (x0, y0) in that domain, we compute the distance between (x0, y0)
and the zero level curve of p(x, y). Point (x1, y1) on the zero level curve closest
to (x0, y0) must satisfy two conditions:

p(x1, y1) = 0, (30)

∇p(x1, y1)× ((x0, y0)− (x1, y1)) = 0. (31)

Equation (30) is a requirement that (x1, y1) must be on the interface. Equation (31)
is a requirement that the interface normal, given by ∇p(x1, y1), must be aligned
with the line through points (x0, y0) and (x1, y1). Equations (30), (31) are solved
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simultaneously using Newton’s method. Typically, less than five iterations are
necessary in order to achieve sufficient accuracy.

To compute the speed at grid point (xi, yj) off the interface, a bicubic inter-
polant is generated for the box containing the interface and grid point (xi, yj).
The point on the interface nearest to (xi, yj), labeled (x1, y1) in the discussion
above, is determined by solving (30), (31). Given the interface speed F (x1, y1)
from (28), the speed function value is then F (xi, yj) = F (x1, y1). These points
are labeled as accepted points for purposes of the Fast Marching Method described
below. Once all the points near the interface have been given initial speed function
values, the remainder of the grid points have their speed function values computed
using the velocity extension method described next.

4.4.2. The Fast Marching Method and Velocity Extensions

Velocity extensions for the level set method were introduced in [1] and are
computed using the fast marching method [57, 58]. The fast marching method is
an optimal method for solving the following equation:

G‖∇φ‖ = 1, (32)

where G is the speed of the interface. What makes the fast marching method fast
is the fact that (32) can be solved with one pass over the mesh. For the purposes
of the biofilm application, we only require the fast marching method to compute
the velocity extension, and hence (32) will be solved with G ≡ 1.

The key to solving (32) in one pass is to traverse the mesh in the proper order.
The grid points must be evaluated in the order of increasingφ. This is accomplished
by using a sorted heap that always keeps track of which grid point is to be evaluated
next. To begin, the set of grid points is divided into three disjoint sets, accepted
points A, tentative points T , and distant points D. The accepted points in A are
points (xi, yj) for which the computed value of φi,j is already determined. The
tentative points in T are points the (xi, yj) for which a tentative value for φi,j is
computed. The remainder of the points are in set D. One by one, points in T are
taken, in order of increasing value of φi,j , from set T into A. Each time, points
(xi, yj) in D that become adjacent to points in set A are moved into set T and
a tentative value for φij is computed using a finite-difference approximation for
(32). The algorithm terminates when all points have migrated into set A. See (7)
for an illustration of sets A, T , and D.

The implementation of the fast marching method uses upwind finite differ-
ences, where the direction of upwind differences is taken toward smaller values of
φ. For example, suppose points (xi−1, yj), (xi, yj+1) are in set A, then φi−1,j ,
φi,j+1 are already determined, and we wish to compute a tentative value for φi,j .
Equation (32) is discretized using one-sided differences to obtain

(D−xφi,j)2 + (D+yφi,j)2 = 1. (33)
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Figure 7. Illustration of the sets A, T , D, associated with the fast marching method. This
figure reprinted from [8].

This equation can be rewritten as a quadratic in terms of the unknown φi,j :

(
1

∆x2 +
1

∆y2

)
φ2

i,j − 2
(
φi−1,j

∆x2 +
φi,j+1

∆y2

)
φi,j +

φ2
i−1,j

∆x2 +
φ2

i,j+1

∆y2 − 1 = 0.

(34)
In most cases, solving (34) will produce two solutions, one which is less than the
values of φi−1,j , φi,j+1, and one which is greater. The larger of the two values is
always chosen because of the causality assumption made by this method; values
that are unknown are always greater than the known values.

The full algorithm for the fast marching method becomes:

1. Initialize all the points adjacent to the initial interface with an initial value
using the bicubic interpolation, and put those points in set A. All points
(xi, yj) /∈ A, adjacent to a point inA are given initial estimates for φi,j by
solving (32). These points are tentative points and are put in the set T . All
remaining points unaccounted for are placed in D and given initial values
of φi,j = +∞.

2. Choose point (xi, yj) ∈ T that has the smallest value of φi,j and move it
into A.

3. Any point that is adjacent to (xi, yj) (i.e., points (xi−1, yj), (xi, yj−1),
(xi+1, yj), (xi, yj+1)) and that is in T has its value φi,j recalculated using
(32). Any point adjacent to (xi, yj) and in D has its value φi,j computed
using (32) and is moved into set T .

4. If T �= ∅, go to step 2.
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As observed in [1], if the level set speed function is F , then the velocity that
preserves the signed distance function solves

∇F · ∇φ = 0, (35)

where φ is the level set function. If we assume Fi,j is given for all points (xi, yj)
initially in set A, then the remainder of the values for Fi,j are computed using the
same upwind direction finite difference as the fast marching method. Thus, consid-
ering again the example where (xi−1, yj) and (xi, yj+1) ∈ A, (35) is discretized
to become

(
Fi,j − Fi−1,j

∆x

)(
φi,j − φi−1,j

∆x

)
+
(
Fi,j+1 − Fi,j

∆x

)(
φi,j+1 − φi,j

∆x

)
= 0.

(36)
In this case, φi,j is known, so [1.36] is easily solved for Fi,j .

4.5. Final Detailed Algorithm

Now that the pieces have all been described, the full algorithm can be assem-
bled:

1. Initialize the location of the biofilm with the surface at φ = 0, the interior
of the biofilm indicated by φ < 0, where φ is the signed distance function
to the interface. Also initialize all volume fractions, 0 ≤ Xi ≤ 1, inside
the biofilm.

2. Solve [1.5] for diffusing substances, Sj . Use the X-FEM with exponential
and step enrichment functions at the interface to ensure accuracy.

3. Solve velocity potential equation (3) again using the X-FEM with step
enrichment.

4. Update the volume fractions inside the biofilm using 20. Use the velocity
extension equation, (23), to extend the volume fraction values outside the
biofilm.

5. Use a bicubic interpolation to extend the velocity computed at the interface,
given by (28) onto neighboring grid points. Then use the fast marching
method to extend the velocity out to the rest of the grid points.

6. Advance the interface using the level set evolution equation, (26).

7. Go to step 2.
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5. EXAMPLES

To illustrate the use of this algorithm, we compute the example described in
Section 3. The biofilm is inoculated with seven hemispherical colonies of radius
10 microns at random locations along the substratum. The parameter values used
are listed in Table 6.

In Figure 8, the growth of the biofilms is shown over a course of 100 days.
Note how the initial colony that is the most isolated is also the most successful.
Initially, there is both horizontal and vertical growth. However, once the colonies
grow large enough, the taller colonies continue to grow, choking out the smaller
ones.

The growth also suggests there is a tip-splitting instability in this flow. There
are similarities between this type of diffusion-limited growth and instabilities ob-
served in combustion of solid fuels [75]. This connection has so far been unex-
plored and is the subject of current research.

The observations about the relationship between substrate availability and the
growth pattern is illustrated in Figure 9. In this graph each contour represents
half the concentration of the contour above it (see labels). Several important
observations can be made from this plot. First, the sharp decrease in substrate
concentration at the tops of the biofilms is evident by the packed contour lines.
Also, extremely low substrate concentrations are observed in the regions between
the colonies, which leads to the arrested horizontal growth.

The concentration of growth at the tops of the colonies is made even more
evident when looking at the contours of the velocity potential, which also shows
the main areas where the substrate is being consumed. In Figure 10 a contour plot
of the velocity potential is shown.

For this system, the biofilm is very uniform in its composition, with the bacteria
occupying a volume fraction in range 0.5261 ≤ X1 ≤ 0.5283. A graph of the
volume fraction is shown in Figure 11, where it is even more clear how uniform
the composition of the biofilm is. This is consistent with the observations made in
[9, 10].

One of the reasons P. aeruginosa is of interest is that it is a bacteria that has
exhibited quorum-sensing ability. Signal molecules are produced by the bacteria,
which are then diffused out into the fluid. As the biofilm grows, a concentration
gradient of the signal is generated, with the maximum occurring at the bases of
the biofilms. This behavior is consistent with experimental observations. For the
present example, quorum-sensing occurs when the biofilm is approximately 200
microns thick and is initiated at the bases of the colonies. This is also consistent
with experimental observations [16, 43]. In Figure 12, the signal concentration
in the biofilm is shown just immediately prior to the onset of quorum-sensing.
Once the biofilm starts quorum-sensing, signal production increases tenfold and
the entire domain is above the quorum-sensing threshold.
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Table 6. Table of model parameters

Name Description Value Reference

ρx Biomass concentration 1.0250 mg VS
mm3

[53]

ρw Inactive material concentration 1.0125 mg VS
mm3

[53]

Yx/o
Yield of active biomass due to substrate
consumption

0.583 mg VS
mg O2

[2, 54]

Yw/o
Yield of EPS due to substrate consump-
tion

0.477 mg VS
mg O2

[2, 54]

q̂0
Maximum specific substrate utilization
rate

8 mg O2
mg VS day

[54]

Ko
Half-maximum-rate concentration for
utilization of substrate

5× 10−7 mg O2
mm3

[54]

b Endogenous decay rate coefficient 0.3/day [54]

β1
Nutrient dependent signal production
rate

10−4 mg acyl-HSL
mg VS day

Estimated

β2
Additional signal production rate in quo-
rum sensing cells

10−3 mg acyl-HSL
mg VS day

Estimated

β3
Nutrient independent signal production
rate

10−4 mg acyl-HSL
mg VS day

Estimated

β4 Signal hydrolysis rate 10pH−7 ln(2)/day [56]

pH 7

Do
Substrate diffusion coefficient in the
biofilm

146.88 mm2

day
[38, 72]

Da Signal diffusion coefficient in the biofilm 146.88 mm2

day
Assumed

a0
Signal threshold inducing quo-
rum0sensing

6.7× 10−9 mg acyl-HSL
mm3

Estimated

oL Substrate concentration in bulk liquid 8.3× 10−6 mg O2
mm3

[38]

fD Biodegradable fraction of active biomass 0.8 [54]

γ Chemical oxygen demand of VS 1.42 mg O2
mg VS

[54]
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Figure 8. Sample biofilm growth.

Figure 9. Substrate concentration contours for the given biofilm shown with bold lines.
Each contour line indicates half the concentration of the one above it as labeled.
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Figure 10. Contours of the velocity potential, Φ, which also indicates the rate of substrate
consumption. Consumption is concentrated at the tops of the tallest colonies.

Figure 11. Graph of the volume fraction, X1, of the bacteria in the biofilm. The composition
is very uniform.

Figure 12. Signal concentration contours in and around the biofilm just prior to quorum-
sensing.
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6. CONCLUSION

In this chapter we showed how the level set method can be coupled with other
numerical methods to model bacterial biofilms. One of the key methods that was
coupled to the level set method is the eXtended Finite Element Method (X-FEM).
The combination of methods is a powerful tool extending the range of problems
to which the level set method can be applied.

The simulated biofilms generated by the level set method algorithm behave
qualitatively very similar to real biofilms observed in experiments. Models such as
this will be used to explore a variety of important biofilm phenomena. Considering
that biofilms are so critically intertwined in both the environment, industry, and
society, tools such as the one presented here may have applications across a wide
spectrum of natural and manmade processes.
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70. Wagner GJ, Moës, N, Liu WK, Belytschko T. 2001. The extended finite element method for rigid
particles in Stokes flow. Int J Num Meth Eng 51:293–313.

71. Wanner O, Gujer W. 1986. A multispecies biofilm model. Biotechnol Bioeng 28:314–328.
72. Williamson KJ, McCarty PL. 1976.Verification studies of the biofilm model for bacterial substrate

utilization. J Water Pol Control Fed 48:281–289.
73. Wimpenny JWT, Colasanti R. 1997. A unifying hypothesis for the structure of microbial biofilms

based on cellular automaton models. FEMS Microbiol Ecol 22(1):1–16.
74. Xavier JB, Picioreanu C, van Loosdrecht MCM. 2004. Assessment of three-dimensional biofilm

models through direct comparison with confocal microscopy imaging. Water Sci Technol 49(11–
12):177–185.

75. Zik O, Moses E. 1999. Fingering instability in combustion: an extended view. Phys. Rev. E
60(1):518–530.



 

2

DISTANCE TRANSFORM ALGORITHMS AND
THEIR IMPLEMENTATION AND EVALUATION

George J. Grevera
Saint Joseph’s University
Philadelphia, Pennsylvania, USA

Consider an n-dimensional binary image consisting of one or more objects. A value of 1
indicates a point within some object and a value of 0 indicates that that point is part of
the background (i.e., is not part of any object). For every point in some object, a distance
transform assigns a value indicating the distance from that point within the object to the
nearest background point. Similarly for every point in the background, a distance transform
assigns a value indicating the minimum distance from that background point to the nearest
point in any object. By convention, positive values indicate points within some object and
negative values indicate background points. A number of elegant and efficient distance
transform algorithms have been proposed, with Danielsson being one of the earliest in 1980
and Borgefors in 1986 being a notable yet simple improvement. In 2004 Grevera proposed
a further improvement of this family of distance transform algorithms that maintains their
elegance but increases accuracy and extends them to n-dimensional space as well. In this
paper, we describe this family of algorithms and compare and contrast them with other
distance transform algorithms. We also present a novel framework for evaluating distance
transform algorithms and discuss applications of distance transforms to other areas of image
processing and analysis such as interpolation and skeletonization.

1. INTRODUCTION

Consider a binary image, I , consisting of one or more objects. Since this is
a binary image, each point is either within the bounds of some object (interior
point) or is part of the background and is not part of any object (exterior point).

George J. Grevera, BL 215, Mathematics and Computer Science, 5600 City Avenue, Saint
Joseph’s University, Philadelphia, PA 19131, USA. Phone: (610) 660-1535; Fax: (610) 660-3082.
ggrevera@sju.edu.
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We note that some points within objects are noteworthy in that they are positioned
on the border of the object with at least one of the outside (background) points.
Adopting terminology from digital topology [1], we call these points elements of
the set of points that form the immediate interior (II) of some object. Similarly,
some background points are notable in that they are positioned on the border or
interface of some object as well. Once again adopting terminology from digital
topology, we call these background points elements of the set of points that form
the immediate exterior (IE). Together, the union of the sets II and IE form a set
of points called border points (or boundary elements), B. We may now define a
distance transform as an algorithm that given I produces a transformed image, I ′,
by assigning to each point in I the minimum distance from that point to all border
points.

A number of issues arise when dealing with distance transform algorithms.
The first and probably the most important issue is one of accuracy. Does the
distance transform produce results with minimal errors (or is the distance transform
error free)? If that is the case, it is important to develop a methodology to verify
this claim (and we will do so in this chapter). Even for those algorithms that
are theoretically proven to be error free, from a software engineering standpoint
it is important to be able to validate the implementation of the algorithm. A
second important issue concerns the computation time required by the method.
It is relatively straightforward to develop an exhaustive method that requires a
great deal of processing time. It is important to evaluate processing time as well.
And yet another issue is with regard to the dimensionality of I . Since medical
imagery is of three or four dimensions, it is important in the medical arena for a
distance transform algorithm to generalize to dimensions higher than two. Another
issue that arises when dealing with medical images is that of anisotropic sampling.
Medical images are typically acquired as three-dimensional volumes of data (stacks
of slices) with the sampling within each plane or slice at a higher rate than the
sampling across slices. This yields data with finer spacing between neighboring
pixels (or more generally, voxels) within a slice (e.g., 0.5 mm) than between
neighboring pixels between slices (e.g., 1.0 mm).

Distance transform algorithms are, like most other computationally intensive
algorithms, of interest in and by themselves and have been the subject of at least
one PhD dissertation [2]. Many distance transform algorithms have been proposed,
with [3] and [4] most likely being the earliest. In general, distance transform algo-
rithms exhibit varying degrees of accuracy of the result, computational complexity,
hardware requirements (such as parallel processors), and conceptual complexity of
the algorithms themselves. In [5], the author proposed an algorithm that produces
extremely accurate results by propagating vectors that approximate the distance in
2D images by sweeping through the data a number of times by propagating a local
mask in a manner similar to convolution. In [6] the author presented the Chamfer
distance algorithm (CDA), which propagates scalar, integer values to efficiently
and accurately calculate the distance transform of 2D and 3D images (again in a
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manner similar to convolution). Borgefors [6] also presented an error analysis for
the CDA for various neighborhood sizes and integer values. More recently in [7]
an analysis of 3D distance transforms employing 3x3x3 neighborhoods of local
distances was presented. In [8] an analysis of the 2D Chamfer distance algorithm
using 3x3, 5x5, and larger neighborhoods employing both integer and real values
was presented. Marchand-Maillet and Sharaiha [9] also present an analysis of
Chamfer distance using topological order as opposed to the approximation to the
Euclidean distance as the evaluation criteria. Because of the conceptual elegance
of the CDA and because of its widespread popularity, we feel that the CDA family
of algorithms is important and worthy of further study.

Of course, distance transforms outside of the Chamfer family also have been
presented. A technique from Artificial Intelligence, namely A∗ heuristic search
[10], has been used as the basis for a distance transform algorithm [11]. A multiple-
pass algorithm using windows of various configurations (along the lines of [5] and
other raster scanning algorithms such as the CDA) was presented in [12] and
[13]. A method of distance assignment called ordered propagation was presented
in [14]. The basis of that algorithm and others such as A∗ (used in [11]) is to
propagate distance between pixels, which can be represented as nodes in a graph.
These algorithms typically employ sorted lists to order the propagation among the
graph nodes. Guan and Ma [15] and Eggers [16] employ lists as well. In [17] the
authors present four algorithms to perform the exact, Euclidean, n-dimensional
distance transform via the serial composition of n-dimensional filters. Algorithms
for the efficient computation of distance transforms using parallel architectures are
presented in [18] and [19]. In [19] the authors present an algorithm that consists
of two phases, with each phase consisting of both a forward scan and a backward
scan. In the first phase columns are scanned; in the second phase rows are scanned.
They note that since the scanning of a particular column (or row) is independent of
the scanning of the other columns (or rows), each column (row) may be scanned
independently (i.e., in parallel). A distance transform employing a graph search
algorithm is also presented in [20].

Since the early formulation of distance transform algorithms [3, 4], applica-
tions employing distance transforms have also become widespread. For example,
distance transforms have been used for skeletonization of images [21, 22, 23, 24].
Distance transforms are also useful for the (shape-based) interpolation of both
binary images [25, 26] as well as gray image data [27]. In [28] the authors em-
ploy distance transform information in multidimensional image registration. An
efficient ray tracing algorithm also employs distance transform information [29].
Distance transforms have also been shown to be useful in calculating the medial
axis transform, with [30, 31] employing the Chamfer distance algorithm specifi-
cally. In addition to the usefulness of distance transforms for the interpolation of
3D gray medical image data [32, 33], they have also been used for the automatic
classification of plant cells [34] and for measuring cell walls [35]. The Chamfer
distance was also employed in a method to characterize spinal cord atrophy [36].
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Because distance transforms are applicable to such a wide variety of problems, it
is important to develop accurate and efficient distance transform algorithms.

2. DISTANCE TRANSFORM ALGORITHMS

Before we begin our discussion of algorithms in detail, we note that our
descriptions will be limited to the two-dimensional case (i.e., where the input
image, I , is two dimensional). Some algorithms readily generalize (or have been
generalized) to higher dimensions. We will endeavor to point out those more
general algorithms. Furthermore, all of the algorithms that will be described do
not require any special purpose hardware such as parallel processors.

All of the distance transform algorithms that will be described can be said to
rely on the determination of border points, so we begin with a method to determine
them. Recall that we define the border points,B, as the union of the sets II and IE.
To determine the set of border points, we must first determine these sets. A point

element of the background iff I(q) = 0. But not all object points are elements of
II (nor are all background points elements of IE). Only those object points that are
on the border of an object are elements of II (and similarly for IE). To determine
if an object point, p = (x, y), is an element of II, we consider the neighborhood
of p to be the set of all points N(p) = {(x + dx, y + dy) | −1 <= dx <= 1
and −1 <= dy <= 1}. In practice, we typically restrict the definition of N(p)
to include only those nearby elements with the same x or y coordinates as p (the
so-called 4-adjacency (connectedness or connectivity) versus the less restrictive
8-adjacency) as follows: N(p) = {(x + dx, y + dy)| − 1 <= dx <= 1 and
−1 <= dy <= 1 and |dx + dy| = 1}. If there exists at least one point q in N(p)
such that q is an element of the background, then p is an element of II. Similarly,
to determine if a background point, q = (x, y), is an element of IE, we consider
the neighborhood of q. If there exists at least one point p in N(q) such that p
is an element of an object, then q is an element of the IE. The algorithm for this
determination follows:

for (y=1; y<ySize-1; y++)

for (x=1; x<xSize-1; x++)

if ( I(x-1,y) != I(x,y) or I(x+1,y)] != I(x,y) or

I(x,y-1) != I(x,y) or I(x,y+1) != I(x,y))

then (x,y) is a 4-adjacent border element.

if ( I(x-1,y-1) != I(x,y) or I(x+1,y-1)] !=I(x,y) or

I(x-1,y+1) != I(x,y) or I(x+1,y+1) !=I(x,y) )

then (x,y) is a remaining 8-adjacent border element.

where xSize is the number of columns in I and I ′, and ySize is the number of rows.
We note that some distance transform algorithms including [5] restrict the definition
of border points to elements of II only. Our framework easily accommodates this

p= (x, y) is an element of an object iff I(p) = 1. Similarly, a point q = (x, y) is an
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via a simple change to the algorithm above as illustrated below. We point out,
however, that this definition will not preserve the property of symmetry under
complement [37]. Consider the complement C of the binary image I such that
C(p) = 1 if I(p) = 0 andC(p) = 0 otherwise. A distance transform that preserves
symmetry under complement produces the same result given either C or I (i.e.,
C ′(p) = I ′(p) for all p, although the sign may be opposite by convention. In that
case, |C ′(p)| = |I ′(p)|.
for (y=1; y<ySize-1; y++)

for (x=1; x<xSize-1; x++)

if (I(x,y)==1) //restrict border points to II only

if ( I(x-1,y) != I(x,y) or I(x+1,y)] !=I(x,y) or

I(x,y-1) != I(x,y) or I(x,y+1) !=I(x,y) )

then (x,y) is a 4-adjacent border element.

if ( I(x-1,y-1) != I(x,y) or I(x+1,y-1)] != I(x,y) or

I(x-1,y+1) != I(x,y) or I(x+1,y+1) != I(x,y) )

then (x,y) is a remaining 8-adjacent border element.

Note that, without loss of generality, we assume that no object extends to the edge
of the discrete matrix in which it is represented. Otherwise, the description of the
algorithms would be unnecessarily complicated by additional boundary condition
checks. If it is the case that an object extends to the edge of the matrix, one may
simply embed that matrix and the objects that are represented within it in a larger
matrix with an additional layer of surrounding background elements.

2.1. A Simple Distance Transform Algorithm (Simple)

Arguably the simplest distance transform follows. First, we assign each border
element a distance value of 0: I ′(s) = 0, where s is in B. Then for each t not
in B, we assign I ′(t) = min {d(s, t)|s in B and t not in B}, where d(s, t) is the
Euclidean distance from s to t. This algorithm is very simple, both conceptually
and computationally. It is also error free. Furthermore, it is also very easy to extend
this algorithm to higher dimensions as well as to anisotropic data. Unfortunately, if
for each twe must search I to determine every s inB, we have an algorithm that is
the least computationally efficient of those that will be discussed. We subsequently
refer to this algorithm as Simple. Pseudo code for this algorithm follows.

//iterate over all (non border element) points

for (y=1; y<ySize-1; y++) {

for (x=1; x<xSize-1; x++) {

if (I’(x,y)!=0) { //only consider non border elements

//t=(x,y)

//now iterate over all border elements

for (y1=0; y1<ySize; y1++) {

for (x1=0; x1<xSize; x1++) {
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if (I’(x1,y1)==0) {

//s=(x’,y’)

//calculate the distance to this border element

d = sqrt( (x-x1)*(x-x1) + (y-y1)*(y-y1) );

//is it better than what’s already been assigned?

if (d < I’(x,y)) {

//yes, then update the distance from this

//point, t, to the border element, s

I’(x,y) = d;

}

} //end if

} //end for x1

} //end for y1

} //end if

} //end for x

} //end for y

2.2. A Simple Distance Transform Algorithm Employing a List
(SimpleList)

A straightforward modification to the simple algorithm yields a surprisingly
effective method. Instead of exhaustively and repeatedly searching I to determine
every s in B for every t not in B, we employ an additional data structure, a
list (actually using the vector class which can be indexed as implemented in the
generics in the standard C++ library) to represent B. The C++ vector class is
used because it may be indexed like an array, but unlike an array it can grow in
size dynamically. One does not need to know a priori the number of points to
allocate for the array. Then for each t not in B, we search the list L = B and
assign I ′(t) = min {d(s, t)|s in L and t not in B}. Like the simple algorithm
that does not employ a list, this algorithm is also very simple, both conceptually
and computationally. It too is also error free. Furthermore, it is also very easy to
extend this algorithm to higher dimensions as well as to anisotropic data. Unlike
the simple algorithm that does not employ a list, this algorithm is very efficient
when the size of the list is small. We subsequently refer to this algorithm as
SimpleList. Pseudo code for this algorithm follows.

//iterate over all (non border element) points

for (y=1; y<ySize-1; y++) {

for (x=1; x<xSize-1; x++) {

if (I’(x,y)!=0) { //only consider non border elements

//at this stage, we have a point that is not an element of

//the border. iterate over all border elements in the list.

for (i=0; i<list.size(); i++) {

x1 = list[i]->x;
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y1 = list[i]->y;

//calculate the distance to this border element

d = sqrt( (x-x1)*(x-x1) + (y-y1)*(y-y1));

//is it better than what’s already been assigned?

if (d < I’(x,y)) {

//yes, then change to this border element

I’(x,y) = d;

}

}

} //end if

} //end for x

} //end for y

This method is also important for testing other methods as it will form the basis
of our testing procedure.

2.3. Danielsson’s [5] 4SED and 8SED Algorithms (and Grevera’s
Improved 8SED Algorithm)

Although not completely error free, Danielsson’s distance transform algo-
rithms were early contributions and are important steps in the development of
subsequent algorithms such as the Chamfer distance and Dead Reckoning. 8SED
is efficient, reasonably accurate, conceptually easy to understand, and is still in
widespread use today. These algorithms begin by initially assigning a distance
value of 0 for all p in B and a value of infinity for all p not in B. Then the algo-
rithms sweep through I ′ using a number of passes and various local “windows”
in a manner somewhat similar to convolution [38] from digital signal processing.
The current distance assignment to each point under consideration, u, is com-
pared to the current assignments to its neighbors plus the distance, a, from the
specific neighbor, n, to u. If the current distance assignment, I ′(u), is greater
than I ′(n) + a, then I ′(u) is updated to I ′(n) + a, which results in minimizing
the distance to u. The difference between 4SED, 8SED, and Grevera’s improved
8SED algorithms are in the number of sweeps and in the neighborhood windows
that are checked during the minimization process. 4SED is the least accurate but
is the fastest. Grevera’s improved 8SED produces more accurate results at the ex-
pense of increased processing time although the increase in time is not significant.
Pseudo code for the 4SED algorithm follows.

//perform the first pass ("first picture scan")

for (y=1; y<=ySize-1; y++) {

for (x=0; x<=xSize-1; x++) check( x, y-1, dy );

for (x=1; x<=xSize-1; x++) check( x-1, y, dx );

for (x=xSize-2; x>=0; x--) check( x+1, y, dx );

}
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//perform the final pass ("second picture scan")

for (y=ySize-2; y>=0; y--) {

for (x=0; x<=xSize-1; x++) check( x, y+1, dy );

for (x=1; x<=xSize-1; x++) check( x-1, y, dx );

for (x=xSize-2; x>=0; x--) check( x+1, y, dx );

}

where check compares, and updates if necessary, the current distance I ′(u), u =
(x, y) to the specified neighbor and offset from neighbor to u, I ′(n) + a. Pseudo
code for the 8SED algorithm follows.

//perform the first pass ("first picture scan")

for (y=1; y<=ySize-1; y++) {

for (x=0; x<=xSize-1; x++) {

if (x>0) { //** boundary condition not checked in original

// but needed

check( x-1, y-1, dxy );

}

check( x, y-1, dy );

if (x<xSize-1) { //** not checked in original but needed

check( x+1, y-1, dxy );

}

}

for (x=1; x<=xSize-1; x++) check( x-1, y, dx );

for (x=xSize-2; x>=0; x--) check( x+1, y, dx );

}

//perform the final pass ("second picture scan")

for (y=ySize-2; y>=0; y--) {

for (x=0; x<=xSize-1; x++) {

if (x>0) { //** not checked in original but needed

check( x-1, y+1, dxy );

}

check( x, y+1, dy );

if (x<xSize-1) { //** not checked in original but needed

check( x+1, y+1, dxy );

}

}

for (x=1; x<=xSize-1; x++) check( x-1, y, dx );

for (x=xSize-2; x>=0; x--) check( x+1, y, dx );

}

Pseudo code for Grevera’s improved 8SED algorithm follows. Note: * indi-
cates a difference from the original 8SED algorithm.
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//perform the first pass ("first picture scan").

for (y=1; y<ySize-1; y++) {

for (x=0; x<=xSize-1; x++) { //* from 4sed

check( x, y-1, dy );

}

for (x=1; x<=xSize-1; x++) {

check( x-1, y, dx );

check( x-1, y-1, dxy ); //*

}

for (x=xSize-2; x>=0; x--) {

check( x+1, y, dx );

check( x+1, y-1, dxy ); //*

}

}

//perform the final pass ("second picture scan")

for (y=ySize-2; y>=0; y--) {

for (x=0; x<=xSize-1; x++) { //* from 4sed

check( x, y+1, dy );

}

for (x=1; x<=xSize-1; x++) {

check( x-1, y, dx );

check( x-1, y+1, dxy ); //*

}

for (x=xSize-2; x>=0; x--) {

check( x+1, y, dx );

check( x+1, y+1, dxy ); //*

}

}

2.4. Borgefors’ [6] CDA (Including Chessboard, Cityblock, and
Euclidean 3x3 Window)

Borgefors’ Chamfer distance algorithm (CDA) is arguably the most popular
distance transform method. Like Danielsson’s algorithms, it is not completely
error free, but it is efficient, reasonably accurate, and conceptually even easier to
understand than Danielsson’s algorithms. Furthermore, it has also been extended
from 2D to 3D [7, 40], and simple modifications produce other distance transforms
such as chessboard, cityblock, and Euclidean with a 3x3 window. Like Daniels-
son’s algorithm, the CDA (including chessboard, cityblock, and Euclidean) begins
by initially assigning a distance value of 0 for all p inB and a value of infinity for all
q not inB. Then the CDA sweeps through using two passes. The first pass is from
top to bottom and left to right and the second pass is from bottom to top and right to
left. Again, various local “windows” are used in a manner similar to convolution
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[38] from digital signal processing using 3x3 windows for CDA 3x3, chessboard,
cityblock, and Euclidean, 5x5 windows for CDA 5x5, and 7x7 windows for CDA
7x7. The current distance assignment to each point under consideration, u, is
compared to the current assignments to its neighbors plus the distance, an, for that
specific neighbor n taken from Figure 1 from the specific neighbor, n, to u. If the
current distance assignment, I ′(u), is greater than I ′(n)+an, then I ′(u) is updated
to I ′(n) + an, which results in minimizing the distance to u. Resulting distance
transform errors diminish with increasing window size while computation cost
increases with increasing window size. Note that different window configurations
(but of the same size) are employed for the forward and backward passes.

Pseudo code for CDA 3x3, cityblock, chessboard, and Euclidean 3x3 appears
below. dx, dy, and dxy are assigned an values according to the table entries
in Figure 1 corresponding to the desired method. CDA 5x5 and CDA 7x7 are
analogous.

//perform the first (forward) pass

for (y=1; y<ySize-1; y++) {

for (x=1; x<xSize-1; x++) {

check( x-1, y-1, dxy );

check( x, y-1, dy );

check( x+1, y-1, dxy );

check( x-1, y, dx );

}

}

//perform the final (backward) pass

for (y=ySize-2; y>=1; y--) {

for (x=xSize-2; x>=1; x--) {

check( x+1, y, dx );

check( x-1, y+1, dxy );

check( x, y+1, dy );

check( x+1, y+1, dxy );

}

}

where check compares, and updates if necessary, the current distance I ′(u), u =
(x, y) to the specified neighbor and offset from neighbor to u, I ′(n) + an.

Borgefors cleverly demonstrated: (i) using a small window and propagating
distance in this manner introduces errors in the assigned distance values even if
double precision floating point is used to represent distance values, (ii) these errors
may be minimized by using values other than 1 and

√
2 for the distances between

neighboring pixels, and, surprisingly, (iii) using integer window values such as 3
and 4 yields more accurate results than using window values of 1 and

√
2 and does
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forward pass backward pass
4 3 4 - - -

CDA 3×3 3 u - - u 3
- - - 4 3 4

- 1 - - - -
city block 1 u - - u 1

- - - - 1 -

1 1 1 - - -
chessboard 1 u - - u 1

- - - 1 1 1

- 11 - 11 - - - - - -
11 7 5 7 11 - - - - -

CDA 5x5 - 5 u - - - - u 5 -
- - - - - 11 7 5 7 11
- - - - - - 11 - 11 -

- 43 38 - 38 43 - - - - - - -
43 - 27 - 27 - 43 - - - - - -
38 27 17 12 17 27 38 - - - - - -

CDA 7×7 - - 12 u - - - - - - u 12 -
- - - - - - - 38 27 17 12 17 27 38
- - - - - - - 43 - 27 - 27 - 43
- - - - - - - - 43 38 - 38 43 -

√
2 1

√
2 - - -

Euclidean 3x3 1 u - - u 1
- - -

√
2 1

√
2

Figure 1. Various windows used by the Chamfer distance algorithm. ‘u’ indicates the

of the algorithm.
center of the window. ‘-’ indicates that the point is not used (considered) during that pass
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so with much better performance (when implemented using integer arithmetic),
and (iv) larger windows with appropriate values minimize errors even further at
increased computational cost.

2.5. Grevera’s [37] Dead Reckoning Algorithm

The Dead Reckoning Algorithm (DRA) is a straightforward modification to
the CDA that, employing equal-sized windows, produces more accurate results at
a slightly increased computational cost. Furthermore, it has been demonstrated
[37] that DRA using only a 3x3 window typically produces more accurate results
than CDA with a 7x7 window with similar execution times.

In addition to I ′, which for a given point, (x, y), is the minimum distance from
(x, y) to the nearest border point, the DRA introduces an additional data structure,
P (x, y) = (x′, y′), which is used to indicate the actual border point (x′, y′) in
B such that I ′(x, y) is minimum. This is similar to the method employed by
Danielsson [5], where 4SED employs three minimization iterations in both the
forward and backward passes. Our method as in the CDA employs only one
iteration in each pass. Note that as the CDA progresses, I ′(x, y) may be updated
many times. In the DRA, each time that I ′(x, y) is updated, P (x, y) is updated
as well. We note that the order in which the ‘if’ statements in the pseudo code
for this algorithm are evaluated may influence the assignment of P (x, y) and
subsequently, the value assigned to I ′(x, y). Regardless, our results demonstrate
that our algorithm remains more accurate using only a 3x3 neighborhood than CDA
using a 7x7 neighborhood. Although the DRA employs a 3x3 (or larger) window to
guide the update/minimization of distance process as does CDA, the actual values
assigned to I ′ are not the same as CDA. DRA uses instead the actual Euclidean
distance from the border to the point (x, y) at the center of the window. Using
only a 3x3 window, the DRA typically determines a more accurate estimation of
the exact Euclidean distance within the framework of the CDA. Pseudo code for
the DRA is the same as CDA except for a modification to check. check compares,
and updates if necessary, the current distance I ′(u), u = (x, y) to the specified
neighbor and offset from neighbor to u, I ′(n) + an as before in the CDA but if
I ′(u) >= I ′(n) + an, I ′(u) is not assigned I ′(n) + an but is assigned distance
from u to P (n) and P(u) = P (n).

2.6. Dijkstra’s Graph Algorithm

Dijkstra’s shortest path algorithm [39] for determining minimum cost paths
in graphs can be adapted to distance transform algorithms as well. To accomplish
this we simply map the input binary image, I , to a graph, G = (V,E), where V is
the set of vertices (the set of discrete (x, y) locations in I andE is the set of edges
defined as follows. Consider some point, p = (x, y), in V and the (8-connected)
neighborhoodN(p) = {(x−1, y), (x+1, y), (x, y−1), (x, y+1), (x−1, y−1),
(x+1, y−1), (x−1, y+1), (x+1, y+1)} = {(x+dx, y+dy)|−1 <= dx <= 1
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and −1 <= dy <= 1 and |dx + dy| <= 2}. E consists of all edges from points
p to each of its neighbors and define the cost (distance) associated as either 1 or√

2 depending on the Euclidean distance from p to the particular neighbor. As in
previous algorithms, this method begins as many of the previous ones with initially
assigning a distance value of 0 for all p in B and a value of infinity for all p not
in B. Those points p for which I ′(p) = 0 are also initially placed on an ordered
list L that is sorted from smallest to largest according to the distance assignment,
I ′(p). The algorithm then proceeds as follows:

while (L is not empty) {

remove from L, p such that I’(p) is minimal

among all elements of L;

consider each neighbor n in N(p);

if (I’(p)+d(p,n) < I’(n)) {

I’(n) = I’(p)+d(p,n);

put n in L according to I’(n);

}

}

where d(p, n) is the Euclidean distance from p to n. Because of the regularly
discretized nature of I , d(p, n) is either 1 or

√
2 since n is in N(p). When this

algorithm terminates, I ′(p) will contain the minimal distance from p to an element
ofB in terms of the minimal summation of edge costs associated with a path from
any element ofB to p. In that respect, this method is similar to DRA. Subsequently,
we will refer to Dijkstra’s algorithm adapted and applied to the distance transform
problem as ModifiedDijkstra (MD).

We will now describe a variant of the MD algorithm. Recall that DRA is the
same as CDA except for a modification to the check procedure where check com-
pares the current distance assignment I ′(u), u = (x, y) to the specified neighbor
and offset from neighbor to u, I ′(n) + an as before, but if I ′(u) >= I ′(n) + an,
I ′(u) is not assigned I ′(n) + an but is assigned the distance from u to P (n). We
can also modify MD to perform in this manner. We call this method ModifiedDi-
jkstraDeadReckoning (MDDR) using 8-connected neighborhoods.

None of these algorithms (based on Dijkstra’s graph algorithm) are error free.
To develop an error-free graph-based algorithm, we note that Dijkstra’s algorithm
determines cost (distance) as a discrete sequence of edges in the graph between
two vertices. Since we are using this discrete space as a model of an underlying
continuous space, small errors may be introduced. Therefore, the first time that a
vertex is encountered may not be the optimal distance assignment for that point.
We must allow for a vertex to be revisited (as in A∗ heuristic search [10]) by
maintaining a list (vector) of border element assignments (instead of a single, first
assignment). We call this method DijkstraVectors (DV), and experimental results
have shown this algorithm to be error free.
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2.7. Ragnemalm’s [14] CSED Algorithm

Ragnemalm’s CSED algorithm is similar to Dijkstra’s algorithm except that
instead of employing a single ordered list, L, it avoids maintaining L in sorted
order by using two lists, L1 and L2, and a limit or threshold, l , on the current p in
L1 such that I ′(p) < l. In this manner, propagation of distance values is ordered
along approximate isocontours by repeatedly sweeping through L1 by examining
each p in L1 in turn. If the current I ′(p) < l, then we consider the neighborhood
of p. Otherwise, we move p from L1 to L2 for future consideration. Initially, all
elements ofN(b), b inB, are placed onL1. Similar to the DRA, which introduced
an additional data structure,P (x, y) = (x′, y′), which is used to indicate the actual
border point (x′, y′) inB such that I ′(x, y) is minimum, CSED uses an additional
data structure P(x, y) = (dx, dy) such that (x′, y′) = (x, y) + (dx, dy). (P (x, y)
is an element of B where P(x, y) is the displacement from (x, y) to an element of
B). Additionally, we will refer to the x component of p in P as px and similarly for
y. Ragnemalm’s algorithm also performs a more intelligent propagation among
the 8-connected neighbors than Dijkstra’s algorithm as well.

Pseudo code for this algorithm follows. Like the algorithms based on Dijk-
stra’s algorithm (except for DV), CSED is not error free.

for all p {

if I’(p)=0 then

consider each neighbor n in N(p)

check( p, 0, 1 );

check( p, 1, 1 );

check( p, 1, 0 );

check( p, 1, -1 );

check( p, 0, -1 );

check( p, -1, -1 );

check( p, -1, 0 );

check( p, -1, 1 );

}

swap( l1, l2 );

l = 1;

while L1 is not empty

for each p in L1

remove p from L1

if I’(p) > l then

put p on L2;

else if px(p)=0 then

check( p, 0,sgn(py(p)) );

//vertical

else if py(p)=0 then

check( p, sgn(px(p)), 0 );
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//horizontal

else if |px(p)| = |py(p)| then

check( p, sgn(px(p)), sgn(py(p)) );

//diagonal

check( p, sgn(px(p)), 0 );

//horizontal

check( p, 0, sgn(py(p)) );

//vertical

else if |Px(p)| > |Py(p)| then

check( p, sgn(px(p)), sgn(py(p)) );

//diagonal

check( p, sgn(px(p)), 0 );

//horizontal

else

check( p, sgn(px(p)), sgn(py(p)) );

//diagonal

check( p, 0, sgn(py(p)) );

//vertical

L1 = L2;

where sgn(k) = −1 if k < 0, 0 if k = 0, and 1 if k > 0 and check is defined as
follows:

check( p, dx, dy )

let n = (px+dx, py+dy);

let d = sqrt( dx*dx + dy*dy );

if (I’(n) > I’(p)+d) {

I’(n) = I’(p)+d;

put n in L2;

}

Ragnemalm also presents an error free version of the CSED algorithm. Unfor-
tunately, our implementation of that algorithm, which we believe is faithful to the
description in their paper, allows a few points to remain initialized at infinity in our
tests. This severely skews the results. Therefore, the software that accompanies
this article includes our implementation of the error free version but the results of
executing that implementation will not be included in this paper.

3. EVALUATING DISTANCE TRANSFORM ALGORITHMS

Distance transforms may be evaluated according to a variety of criteria. As
mentioned previously, the accuracy of the result is arguably the most important
measure. Even algorithms that purport to be error free should be evaluated to
ensure that the implementation is indeed error free. To evaluate accuracy we
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(a) (b)

(c) (d)

Figure 2. Sample test images consisting of (a) a single, solitary point-object, (b) a con-
figuration of three single point-objects that is a known problematic configuration, (c) and
(d) randomly generated test images by sampling from a normal distribution (with different
standard deviations).

need to (i) choose a suite of test cases (input binary images), (ii) develop a “gold
standard” or “ground truth” for each of the test cases, (iii) choose a set of metrics
to compare the result of a distance transform method with ground truth, and then
(iv) compare the results of a method under test with the gold standard using the
metrics.

The simplest test case consists of an image that contains a solitary object con-
sisting of a single point at the center of the image as shown in Figure 2a. Another
test case has been described [2] as being extremely problematic for algorithms
that sweep through the data using local windows (such as 4SED, 8SED, CDA,
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DRA, and others). It consists of the three single point-objects as shown in Figure
2b. Although input images consisting of a few solitary point-objects are useful for
understanding algorithms, they are not reflective of real-world objects. To simu-
late real-world objects, we also include images consisting of randomly generated
objects by sampling from a normal distribution, as shown in Figures 2c and 2d.

With regard to a gold standard, we chose the SimpleList algorithm because it is
straightforward, easy to verify, and is exhaustive in its determination of the correct
distance assignments. The Simple algorithm could be used instead of SimpleList
but in practice, Simple is too slow to be useful. (For example, for a rather small
image of 300x300 consisting of a single center point object, SimpleList required
0.03 s of CPU time on a 2-GHz Pentium 4 under Linux. Simple required 71.98 s.
The remaining methods required less then 1 s.)

The result of the distance transform, I ′, may be regarded as a grey image
where the grey value at each location is the distance value assigned by the par-
ticular algorithm. Given I ′, the result of some distance transform algorithm, and
I ′
SimpleList (the result of applying SimpleList to I), we can compute the magnitude

of the differences between I ′ and I ′
SimpleList and determine the RMS (root mean

squared) error as well as the location of the (magnitude of the) single largest dif-
ference between I ′ and I ′

SimpleList. Additionally, we also calculate the number
of pixels that exhibit any difference whatsoever (regardless of the magnitude of
the difference) and express this as a percentage of the whole. More qualitative
insights can also be gained by viewing difference images (|I ′− I ′

SimpleList|) or by
simply thresholding I ′ to create a binary image and viewing the result as shown
in Figure 7 as applied to the input binary image consisting of a single center point.
The expected thresholded result should appear as a circular isocontour with radius
equal to the distance from the center point. Which isocontour is observed depends
upon the selected threshold value. Note that the thresholded results of CDA 3x3,
CDA 5x5, Chessboard, Cityblock, Euclidean 3x3, and MD exhibit significant vis-
ible errors in the form of polygonal approximations to the circular isocontour. The
more accurate of these methods exhibit polygons with more sides (while the least
have less sides). Chessboard has only four sides, while the thresholded results of
CDA 3x3, Cityblock, Euclidean 3x3, and MD have eight sides. Careful examina-
tion of the thresholded results of CDA 5x5 and CDA 7x7 yields 16- and 20-sided
polygons for the selected threshold, respectively. The remaining, most accurate
methods do not have any noticeable artifacts. In addition to accuracy, it is also
important to report the CPU time required to perform the distance transform as
well.

4. RESULTS OF EVALUATION

All experiments were performed on a Dell 3.6-GHz Pentium 4 system with
2 GB of RAM running Redhat Linux version 2.6.9 and using g++ version 3.4.2.
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The times reported are user mode CPU time plus kernel mode CPU time. We
feel that this is a better measure than simple elapsed time, especially on modern,
multiprogrammed operating systems. No other users were logged onto the system
during the tests. Four input test images were employed to evaluate the various
distance transform algorithms: (1) a solitary object consisting of a single solitary
point at the center of the image (Figure 2a), (2) the extremely problematic image
consisting of 3 point-objects (Figure 2b), (3) a randomly generated set of objects
created by sampling from a normal distribution with a mean of the center of the
image an a standard deviation of 0.20 (Figures 2c), and (4) another randomly
generated set of objects created by sampling from a normal distribution with a
different standard deviation of 0.05 (Figure 2d). Each of the input test images were
1000x1000 pixels in size. As previously mentioned, the SimpleList algorithm was
used as the gold standard. RMS error as well as the magnitude of the single largest
difference are reported as well. The results of the evaluation are shown in Table
1 for the central single-point object and three single-point objects, and 2 for two
sets of randomly generated objects.

5. CONCLUDING REMARKS

Although the results in Table 1 appear promising for the gold standard method,
SimpleList, with regards to CPU time, Table 2 demonstrates that SimpleList is not
practical for most applications because its time is two to three orders of magnitude
worse than other methods. The best-performing methods with regard to CPU time
took as little as 0.1 seconds. Of these fastest methods, DRA 3x3 exhibited minimal
error for the randomly generated images.

With regard to accuracy, DV and SimpleList were the only methods that ex-
hibited 0 errors. The performance of SimpleList precludes it from being used in
practice but the performance of DV is quite good for practical use. For applications
that can tolerate small errors, the modified 8SED algorithm had a very low error
rate and excellent performance.
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Table 1. Results of various distance transform algorithms applied to an image consisting of
a solitary object consisting of a single point at the center of the image (left) and 3 single-

point objects (right). RMSE is the root mean squared error, max err is the value of
the magnitude of the largest difference, diff is the percentage of the total

number of points that are different, and time is the CPU time in seconds

Central single-point object 3 single-point objects
RMSE max err diff time RMSE max err diff time

CDA 3× 3 14.7 39.6 95.7 0.1 14.7 39.6 95.8 0.1
CDA 5× 5 3.9 10.0 95.7 0.1 3.9 9.9 95.7 0.1
CDA 7× 7 2.5 6.8 95.7 0.3 2.4 6.9 95.7 0.3
Chessboard 67.5 202.6 95.8 0.1 67.4 203.0 95.8 0.1
Cityblock 135.0 286.7 95.8 0.1 134.2 287.3 95.8 0.1
CSED 0.0 0.0 0.0 0.2 4E-05 0.0 1E-04 0.4
DRA 3× 3 0.0 0.0 0.0 0.1 0.5 2.8 13.7 0.1
DRA 7× 7 0.0 0.0 0.0 0.5 0.1 0.9 2.7 0.5
DV 0.0 0.0 0.0 1.8 0.0 0.0 0.0 2.8
8SED 0.0 0.0 0.0 0.2 1E-02 0.2 1.1 0.2
8SED modified 0.0 0.0 0.0 0.2 1E-02 0.1 1.1 0.1
Euclidean 3× 3 22.5 43.9 95.8 0.1 22.4 44.1 95.8 0.1
4SED 0.4 1.0 47.8 0.2 0.5 3.0 48.3 0.2
MD 22.5 43.9 95.8 1.4 22.4 44.1 95.8 1.4
MDDR 0.0 0.0 0.0 1.4 1E-02 0.1 1.1 1.4
SimpleList 0.0 0.0 0.0 0.2 0.0 0.0 0.0 0.4
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Table 2. Results of various distance transform algorithms applied to an image (left)
consisting of a randomly generated set of objects created by sampling from a normal

distribution with a mean of the center of the image an a standard deviation of 0.20,
and (right) another randomly generated set of objects created by sampling

from a normal distribution with a different standard deviation of 0.05

First randomly generated objects Second randomly generated objects
RMSE max err diff time RMSE max err diff time

CDA 3× 3 0.1 1.0 20.3 0.1 7.0 26.6 87.6 0.1
CDA 5× 5 2E-02 0.3 20.3 0.1 1.7 5.9 87.5 0.1
CDA 7× 7 1E-02 0.2 20.3 0.3 1.1 4.1 87.6 0.3
Chessboard 0.3 5.0 20.9 0.1 42.3 136.3 88.3 0.1
Cityblock 0.5 5.8 20.7 0.1 65.8 192.7 88.1 0.1
CSED 0.0 0.0 0.0 0.5 2E-05 2E-02 4E-04 0.4
DRA 3× 3 4E-03 0.6 3E-02 0.1 1.0 18.2 1.7 0.1
DRA 7× 7 4E-05 4E-02 1E-04 0.5 1E-02 1.6 0.1 0.5
DV 0.0 0.0 0.0 4.0 0.0 0.0 0.0 3.0
8SED 3E-04 0.1 3E-03 0.2 5E-03 0.3 0.2 0.2
8SED modified 3E-04 0.1 2E-03 0.2 5E-03 0.3 0.2 0.2
Euclidean 3× 3 0.1 1.3 10.9 0.1 9.6 28.0 86.5 0.1
4SED 0.2 2.8 10.2 0.2 0.4 3.4 48.4 0.2
MD 0.1 1.3 10.9 3.1 9.6 28.0 86.5 2.0
MDDR 3E-04 0.1 3E-03 3.2 7E-03 0.3 0.4 1.9
SimpleList 0.0 0.0 0.0 5498.2 0.0 0.0 0.0 854.6
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Figure 3. Results of various distance transform algorithms applied to an image consisting
of a solitary object consisting of a single point at the center of the image, and the magnitude
of the differences for the method. Top row, left to right: CDA 3x3 and differences, CDA
5x5 and differences, CDA 7x7 and differences. Second row, left to right: Chessboard
and differences, Cityblock and differences, CSED and difference. Third row, left to right:
DRA 3x3 and differences, DRA 7x7 and differences, DV and differences. Fourth row,
left to right: 8SED and differences, 8SED modified and differences, Euclidean 3x3 and
difference. Fifth row, left to right: 4SED and differences, MD and differences, MDDR and
differences. Sixth row: SimpleList and differences.
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Figure 4. Results of various distance transform algorithms applied to an image consisting
of 3 single-point objects. Top row, left to right: CDA 3x3, CDA 5x5, CDA 7x7. Second
row, left to right: Chessboard, Cityblock, CSED. Third row, left to right: DRA 3x3, DRA
7x7, DV. Fourth row, left to right: 8SED, 8SED modified, Euclidean 3x3. Fifth row, left to
right: 4SED, MD, MDDR. Sixth row: SimpleList.
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Figure 5. Results of various distance transform algorithms applied to an image consisting
of a randomly generated set of objects created by sampling from a normal distribution with a
mean of the center of the image an a standard deviation of 0.20. Top row, left to right: CDA
3x3, CDA 5x5, CDA 7x7. Second row, left to right: Chessboard, Cityblock, CSED. Third
row, left to right: DRA 3x3, DRA 7x7, DV. Fourth row, left to right: 8SED, 8SED modified,
Euclidean 3x3. Fifth row, left to right: 4SED, MD, MDDR. Sixth row: SimpleList.
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Figure 6. Results of various distance transform algorithms applied to an image consisting
of a randomly generated set of objects created by sampling from a normal distribution with a
mean of the center of the image an a standard deviation of 0.05. Top row, left to right: CDA
3x3, CDA 5x5, CDA 7x7. Second row, left to right: Chessboard, Cityblock, CSED. Third
row, left to right: DRA 3x3, DRA 7x7, DV. Fourth row, left to right: 8SED, 8SED modified,
Euclidean 3x3. Fifth row, left to right: 4SED, MD, MDDR. Sixth row: SimpleList.
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Figure 7. Thresholded results of various distance transform algorithms applied to an image
consisting of a solitary object consisting of a single point at the center of the image. Top
row, left to right: CDA 3x3, CDA 5x5, CDA 7x7, Chessboard. Second row, left to right:
Cityblock, CSED, DRA 3x3, DRA 7x7. Third row, left to right: DV, 8SED, 8SED modified,
Euclidean 3x3. Fourth row, left to right: 4SED, MD, MDDR, SimpleList.
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7. APPENDIX

The accompanying CD contains implementations (C++ classes that compile
and run under Windows with VC++ 6, and Linux and Solaris with g++) of the
following distance transform algorithms in an extensible framework. Updates to
this software can be found at http://www.sju.edu/∼ggrevera.

Chamfer2D 3x3

Chamfer2D 5x5

Chamfer2D 7x7

Chessboard2D

Cityblock2D

CSED

DeadReckoning 3x3

DeadReckoning 7x7

DijkstraVectors

EightSED

EightSED modified

errorfreeCSED

Euclidean2D

FourSED

ModifiedDijkstra

Simple

SimpleList

Other support classes include:

CLUT — CLUT (Color LookUp Table) class for writing some color TIFF
image files

Timer — Timer class for reporting elapsed time and CPU time

Normal — Normal class which samples random numbers from a normal
distribution using the Box-Muller transform
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TIFFWriter — This class contains methods that write 8-bit color rgb
images or float, double, 8-bit, or 16-bit grey images

DistanceTransform — an abstract base class from which all distance
transform classes inherit

A VC++ 6 workspace is included along with Windows executables. The
Makefile works under both Linux and Solaris. The main.cpp file creates binary
test images, applies each of the distance transforms in turn to the test images,
evaluates the results, and creates TIFF images of the results.
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Gif sur Yvette, France

Most biological bodies are structured in the sense that they contain quite well-defined in-
terfaces between regions of different types of tissue or anatomical material. Extracting
structural information from medical or biological images has been an important research
topic for a long time. Recently, much attention has been devoted to quite novel techniques
for the direct recovery of structural information from physically measured data. These tech-
niques differ from more traditional image processing and image segmentation techniques
by the fact that they try to recover structured images not from already given pixel or voxel-
based reconstructions (obtained, e.g., using traditional medical inversion techniques), but
directly from the given raw data. This has the advantage that the final result is guaranteed
to satisfy the imposed criteria of data fitness as well as those of the given structural prior
information. The ‘level-set-technique’ [1–3] plays an important role in many of these novel
structural inversion approaches, due to its capability of modeling topological changes during
the typically iterative inversion process. In this text we will provide a brief introduction into
some techniques that have been developed recently for solving structural inverse problems
using a level set technique.
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1. INTRODUCTION

Level set techniques for solving inverse problems were first proposed by San-
tosa [4]. Further examples for early contributions are (without claim of complete-
ness of this list) [5–11]. By now, many more results in a variety of applications
can be found in the literature. We refer to the recent overview articles [12–14],
each of them illuminating the recent progress in this exciting research topic with
a different viewpoint. An overview of level set techniques in medical imaging
can be found in [15]. In the present text, we intend to give a general introduc-
tion into level set techniques in medical imaging in the above-described sense of
direct reconstruction of structured images from raw data. We will follow two typ-
ical examples for this purpose, namely X-ray computerized tomography (CT) and
diffuse optical tomography (DOT). Both are representative for broader classes of
inverse problems, the first one representing linear tomography problems, and the
second nonlinear ones. The theory for both can be developed fairly in parallel,
with some characteristic differences. We will point out these analogies as well as
the differences.

This chapter is organized as follows. In Section 2 we introduce the use of
level set techniques for linear inverse problems, in particular X-ray CT. First, we
describe the more traditional pixel-based filtered backprojection technique, which
admits an interesting geometric interpretation, to be compared then with an al-
ternative gradient-based scheme for pixel-based inversion. We then extend this
gradient-based scheme to the situation of structural inversion using a level set
technique. We first concentrate on the search of descent directions for finding
only unknown shapes from given data, which will then be generalized to joint in-
version for interfaces and structural information in each individual region. Then,
some popular geometric regularization techniques are described for shape inver-
sion using level sets. At the end of the section we give a few hints for work in
the literature addressing linear inverse problems using level sets. The second part
of the text is concerned with nonlinear inverse problems, which is discussed in
Section 3. It starts with generalizing the concepts already seen for the linear case
to this more general situation. The main example is diffuse optical tomography.
First, the mathematical and physical background of this novel imaging technique
is explained briefly. An important component of nonlinear inverse problems by

scheme) will be described for our specific application. Then, some numerical ex-
amples are presented that illustrate the general behavior of shape reconstruction
schemes using level sets. Finally, some more literature references will be given
for level set techniques in nonlinear medical imaging problems, which concludes
the second part of the text.

iterative gradient-based schemes is efficient calculation of linearized parameter-
to-data mappings in each step. One powerful way of doing so (the so-called adjoint
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2. LEVEL SET TECHNIQUES FOR LINEAR
INVERSE PROBLEMS

In this section we will focus on linear inverse problems in medical imaging.
We will concentrate on x-ray computerized tomography, which will serve as an
example for a broader class of linear inverse problems. Further examples will be
described briefly in Section 2.10.

2.1. Example: X-Ray CT

We start with a classical example, namely x-ray computerized tomography
(CT). Here the propagation of x-rays through tissue is modeled mathematically by
a stationary linear transport equation of the form

θ · ∇u(x, θ) + µ(x)u(x, θ) = q(x, θ) in Ω, (1)

with boundary condition

u(x, θ) = 0 for (x, θ) ∈ Γ̃−. (2)

Here we use the notation

Γ̃± =
{

(x, θ) ∈ ∂Ω× S1, ±θ · n(x) > 0
}
, (3)

where n(x) ∈ S1 (S1 being the unit circle in IR2) denotes the outward unit normal
to ∂Ω in the point x ∈ ∂Ω. In this model, u(x, θ) denotes the density of X-ray
photons propagating at position x ∈ Ω in direction θ ∈ S1. Boundary condition
(2) indicates that there are no x-ray photons entering the domain. Instead, in
our model the photons are created by the source term, q(x, θ), in (1) which can
be located at the boundary of the domain. In fact, we have a duality between
boundary sources and incoming boundary conditions, as pointed out in [16], so
we can choose between putting either an inhomogeneity in (2) or using a source
term in (1) for creating x-ray photons at the boundary of the domain. Usually, there
is an additional energy variable involved when modeling x-ray photons, which is
neglected in (1), (2) for simplicity.

For x-ray CT, the quantity of interest is the attenuation, µ(x), in (1), which
models loss of particles propagating in direction θ due to various physical pro-
cesses. We will assume here that this quantity does not depend on the direction
θ in which the x-rays propagate at position x, but it will depend on position x.
Knowing the spatial distribution of µ(x) in the human body, the physician can
gain important information about the structure of the body. Usually, in clinical
applications of this imaging technique, a large amount of high-quality x-ray data is
available, such that reconstruction of function µ(x) in form of a pixel-based array
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representing the attenuation distribution in the body is possible, whose resolution
primarily depends on the measurement geometry and the sampling rate [17–19].
We will briefly mention below how this is achieved in practice. In situations where
the gathered data are sparse and/or have a limited geometry, the situation changes.
These so-called ‘limited-view’ situations still cause problems when aiming at re-
constructing density variations in the body from the x-ray data. This situation
might be, however, a good candidate for applying level set techniques, if some
additional prior information is available. This will be pointed out in more detail
in the remainder of this text.

2.2. Filtered Backprojection in CT

Let us consider a measurement geometry with sources

qjk = I0δ(x− sj)δ(θ − θk) (4)

for j = 1, . . . , j, k = 1, . . . , k. This can be, for example, a fan beam or a parallel
beam geometry [17, 18]. Each source qjk defines a line Ljk along which the x-
ray photons are propagating through the tissue, until they reach the corresponding
detector position which is denoted by djk. Integration of (1) along this line (which
at the same time is a characteristic for (1)) yields the field ujk along this line. The
measured intensity at detector position djk is then given by

Ijk = ujk(djk, θk) = I0 e
−
∫

Ljk
µ(x)dx

. (5)

What actually is used in CT as data are the quantities

gjk = − log
(
Ijk

I0

)
=
∫

Ljk

µ(x)dx, (6)

which are the line integrals of the attenuation over the lines Ljk. In the continuous
setting, when obtaining the line integrals over all possible lines, L(s, θ) = {x :
x · θ = s}, through Ω for s ∈ IR1 and θ ∈ S1, the data g(s, θ) are given by the
Radon transform of the attenuation µ(x):

(Tµ)(s, θ) = g(s, θ) =
∫

Ω
δL(s,θ)(x)µ(x)dx, (7)

where δL(s,θ)(x) is the two-dimensional Dirac delta distribution concentrated on
the line L(s, θ). The operator T maps functions on IR2 to functions on IR1 × S1.
An analytical inversion formula is available [20] for this transform. In commer-
cial CT scanners, its implementation is done in form of the filtered backprojection
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technique, which takes into account the sampling rate of the data, the measure-

backprojection operator T ∗ is just the adjoint of T and is defined by [18, 19]

(T ∗g)(x) =
∫

S1
g(x · θ, θ)dθ. (8)

It maps functions on IR1 × S1 back to functions on IR2. More precisely, let us
denote by Z the data space equipped with the inner product

〈
g1(θ, s) , g2(θ, s)

〉
Z

=
∫

S1

∫
R1
g1(θ, s)g2(θ, s) dθds, (9)

and by P the parameter space (of attenuation functions) equipped with the inner
product 〈

µ1(x) , µ2(x)
〉

P
=
∫

IR2
µ1(x)µ2(x) dx. (10)

Then we have 〈
(Tµ)(θ, s) , g(θ, s)

〉
Z

=
〈
µ(x) , (T ∗g)(x)

〉
P
. (11)

The backprojection operator can be interpreted physically as a process that is
taking all gathered data and ‘projects them back’uniformly over the lines that have
contributed to them. Summing up all these contributions yields T ∗g. The filtered
backprojection reconstruction scheme can then be described as an implementation
of the formula

(V ∗ µ)(x) =
(
T ∗(v ∗ g)

)
(x). (12)

Here, v is a filtering operator that is chosen such that V = T ∗v approximates the
two-dimensional Dirac delta distribution concentrated in x. This will have the
effect that V ∗µ is an approximation to µ. In physical terms, the filtered data v ∗ g
are backprojected by application of T ∗ such that the result V ∗ µ approximates as
much as possible the sought attenuation µ.

Notice that the filtered backprojection scheme calculates for each pixel in
the domain an individual value of the attenuation µ from the given data g using
formula (12). This usually yields good results if sufficient data of high quality are
available. In Section 2.4 we will introduce into the shape-based reconstruction
idea, which takes into account additional prior information about the structure of
the tissue. As said already, this is useful in cases where the quality or quantity of the
given data are not sufficient for a successful application of formula (12). Adding
prior information to a reconstruction is often called ‘regularization.’ In this sense,
the shape-based approach can be considered as a specific form of regularization,
which is practically achieved by using a level set technique. Before introducing
the shape-based approach, we want to derive in the following section an iterative
gradient scheme for data inversion in CT, which will then lead us directly to the
level set based strategies.

ment geometry that is used, and other details of the experimental setup. The
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2.3. Least-Square Cost Functionals and Gradient Directions

We define the least-squares cost functional

J (µ) =
1
2

∥∥Tµ− g∥∥2
Z

=
1
2

〈
Tµ− g , Tµ− g

〉
Z
, (13)

where 〈 , 〉Z denotes the canonical inner product in data space Z as defined in
(9). Let us perturb the attenuation µ(x) by a small amount δµ(x). Then, the cost
changes according to

J (µ+ δµ) = J (µ) +
〈
Tµ− g , Tδµ

〉
Z

+
1
2
‖Tδµ‖2Z

= J (µ) +
〈
T ∗ (Tµ− g) , δµ

〉
P

+ O(‖Tδµ‖2Z), (14)

where we have used the fact that the backprojection operator T ∗, as defined in (8),
is the adjoint operator of T . We call

gradJ (µ) = T ∗ (Tµ− g) (15)

the gradient direction of J in µ. A gradient-type method for reconstructing the
attenuation µ aims at calculating the minimizer

min
µ
J (µ) (16)

by starting with a guess, µ(0), and updating it successively by applying in step n
of the iteration the correction

µ(n+1) = µ(n) − λgradJ (µ(n)) (17)

for a sufficiently small step-size λ > 0. Doing so, the cost J (µ) is reduced in
each step as can be seen by plugging δµ = −λT ∗(Tµ − g) into (14). Certainly,
such an iterative gradient approach would be much slower than applying the fil-
tered backprojection scheme when sufficient high-quality data can be used for the
reconstruction. However, as mentioned previously, there are situations where only
few, noisy, and irregularly sampled data are available. In these situations, itera-
tive algorithms become more interesting due to their capability of incorporating
a-priori information in a very simple and flexible way. Certainly, our interest in
the gradient scheme is not motivated so much by its applicability to classical pixel-
based attenuation reconstruction from x-ray data, but by the fact that it directly
leads us to the most basic level set reconstruction technique for finding attenuation
distributions of the form (18) from the data in an iterative fashion. How to do this,
will be demonstrated in the following.
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2.4. Shape-Based Reconstruction in CT

In the shape-based approach to image reconstruction in CT we make the
assumption that

µ(x) =
{
µi(x) in D
µe(x) in Ω\D. (18)

In other words, the attenuation is assumed to be equal to some interior function
µi(x) inside the shape D ⊂ Ω, and equal to some exterior function µe(x) out-
side this shape. Along the shape boundary Γ = ∂D the attenuation will typically
be discontinuous. Here, µi(x) and µe(x) can in general be arbitrary functions.
However, the most typical application of level set techniques assumes so far that
µi(x) is equal to a constant value inside some sought anomaly (e.g., a tracer dis-
tribution) in the body, and µe(x) is a predefined homogeneous or inhomogeneous
background attenuation distribution. For simplicity, we start our discussion with
this simple but already quite useful model.

In many applications, the unknown regionD has a complicated structure. We
will assume that it can be written as

D =
m⋃

m=1

Dm, Dm ∩Dm = ∅ for m 
= m′, (19)

where the number of components m might be arbitrary (but finite). Moreover,
this number m typically is not known a priori, such that we need to be able
to easily model topological changes during an iterative reconstruction process.
The level set technique is well known to be able to handle topological changes
in a completely automatic fashion. Typical parameterized models would need a
cumbersome reparameterization procedure in order to achieve this goal.

2.5. Level Set Representation of the Shapes

We define the characteristic function χD : Ω → {0, 1} for a given shape D
as

χD(x) =
{

1 , x ∈ D
0 , x ∈ Ω\D. (20)

For simplicity, we will always assume here that ∂D ⊂ D, which means that the
shape D is a closed set. Given a sufficiently smooth function φ : Ω → IR, we
call φ a level set representation of the shape D [1] if

{
φ(x) ≤ 0 for all x ∈ D,
φ(x) > 0 for all x ∈ Ω\D. (21)

The level set representation of a given shape, D, is not unique, since it can
be modified some distance away from the interfaces without changing the shape.

′
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Figure 1. Deformation of shapes by the level set formulation.

On the other hand, every given sufficiently smooth (e.g., Lipschitz-continuous)
function φ uniquely specifies a corresponding shape (which we denote D[φ]) by
the above definitions. Assuming that |∇φ| is well defined and nonzero along the
shape boundary represented by a smooth level set function φ, we can characterize
the boundary Γ = ∂D as

∂D = {x ∈ Ω, φ(x) = 0}. (22)

2.6. Shape Deformation and Change in the Cost

The link between pixel-based reconstruction and a level set-based reconstruc-
tion scheme was first established in [4]. We will demonstrate in the following the
basic idea applied to x-ray CT.

A shape deformation can be modeled as follows. We assign to each point in
the domain a velocity field v(x) and let the points x ∈ Ω move a small artificial
evolution time [0, τ ] with constant velocity v(x). This gives rise to a displacement
y(x) of each point if the domain modeled by

y(x) = v(x)τ. (23)

We assume that the velocity field v(x) is regular enough such that the basic struc-
ture ofD remains preserved during this evolution. Then, the points located on the
boundary, Γ = ∂D, will move to the new locations x′ = x + y(x), and boundary
Γ will be deformed into a new boundary, Γ′ = ∂D′. Assuming furthermore that
the parameter distribution in Ω has the special form (18), it will change as well.
In the following, we want to quantify this change in the parameter distribution
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Figure 2. Deformation of shapes using calculation of small variations.

µ(x) due to an infinitesimal deformation as described above. As already said,
we follow the approach given in [4] for a sufficiently regular boundary ∂D using
formal calculation of variations.

Consider the inner product of δµ with a test function f :

〈δµ , f〉Ω =
∫

Ω
δµ(x)f(x) dx =

∫
symdiff(D,D )

δµ(x)f(x) dx, (24)

where symdiff(D,D′) = (D ∪D′)\(D ∩D′) is the symmetric difference of the
sets D and D′ (see Figure 2, inspired from [4]). Since the difference between D
andD′ is infinitesimal, we can reduce the area integral to a line integral. Let n(x)
denote the outward normal to x. Then, the integral in (24) becomes

〈δµ , f〉∂D =
∫

δD

(µi(x)− µe(x))y(x) · n(x)f(x) ds(x), (25)

where ds(x) is the incremental arclength. We have used the fact that in the limit
δµ(x) = µi(x)− µe(x) at boundary point x ∈ ∂D due to (18).

We arrive at the result

δµ(x) = (µi(x)− µe(x))y(x) · n(x) at ∂D, (26)

from which δµ(x) can be interpreted as a surface measure on ∂D. Alternatively,
using then-dimensional Dirac delta distribution δ∂D concentrated on the boundary
∂D of D, we can write (26) in the form

δµ(x) = (µi − µe)y(x) · n(x) δ∂D(x), (27)

which is a distribution defined in the entire domain Ω but concentrated along ∂D.

′
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Plugging now (23) into (27) we get for t ∈ [0, τ ] the corresponding change in the
parameters:

δµ(x; t) = (µi − µe)v(x) · n(x)t δ∂D(x). (28)

Plugging expression (28) into (14) and neglecting terms of higher than linear order,
we arrive at

J (µ(t))− J (µ(0)) =
〈
T ∗ (Tµ− g) , δµ(x; t)

〉
P

(29)

=
〈
T ∗ (Tµ− g) , (µi − µe)v(x) · n(x)t δ∂D(x)

〉
P
,

or, in the limit t→ 0, evaluating the Dirac delta distribution, we get

∂J (µ)
∂t

∣∣∣∣
t=0

=
∫

∂D

[
T ∗ (Tµ− g)

]
(µi − µe)v(x) · n(x)ds(x). (30)

If we succeed in finding a velocity field v(x) such that ∂J (µ)
∂t

∣∣∣
t=0

< 0, this in-

equality will hold in a sufficiently small time interval [0, τ ] (for continuity reasons),
and the total cost during the artificial flow will be reduced. In the following section
we will demonstrate how this approach yields a direct link to more classical shape
evolution by the level set technique.

2.7. Shape Evolution by the Level Set Technique

In the previous section we have derived an expression for the change in the
cost due to small displacements of the interfaces produced by a velocity field v(x).
We observe that only the normal component of the velocity field

F (x) = v(x) · n(x) (31)

at the boundary ∂D of the shape D is of relevance for the change in the cost (30).
This is because tangential components do not contribute to shape deformations.
In order to solve the inverse problem, we now have to choose a velocity field
v(x) such that the cost is reduced during the corresponding shape evolution. One
obvious choice for such a velocity is

F
SD

(x) = −T ∗ (Tµ− g) (µi − µe) at ∂D, (32)

which is often called the gradient (or steepest-descent) direction with respect to
the cost. Plugging this into (30) yields a descent direction for the cost J . What
remains to be done now is to numerically implement the resulting flow equation
in order to follow the steepest descent flow. The practical procedure for this is
standard [1–3]. We formulate the basic Hamilton-Jacobi-type equation

∂φ

∂t
+ F

SD
(x, t) · |∇φ| = 0 (33)
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for the representing level set function φ. Notice that the velocity function (32)
needs to be recalculated at each step of the artificial shape evolution (33) for each
point of the current shape boundary x ∈ ∂D. This means that a Radon transform
needs to be applied to the current attenuation distribution µ(x; t) at time step t,
and then the backprojection operator T ∗ needs to be applied to the difference in
the data Tµ(x; t)− g in order to calculate (32). Moreover, appropriate extension
velocities need to be constructed at each step for the numerical implementation of
the shape evolution equation (33).

2.8. Combined Inversion for Shape and Texture

As mentioned earlier, the search for shape and additional texture information
inside and outside of the shape is possible and, using the theory developed so far
in this text, more or less straightforward. We will outline a possible approach for
this joint inversion in the following. Since in a typical application of shape-based
inversion techniques only few and noisy data are available, we will assume that the
texture information is described by a small set of basis functions whose coefficients
need to be determined, in addition to the shape, from the given data [21].

Let us assume that the smoothly varying attenuation distributions, µi(x) and
µe(x), are represented by

µi(x) =
Ni∑
j=1

αjaj(x), µe(x) =
Ne∑
k=1

βkbk(x), (34)

with basis functions aj(x) and bk(x) and expansion coefficients αj and βk, re-
spectively. The cost (data misfit) will now not only depend on the shape D (i.e.,
the describing level set function φ), but also on the set of expansion coefficients
{αj} and {βk}. We write this relationship in the form

J (φ, {αj}, {βk}) =
1
2

∥∥Tµ(φ, {αj}, {βk})− g
∥∥2

Z
. (35)

We will now take a slightly different approach than before. We want to find a
general time-evolution law for the unknowns of the problem that reduces gradually
the cost (35). We make the ansatz

dφ

dt
= f(x, t),

dαj

dt
= f̂j(t),

dβk

dt
= f̃k(t), (36)

where f(x, t) does depend on the spatial position x but f̂j(t) and f̃k(t) do not.
With evolving time, the cost will evolve as well. Using the chain rule, we get

dJ
dt

=
dJ
dµ

∂µ

∂φ

dφ

dt
+

Ni∑
j=1

dJ
dµ

∂µ

∂αj

dαj

dt
+

Ne∑
k=1

dJ
dµ

∂µ

∂βk

dβk

dt
. (37)
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We write the attenuation distribution in the form

µ(x) = µi(x)(1−H(φ)) + µe(x)H(φ) (38)

=
Ni∑
j=1

αjaj(x)(1−H(φ)) +
Ne∑
k=1

βkbk(x)H(φ),

where H(φ) denotes the one-dimensional Heaviside function. Formal differenti-
ation yields

dµ

dφ
= (µe − µi)δ(φ) =

( Ne∑
k=1

βkbk(x) −
Ni∑
j=1

αjaj(x)
)
δ(φ), (39)

where δ(φ) is the one-dimensional Dirac delta distribution. Furthermore, equation
(38) yields

dµ

dαj
= aj(x)(1−H(φ)),

dµ

dβk
= bk(x)H(φ). (40)

We know from (14) that for a perturbation δµ

dJ
dµ

δµ =
〈
T ∗ (Tµ− g) , δµ

〉
P
. (41)

We can now combine the above expressions and obtain from (37)

dJ
dt

=
〈
T ∗ (Tµ− g),

(∂µ
∂φ

dφ

dt
+

Ni∑
j=1

∂µ

∂αj

dαj

dt
+

Ne∑
k=1

∂µ

∂βk

dβk

dt

)〉
P

(42)

=
〈
T ∗ (Tµ− g),

(
(µe − µi)δ(φ)f(x, t) +

Ni∑
j=1

aj(x)(1−H(φ))f̂j(t) +
Ne∑
k=1

bk(x)H(φ)f̃k(t)
)〉

P
.

We use now the formula

δ(φ) =
δ∂D(x)
|∇φ(x)| , (43)

with δ∂D(x) being the Dirac delta distribution concentrated on the boundary of
the shape ∂D. Rearranging terms, we can write (42) with (43) in the form

dJ
dt

=
〈
T ∗ (Tµ− g) , (µe − µi)

δ∂D(x)
|∇φ(x)|f(x, t)

〉
P

(44)
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+
Ni∑
j=1

f̂j(t)
〈
T ∗ (Tµ− g) , aj(x)(1−H(φ))

〉
P

+
Ne∑
k=1

f̃k(t)
〈
T ∗ (Tµ− g) , bk(x)H(φ)

〉
P
. (45)

We now define the steepest descent directions to be

f
SD

(x, t) = c1T
∗ (Tµ− g) (µi − µe)|∇φ(x)| on ∂D, (46)

f̂jSD
= −c2

〈
T ∗ (Tµ− g) , aj(x)(1−H(φ))

〉
P

for j = 1, . . . , Ni, (47)

f̃kSD
= −c3

〈
T ∗ (Tµ− g) , bk(x)H(φ)

〉
P

for k = 1, . . . , Ne, (48)

for some positive constant weighting parameters c1, c2 and c3. Plugging these
expressions into (44) will give us a descent flow for the cost J . Using the inner
product (10), the evolution equations (36) then acquire the form

dφ

dt
+ c1FSD

(x, t) · |∇φ| = 0, (49)

dαj

dt
= −c2

∫
D

T ∗ (Tµ− g) aj(x) dx, (50)

dβk

dt
= −c3

∫
Ω\D

T ∗ (Tµ− g) bk(x) dx, (51)

where F
SD

(x, t) is defined as in (32). Equation (49) is again the Hamilton-Jacobi-
type equation already found in (33) for level set function φ. Equations (50) and
(51) are evolution laws for the individual expansion parameters αj ,j = 1, . . . , Ni,
and βk, k = 1, . . . , Ne. In order to calculate the right-hand sides of the evolution
system (49)–(51) in a given time step t, one Radon transform needs to be calcu-
lated for the current attenuation distribution µ(x, t) in order to calculate Tµ− g,
and then this result needs to be backprojected by applying T ∗ in order to calculate
T ∗ (Tµ− g). Once this expression (which is a function in the space of attenua-
tions) has been calculated, all three right-hand sides of (49)–(51) can be computed
from it simultaneously by just calculating weighted integrals of this expression
over the individual regionsD, ∂D, and Ω\D. We mention that a related approach
has been proposed earlier in [21], where numerical results can also be found.

2.9. Geometric Regularization Strategies

As mentioned above, a great advantage of iterative reconstruction techniques
is the ease and flexibility with which additional regularization criteria can be in-
corporated into the inversion. In this section we will present four popular reg-
ularization schemes that all aim at restricting geometric properties of the final
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shapes. Each of them can be written in the form of a cost functional which is
added to least-squares functional (2.3). Recalculating the gradient (or steepest de-
scent) directions for these extended cost functionals then yields additional terms
in the normal velocity component. These additional terms will be derived in the
following.

2.9.1. Penalizing Total Length of Boundaries

We define the total length (or surface) of Γ as

JlenΓ(D) =
∫

Γ
dΓ =

∫
Ω
δ∂D(x) dx. (52)

It is shown in [22, 23] that applying a flow by a smooth vector field v(x) yields
an infinitesimal response in this cost (52) that is given by

dJlenΓ(D,v) =
∫

Γ
κ 〈v,n〉 dΓ, (53)

where κ denotes the mean curvature:

κ(x) = ∇ · n(x) = ∇ ·
( ∇φ
|∇φ|

)
, (54)

and where n is the outward normal to the boundary Γ. The relationship (53) can
also be derived directly using a level set formulation. First, using (43), we write
(52) in the form

JlenΓ(D(φ)) =
∫

Ω
δ(φ)|∇φ(x)| dx. (55)

Perturbing now φ→ φ+ψ, formal calculation (see, e.g., [14]) yields that the cost
functional is perturbed by

〈
∂JlenΓ

∂φ
, ψ

〉
=
∫

Ω
δ(φ)ψ(x)∇ · ∇φ|∇φ| dx. (56)

Therefore, using (54), we can formally identify

∂JlenΓ

∂φ
= δ(φ)∇ · ∇φ|∇φ| = δ(φ)κ. (57)

For both representations (53) and (57), minimizing the cost by a gradient method
leads to curvature-driven flow equations, which is v = −κn.
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2.9.2. Penalizing Volume or Area of Shape

We define the total area (volume) of D as

JvolD(D) =
∫

D

dx =
∫

Ω
χD(x) dx. (58)

It is shown in [22, 23] that applying a flow by a smooth vector field v(x) yields
an infinitesimal response in this cost (58) that is given by

dJvolD(D,v) =
∫

D

divv dx =
∫

Γ
〈v , n〉 dΓ. (59)

Again, if the shape D is represented by a continuously differentiable level set
functionφ, an alternative derivation can be given. Using again the one-dimensional
Heaviside function H(φ), we can write (58) in the form

JvolD(D) =
∫

Ω
H(φ) dx. (60)

Perturbing as before φ→ φ+ ψ, we get〈
∂JvolD

∂φ
, ψ

〉
=
∫

Ω
δ(φ)ψ(x) dx (61)

such that we can identify
∂JvolD

∂φ
= δ(φ). (62)

In both formulations, the steepest-descent flow is given by motion with constant
speed in the negative direction of the normaln to the boundary Γ, which isv = −n.

2.9.3. Mumford-Shah for Binary Media

A popular regularization functional in image segmentation is the Mumford-

segmented image it contains a term that encourages to shorten total curve-length
of the interfaces. We will assume the special form of the attenuation distribution

µ(x) = µi(1−H(φ)) + µeH(φ), (63)

where µi and µe are given constant values. Then, this latter term can be written as

J
MS

=
∫

Ω
|∇H(φ)| dx. (64)

Taking into account that ∇H(φ) = H (φ)∇φ = δ(φ)|∇φ|n, we see that J
MS

= JlenΓ(D(φ)) as given in (55) such that we arrive again at the curvature-driven
flow equation (57). For more details we refer to [25, 26].

Shah functional [24]. In addition to a fidelity term inside each region of the

′
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2.9.4. Total Variation for Binary Media

Another popular cost functional in image segmentation is the total variation
(TV) functional, which for our situation of (piecewise constant) binary media (63)
reads as

J
T V

=
∫

Ω
|∇µ(φ)| dx = |µe − µi|

∫
Ω
|∇H(φ)| dx. (65)

It coincides with the Mumford-Shah functional J
MS

up to the factor |µe − µi|.
Roughly we can say that the TV functional (65) penalizes the product of the
jump between different regions and the arc length of their interfaces, whereas the
Mumford-Shah functional (64) penalizes only this arc length. We refer for more
information to [27].

2.10. Further Linear Inverse Problems in Medical Imaging

The theory discussed so far is fairly general and not restricted to the special
application of x-ray CT. It can be applied to a broad class of linear inverse prob-
lems. Prominent examples for linear inverse problems in medical imaging are
Single Photon Emission Computerized Tomography (SPECT), Positron Emission
Tomography (PET), Magnetic Resonance Imaging (MRI), or Electron Microscopy.
Several of the mentioned examples have been addressed in the literature using a
level set technique. Examples are the works [4, 6, 21, 28–30], without claim of
exhaustivity of this small list of references. Certainly, each of these applications
has its peculiarities. For more details on how to address these, we refer to the
given references.

3. LEVEL SET TECHNIQUES FOR NONLINEAR INVERSE PROBLEMS

In this section we describe the more general approach of level set techniques
for nonlinear inverse problems in medical imaging. As a good example for a
nonlinear inverse problem in medical imaging we will first describe the mathe-
matical model for Diffuse Optical Tomography (DOT), which in some sense can be
considered a generalization of x-ray CT to situations where scattering of photons
becomes dominant. It leads to a nonlinear inverse problem since the linearization
operation (6) does not yield simplified expressions anymore due to the scattering.
Instead, so-called ‘linearized sensitivity functions’ need to be considered now,
which correspond to linearizations (often called Jacobians or, in the continuous
setting, Fréchet derivatives,) of the nonlinear forward problem. Physically, these
linearized sensitivity functions have a similar meaning as the line integrals in x-ray
tomography, indicating the information flow from events inside the domain toward
the detectors. In other words, they replace the line integrals in (6) by weighted
integrals over the whole domain with the weights indicating importance of a given
region to the measurements. We will describe them below. Furthermore, the
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parameter-based (or pixel-based) inversion algorithms are iterative, instead of be-
ing numerical implementations of explicit inversion formulas as it was the case in
the filtered backprojection technique. Analogous nonlinear inversion techniques
can be found in the applications of ultrasound tomography, microwave medical
imaging, or electrical impedance tomography as pointed to in Section 3.5. In the
following section, we will describe the basic model of DOT.

3.1. Example: Diffuse Optical Tomography (DOT)

The propagation of photons in tissue is modeled by the time-dependent radia-
tive transfer equation (or ‘linear transport equation’ [16])

1
c

∂u

∂t
+ θ · ∇u(x, θ, t) + (a(x) + b(x))u(x, θ, t)

− b(x)
∫

Sn 1
η(θ · θ )u(x, θ , t)dθ = q(x, θ, t) (66)

in Ω× Sn−1 × [0, T ] with initial condition

u(x, θ, 0) = 0 in Ω× Sn−1 (67)

and boundary condition

u(x, θ, t) = 0 on Γ−. (68)

Here,

Γ± :=
{
(x, θ, t) ∈ ∂Ω× Sn−1× [0, T ], ±n(x) · θ > 0

}
.

Ω is a convex, compact domain in IRn, n = 2, 3, with smooth boundary ∂Ω. In our
numerical experiments, we will only consider the case n = 2, but the algorithm
extends in a straightforward way ton = 3. n(x) denotes the outward unit normal to
∂Ω at the point x ∈ ∂Ω, and u(x, θ, t) describes the density of particles (photons)
which travel in Ω at time t through the point x in the direction θ. The velocity c of
the particles is assumed to be constant, which is typically a good approximation
in optical tomography, where photons are assumed not to lose energy in scattering
events (elastic scattering).

a(x) is the absorption cross-section (in short ‘absorption’), b(x) is the scatter-
ing cross-section, and µ(x) := a(x)+b(x) is the total cross-section or attenuation
as it was already encountered in the application of x-ray CT (even though for a
different wavelength of the propagating energy). These parameters are assumed
to be real, strictly positive functions of the position x. The quantity µ−1 is the
mean free path of the photons. Typical values in DOT are a ≈ 0.1 − 1.0 cm−1,

−

′′′
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b ≈ 100 − 200 cm−1, µ−1 ≈ 0.005 − 0.01 cm [31, 32]. The scattering function
η(θ · θ ) describes the probability for a particle entering a scattering process with
the direction of propagation θ to leave this process with the direction θ. It is
normalized to ∫

Sn 1
η(θ · θ )dθ = 1, (69)

which expresses particle conservation in pure scattering events. The dot-product
in the argument indicates that η depends only on the cosine of the scattering
angle cosϑ = θ · θ , an assumption typically made in DOT. Another assumption
typically made in DOT is that η is independent of the position x, although the
theory developed in the following can easily be generalized to the more general
case of position-dependent scattering functions. In our numerical experiments,
we will use a 2D-adapted version of the following Henyey-Greenstein scattering
function:

η(θ · θ ) =
1
4π

1− γ2

(1 + γ2 − 2γ cosϑ)3/2 , (70)

with−1 < γ < 1. (See, for example, [33, 34] for possible choices.) The parameter
γ in (70) is the mean cosine of the scattering function. Values of γ close to one
indicate that the scattering is primarily forward directed, whereas values close to
zero indicate that scattering is almost isotropic. In our numerical experiments we
will choose γ to be 0.9, which is a typical value for DOT.

The initial condition (67) indicates that there are no photons moving inside
Ω at the starting time of our experiment. The boundary condition (68) indicates
that during the experiment no photons enter the domain Ω from the outside. All
photons inside Ω originate from the source q, which, however, can be situated at
the boundary ∂Ω.

We consider the problem (66)–(68) for p different sources qj , j = 1, . . . , p,
positioned at ∂Ω. Possible sources in applications are delta-like pulses transmitted
at time t = 0 at the position sj ∈ ∂Ω into the direction θj , which can be described
by the distributional expressions

q̃j(x, θ, t) = δsj (x)δ(t)δ(θ − θj), j = 1, . . . , p, (71)

where δsj (x) is a Dirac delta distribution concentrated on a small part of the
boundary ∂Ω indicating the source extension, and where n(sj) · θj < 0 along this
part of the boundary. We assume that a given source qj gives rise to the physical
fields ũj(x, θ, t), which are solutions of (66)–(68). Our measurements consist of
the outgoing flux across the boundary ∂Ω, which has with (68) the form

gj(x, t) =
∫
n(x)·θ>0

n(x) · θũj(x, θ, t)dθ on ∂Ω× [0, T ] (72)

for j = 1, . . . , p. We will assume in the following that we know the scattering
functions η and b, and we want to reconstruct the coefficient a(x) from the data.

′

′

−

′

′
′
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The theory for the more general case of more than one unknown function then
follows the same line of reasoning, see, e.g., [31, 33, 35].

Let us call the data corresponding to the parameter distribution a byA(a). In
contrast to the Radon transform T considered in the previous section, the operator
A is now a nonlinear operator, mapping parameter distributions a(x) (here the
absorption coefficient) to the corresponding data A(a). Let us furthermore call
the physically measured data by g. As before, we can consider the difference
between these two and define the (now as well nonlinear) residual operator

R(a) = A(a)− g. (73)

The goal will be to minimize this mismatch between calculated and measured data
in some appropriate sense, as is described in the following section.

3.2. A Gradient Technique for DOT

We define the least-square cost functional

J (a) =
1
2

∥∥R(a)
∥∥2

Z
=

1
2

〈
R(a) , R(a)

〉
Z
, (74)

where 〈 , 〉Z denotes the canonical inner product in data space Z. We assume that
R(a) admits the expansion

R(a+ δa) = R(a) + R′(a)δa + O(‖δa‖2P ), (75)

letting ‖ ‖P be the canonical norm in parameter space P , for a sufficiently small
perturbation (variation) δa ∈ P . The linear operator R′(a) is often called the
Fréchet derivative ofR. Plugging (75) into (74) yields the relationship

J (a+ δa) = J (a) +
〈
R′(a)∗R(a) , δa

〉
P

+ O(‖δa‖2P ). (76)

The operatorR′(a)∗ is the formal adjoint operator ofR′(a) with respect to spaces
Z and P : 〈

R′(a)∗g , â
〉

P
=
〈
g , R′(a)â

〉
Z

for all â ∈ P, g ∈ Z. (77)

We call
gradJ (a) = R′(a)∗R(a) (78)

the gradient direction of J in a.
The remaining part of the theory is now very similar to the development

presented in the previous section for linear operators. We only mention here the
result analogous to (30):

∂J (a)
∂t

∣∣∣∣
t=0

=
∫

∂D

[
R′(a)∗R(a)

]
(ai − ae)v(x) · n(x)ds(x), (79)
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which describes the change in the cost due to a small deformation of the shape
D by a vector field v(x), and the corresponding gradient (or steepest-descent)
normal velocity field F

SD
, which is

F
SD

(x) = −R′(a)∗R(a)(ai − ae) at ∂D. (80)

Plugging this into (79) gives us a descent direction for the cost J .
The remainder of the theory, concerning for example the simultaneous re-

construction of shape and texture components, or the additional incorporation of
geometric regularization schemes, is now completely analogous to the linear case,
such that we will not discuss it here in particular. The main difference to the linear
theory is the need for computing the adjoint linearized residual operators R′(a)∗

in each step of the iterative inversion. We will address this important topic in the
following section.

3.3. Adjoint Formulation for Calculating Gradient Directions

We have seen in the previous section that the linearized residual operatorR′(a)
and its adjoint R′(a)∗ are key ingredients for gradient-based inversion routines.
Typically, it is much too expensive to calculate the adjoint linearized residual
operator R′(a)∗ explicitly in each step of the iteration. On the other hand, this
is not really necessary, since only its action on the current residuals R′(a)∗R(a)
is needed in order to find the steepest-descent (or related gradient-based) search
directions. For this, a so-called ‘adjoint scheme’ has become quite popular due to
its efficiency in solving this task. It only needs the solution of one forward and
one adjoint problem in order to determine the gradient direction. In the following,
we will show how this can be achieved for our example of DOT by the transport
equation. Many other imaging techniques follow the same scheme. We will restrict
ourselves, as before, to the case of determining only the absorption parameter a(x).
The scattering parameter b(x) is assumed to be known.

A possible way of deriving explicit forms for the linearized residual operator
R′(a) is to perturb the parameter functions a(x)→ a(x)+δa(x) and plug this into
(66)–(68). Assuming that the corresponding solution u(x) of (66)–(68) responds
to this perturbation according to u(x) → u(x) + w(x), and neglecting all terms
in (1) which are of higher than linear order in δa and w, we arrive at the following
expression for the linearized residual operatorR′(a):

R′(a)(δa)(xr, tr) =
∫

Sn 1
+

n(xr) · θw(xr, θ, tr) dθ, (81)

where w solves the linearized equation

−
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∂w

∂t
+ θ · ∇w(x, θ, t) + (a(x) + b(x))w(x, θ, t) − b(x)∫

Sn 1
η(θ · θ )w(x, θ , t)dθ

= −δa(x)u(x, θ, t) (82)

in Ω× Sn−1 × [0, T ] with the homogeneous initial condition

w(x, θ, 0) = 0 in Ω× Sn−1,

and an absorbing boundary condition

w(x, θ, t) = 0 on Γ−. (83)

Notice that, for a given perturbation function δa(xsc) (where the argumentxsc ∈ Ω
denotes the scattering points), the value of R′(a)δa is a function in the vari-
ables xr and tr, where xr is the receiver location and tr the receiver time.
This explains the somewhat complicated notation in (81). The physical inter-
pretation of this result is that the perturbation δa creates a scattering source
Qδa(x, θ, t) = −δa(x)u(x, θ, t) inside the domain Ω. This gives rise to a distribu-
tion w(x, θ, t) (which can be positive or negative) of virtual ‘secondary particles’
propagating in the unperturbed medium to the receivers, where they are detected
as the (linearized) residuals in the data.

The adjoint linearized residual operator R′(a)∗ is formally defined by the
identity (77). It is a mapping from the data space Z into the parameter space P .
Notice the analogy to the adjoint Radon transform in linear x-ray tomography,
which is as well a backprojection operator from the data space into the parameter
space. We will see below that there is indeed a close analogy between the backpro-
jection operator in x-ray tomography and the adjoint linearized residual operator
in DOT.

An explicit expression for the action of the adjoint linearized residual operator
on an arbitrary vector ζ of the data space can be derived by using Green’s formula
for the linear transport equation in time domain. Next, we formulate this result,
and refer for a derivation to [36, 33].

Let z denote the solution of the following adjoint linear transport equation:

−∂z
∂t

− θ · ∇z(x, θ, t) + (a(x) + b(x))z(x, θ, t) − b(x)∫
Sn 1

η(θ · θ )z(x, θ , t)dθ

= 0 in Ω× Sn−1 × [0, T ],

with the ‘final value condition’

z(x, θ, T ) = 0 in Ω× Sn−1, (84)

−

′ ′ ′

′ ′ ′

−
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and the inhomogeneous outgoing boundary condition

z(x, θ, t) = ζ(x, t) uniformly in θ on Γ+, (85)

and let u be the solution of the forward problem (66)–(68). Then we have

R′(a)∗ζ(x) = −
∫

[0,T ]

∫
Sn 1

u(x, θ, t)z(x, θ, t) dθdt . (86)

Solving (84)–(85) is called ‘backtransport.’
We mention that the adjoint linearized residual operator admits an interesting

physical interpretation. The argument ζ of this operator is an element of the
data space Z, i.e., it is a function of detector position xr and detection time tr.
The values of ζ, which in our applications will be the residuals, are attached as
time-dependent adjoint sources at these receiver positions in (85), and transported
backward in direction and in time into the medium Ω by solving (84)–(85). Notice
the sign change in front of the time derivative ∂t and the space derivative θ · ∇ in
(84) compared to (66), which indicates a reversed time and direction. This is also
the reason why we have used a final value condition (84) and an ‘outgoing flux
condition’ (85) for uniquely specifying the solution of (84). Notice also that the
residuals ζ are applied uniformly in all directions in (84), which accounts for the
averaging θ-integration of the measurement process (72).

Loosely speaking, these virtual ‘adjoint particles’ are propagating backward
into the domain, retracing as much as possible the paths of those particles that
have been created by the parameter perturbation δa and which have caused the
mismatch in the data. The gradient direction (which is essentiallyR′(a)∗ζ) is then
calculated by combining these backpropagated densities with the actual densities
u of our forward problem (66)–(68). For example, if no particles of the forward
solution reach a given point xsc during the experiment, i.e., u(xsc, θ, t) = 0 for
all θ ∈ Sn−1 and all t ∈ [0, T ], then the update R′(a)∗ζ(xsc) will be zero at this
location xsc. This makes sense physically, since no secondary particles could have
been generated at this point in the medium by a parameter change δa(xsc) and
reach the detector via (82). This means also that the ‘sensitivity’ of our source-
receiver pair to parameter changes at this location will be zero. This observation
motivates the introduction of (linearized) ‘sensitivity functions,’ which quantify
the sensitivity of a given source-receiver pair to parameter perturbations at each
point xsc in the medium. These linearized sensitivity functions are calculated
by putting a source at time zero and source position xs and solving the forward
problem (66)–(68). At the same time, a fictitious adjoint source is placed at the
receiver position xr and receiver time tr, and the adjoint transport equation (84)–
(85) is solved for this ficticious adjoint source. The two results are then combined
evaluating the expression (86).

It can be shown formally (see, e.g., [37]) that the so-obtained linearized sensi-
tivity functions have the same physical meaning as the lines of propagation have in

−
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Figure 3. Numerically calculated sensitivity functions for four different source–receiver
pairs and a fixed time step in diffuse optical tomography. Homogeneous background with
a = 0.1 cm−1, b = 100 cm−1, and Henyey Greenstein scattering with γ = 0.9.

x-ray tomography. They indicate the ‘importance’ or ‘sensitivity’ of a given point
in the domain to the specified source and receiver coordinates. Application of the
adjoint linearized residual operator R′(a)∗ to the current mismatch in the data
R(a) amounts to ‘backprojecting’ these residuals along the linearized sensitivity
functions. Instead of smearing them uniformly over lines, as it was the case in
x-ray tomography, they are now distributed over the whole imaging domain with
position-dependent weights given by these linearized sensitivity functions. We
have displayed a few of these linearized sensitivity functions for one given time
step in Figure 3. It can be seen that the lines of x-ray tomography are now re-
placed by ‘clouds,’ often called ‘banana-shapes.’ The examples shown in Figure 3
have been calculated for a homogeneous parameter background distribution. Their
forms will change when changing this background distribution. This is the reason
why the operator R′(a)∗ needs to be recalculated in each step of the nonlinear
iterative reconstruction algorithm.
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3.4. Some Numerical Experiments for DOT

Figures 4–8 show the results of some numerical experiments for shape recon-
struction in DOT. We model the human head for simplicity as a two-dimensional
square domain of size 5×5 cm2. It is composed of a background material with three
different clear regions embedded. The clear regions have parameters a = 0.01
cm−1 and b = 0.01 cm−1. One of these three embedded clear regions has a
band-like structure parallel to the boundary, symbolically representing a layer of
cerebrospinal fluid beneath the skull. The other two clear regions are small pockets
of liquid located in the interior of the head. The background material (excluding
these clear regions) is assumed to have a homogeneous absorption parameter value
ofa = 0.1 cm−1 and a homogeneous scattering parameter of b = 100 cm−1. These
are typical values for clinical applications in DOT.

Along the boundary, we have indicated in Figures 4–7 the 16 source positions
by dark bars having the extensions of these sources. At these positions, succes-
sively ultrashort laser pulses are emitted perpendicular to the boundary into the
head. The measurements for each of these source positions consist of the time-
resolved photon flux across the boundary (see (72)). The bottom right images of
Figures 4–7 show the true objects that we want to reconstruct from the boundary
data. In particular, in these images the two dark regions in the interior of the
head symbolize the objects of interest. They might represent regions of blood
accumulation (e.g., hematoma) or similar objects.

For our numerical experiments, we use a finite-difference discretization of
the radiative transfer equations (66)–(68) and (84)–(85) as described in [33]. The
whole domain is discretized into 50×50 pixels, and we monitor 100 discrete time
steps of the propagating photons. 12 different directions are used for discretizing
the angular variable. As scattering law, we use the Henyey-Greenstein function
(70) with γ = 0.9. We run our finite-difference code on the above described model
(which we call the ‘true model’) in order to simulate our data. Then we use these
simulated data as input for our shape reconstruction method.

In our numerical experiments we compare the shape evolution for four differ-
ent starting guesses. These initial guesses are displayed in the upper left images
of Figures 4–7. The remaining images show the corresponding shape evolutions,
as explained in the captions to these figures. As initial level set functions for these
examples we use the so-called ‘signed distance function’ (see [2, 3]) representing
the given initial shape. No reinitialization is applied during the evolution of the
level set function. However, in each step it is rescaled such that its global mini-
mum remains at a constant value. Figure 7 shows the behavior of the least-square
data misfit during 500 steps of the shape evolution for these four examples. It is
clearly visible that the speed of convergence, as well as its characteristic behavior,
strongly depends on the initial guess. Nevertheless, all examples converge to the
correct final shape without problems. Topological changes occur in all cases, and
are modeled automatically by the level set formulation.
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Figure 4. Shape evolution for the first example. Top row: first guess, after 2 and 14
iterations; center row: after 20, 80, and 130 iterations; bottom row: after 250 and 500
iterations; bottom right: true reference model. See also animated movie DOTmovie1 on
the attached CD.

Figure 5. Shape evolution for the second example. Top row: first guess, after 10 and 40
iterations; bottom row: after 250 and 500 iterations; bottom right: true reference model.
See also animated movie DOTmovie2 on the attached CD.
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Figure 6. Shape evolution for the third example. Top row: first guess, after 30 and 35
iterations; bottom row: after 250 and 500 iterations; bottom right: true reference model.
See also animated movie DOTmovie3 on the attached CD.

Figure 7. Shape evolution for the fourth example. Top row: first guess, after 4 and 10
iterations; bottom row: after 40 and 500 iterations; bottom right: true reference model. See
also animated movie DOTmovie4 on the attached CD.
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Figure 8. Evolution of least-squares data misfit. Top left: first example (Fig. 4); top right:
second example (Fig. 5); bottom left: third example (Fig. 6); bottom right: fourth example
(Fig. 7).

3.5. Other Examples for Nonlinear Inverse Problems

The theory presented in this section is again not restricted to special applica-
tion of DOT, but is intended to be representative for a broader class of nonlinear
inverse problems in medical imaging. Examples are microwave medical imaging
[5, 7, 11, 38–43], electrical impedance tomography [9, 12, 14, 27, 44–48], and
electrocardiography [49, 50]. Further examples for results discussed in diffuse op-
tical tomography can be found in [35, 51–53]. Again, we cannot claim exhaustivity
of this short list of references.
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In this chapter we introduce concepts and algorithms of shape- and texture-based deformable
models — more specifically Active Shape Models (ASMs), Active Appearance Models
(AAMs), and Morphable Models — for facial image analysis. Such models, learned from
training examples, allow admissible deformations under statistical constraints on the shape
and/or texture of the pattern of interests. As such, the deformation is in accordance with the
specific constraints on the pattern. Based on analysis of problems with the standard ASM
and AAM, we further describe enhanced models and algorithms, namely Direct Appearance
Models (DAMs) and a Texture-ConstrainedASM (TC-ASM), for improved fitting of shapes
and textures. A method is also described for evaluation of goodness of fit using an ASM.
Experimental results are provided to compare different methods.

1. INTRODUCTION

Many image based systems require alignment between an object in the input
image and a target object. The alignment quality can have a great impact on system
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performance. For face analysis, in particular, both shapes and textures provide
important clues useful for characterizing faces. The task of face alignment is to
accurately locate facial features such as the eyes, nose, mouth, and outline, and
to normalize facial shape and texture. Accurate extraction and alignment of these
features offers advantages for many applications.

A sort of the most successful face alignment method is the deformable model,
which can represent variations in either the shape or texture of the target objects.
As two typical deformable model types, the active shape models (ASMs) [1] and
active appearance models (AAMs) [2, 3] have been widely used as alignment
algorithms in medical image analysis and face analysis [4] for the past decade. The
standardASM consists of two statistical models: (1) a global shape model, which is
derived from the landmarks in the object contour, and (2) a local appearance model,
which is derived from the profiles perpendicular to the object contour around each
landmark. The ASM uses local models to find the candidate shape and the global
model to constrain the searched shape. The AAM makes use of subspace analysis
techniques, PCA in particular, to model both shape variation and texture variation,
and the correlations between them. The integrated shape and texture is referred
to as appearance. In searching for a solution, it assumes linear relationships
between appearance variation and texture variation, and between position variation
and texture variation; and learns the two linear regression models from training
data. Minimization in high-dimensional space is reduced in the two models. This
strategy is also developed in the active blob model[5].

ASMs and AAMs can be expanded in several ways. The concept, originally
proposed for the standard frontal view, can be extended to multi-view faces, ei-
ther by using piecewise linear modeling [6] or nonlinear modeling [7]. Cootes
and Taylor show that imposing constraints such as fixing eye locations can im-
prove AAM search results [8]. Blanz and Vetter extended morphable models and
the AAM to model the relationship of 3D head geometry and facial appearance
[9]. Li et al. [10] present a method for learning 3D face shape modeling from
2D images based on a shape-and-pose-free texture model. In Duta et al. [11],
the shapes are automatically aligned using procrustean analysis, and clustered to
obtain cluster prototypes and statistical information about intra-cluster shape vari-
ation. In Ginneken et al. [12], aK-nearest-neighbors classifier is used and a set of
features selected for each landmark to build local models. Baker and colleagues
[13] propose an efficient method called an “inverse compositional algorithm” for
alignment. Ahlberg [14] extends the AAM to a parametric method called an Ac-
tive Appearance algorithm to extract positions parameterized by 3D rotation, 2D
translation, scale, and six Action Units (controlling the mouth and the eyebrows).
In the direct appearance model (DAM) [15, 16], shape is modeled as a linear
function of texture. Using such an assumption, Yan et al. [17] propose a texture-
constrained ASM (TC-ASM), which has the advantage of an ASM in having good
localization accuracy and that of an AAM in having insensitivity to initialization.
To construct an effective evaluation function, a statistical learning approach was
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proposed for face alignment by Huang et al. [18] using a nonlinear classification
function learned from a training set of positive and negative training examples.

The following sections first describe the classicalASM andAAM.We will then
briefly review the 3D Morphable Model as an important 3D deformable model.
After that, two of the improved face alignment algorithms — DAM and TC-ASM
— will be introduced based on the analysis of the problems of classical the ASM
and AAM. Then an alignment quality evaluation mechanism is addressed before
the experimental results and conclusion to end this chapter are presented.

For all the algorithms presented here, a training set of shape–texture pairs is
assumed to be available and denoted as Ω = {(S0, T0)}, where a shape S0 =
((x1, y1), . . . , (xK , yK)) ∈ R

2K is a sequence ofK points in the 2D image plane,
and a texture T0 is the patch of pixel intensities enclosed by S0. Let S be the
mean shape of all the training shapes, as illustrated in Figure 1. All the shapes are
aligned or warping to the tangent space of the mean shape S. After that texture
T0 is warped correspondingly to T ∈ R

L, where L is the number of pixels in the
mean shape S. The warping may be done by pixel value interpolation, e.g., using
a triangulation or thin plate spline method.

Figure 1. Two face instances labeled with 83 landmarks and the mesh of the mean shape.
Reprinted with permission from SC Yan, C Liu, SZ Li, HJ Zhang, H Shum, QS Cheng.
2003. Face alignment using texture-constrained active shape models. Image Vision Comput
21(1):69–75. Copyright c©2003, Elsevier. See attached CD for color version.

2. CLASSICAL DEFORMABLE MODELS

There are two classical deformable models for 2D face analysis — the Active
Shape Model (ASM) and the Active Appearance Model (AAM). We first look
through them; the model for 3D face analysis will be addressed later.

The ASM seeks to match a set of model points to an image by searching along
profiles of each point under the constraint of a statistical shape model. The AAM
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seeks to match both the position of the model points and a representation of the
texture to an image by updating the model parameters using the difference between
the current synthesized image and the target image.

There are three key differences between the two models [19]:

1. The ASM only uses models of the image texture in small regions about
each landmark point, whereas the AAM uses a model of the appearance of
the whole of the region (usually inside a convex hull around the points).

2. TheASM searches around the current position, typically along profiles nor-
mal to the boundary, whereas the AAM only samples the image enclosed
by the current position.

3. The ASM essentially seeks to minimize the distance between model points
and the corresponding points found in the image, whereas the AAM seeks
to minimize the difference between the synthesized model image and the
target image.

2.1. Active Shape Model

In the ASM a shape is represented as a vector s in the low-dimensional shape
k

from the training shapes. A shape S could be linearly obtained from the shape
eigenspace

S = S + Us, (1)

where U is the matrix consisting of k principal modes of the covariance of {S0}.
The local appearance models, which describe a local image feature around

each landmark, are modeled as the first derivatives of the sampled profiles per-
pendicular to the landmark contour [4]. For the jth landmark (j=1, · · · ,K), we
can derive the mean profile gj and the covariance matrix Σg

j from the jth profile

examples directly. At the current position (x(n−1)
j , y

(n−1)
j ) of the jth landmark,

the local appearance models find the “best” candidate, (xn
j , y

n
j ), in neighborhood

N(x(n−1)
j , y

(n−1)
j ) surrounding (x(n−1)

j , y
(n−1)
j ), by minimizing the energy:

(xn
j , y

n
j ) = arg min

(x,y)∈N(x(n 1)
j ,y

(n 1)
j )

‖gj(x, y)− gj‖2Σg
j
, (2)

where gj(x, y) is the profile of the jth landmark at (x, y) and ‖X‖2A =XTA−1X
is the Mahalanobis distance measure with respect to a real symmetric matrix A.

After relocating all the landmarks using the local appearance models, we
obtain a new candidate shape Sn

lm. The solution in shape eigenspace is derived by
maximizing the likelihood:

eigenspace R , spanned byk (<2K) principal modes (major eigenvectors) learned

− −
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sn=arg max
s
p(Sn

lm|s)=arg min
s
Eng(Sn

lm; s), (3)

where1

Eng(Sn
lm; s)=λ‖Sn

lm − Sn
lm

′‖2 + ‖sn
lm − s‖2Λ. (4)

In above equation, sn
lm =UT (Sn

lm− S) is the projection of Sn
lm to the shape

eigenspace, Sn
lm

′ = S + Usn
lm is the reconstructed shape, and Λ is the diagonal

matrix of the largest eigenvalues of the training data {Si}. The first term is the
squared Euclidean distance from Sn

lm to the shape eigenspace, and the second is
the squared Mahalanobis distance between sn

lm and s; λ balances the two terms.
Using the local appearance models leads to fast convergence to the local image

evidence. However, since they are modeled based on the local features, and the
“best” candidate point is only evaluated in the local neighborhood, the solution of
the ASM is often suboptimal, dependent on the initialization.

2.2. Active Appearance Model

from the training shapes by PCA, just as Eq. (1) shows with the ASM.
After aligning each training shape S0 to the mean shape and warping the

corresponding texture T0 to T , the warped textures are aligned to the tangent
space of the mean texture T by using an iterative approach [2]. The PCA model
for the warped texture is obtained as

T = T + Vt, (5)

where V is the matrix consisting of � principal orthogonal modes of variation in
{T}, and t is the vector of texture parameters. The projection from T to t is

t = VT (T − T ) = VTT. (6)

By this, theL pixel values in the mean shape is represented as a point in the texture
subspace St in R

�.
The appearance of each example is a concatenated vector:

A =
(

Λs
t

)
, (7)

where Λ is a diagonal matrix of weights for the shape parameters allowing for the
difference in units between the shape and texture variation, typically defined as
rI. Again, by applying PCA on the set {A}, one gets

A = Wa, (8)

In the AAM, a shape is also modeled by k (<2K) principal modes learned
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where W is the matrix consisting of principal orthogonal modes of the variation
in {A} for all training samples. The appearance subspace Sa is modeled by

a = WTA. (9)

The search for anAAM solution is guided by the following difference between
the textureTim in the image patch and the textureTa reconstructed from the current
appearance parameters:

δT = Tim − Ta. (10)

More specifically, the search for a face in an image is guided by minimizing the
norm ‖δT‖. The AAM assumes that the appearance displacement δa and the posi-
tion (including coordinates (x, y), scale s, and rotation parameter θ) displacement
δp are linearly correlated to δT :

δa = AaδT (11)

δp = ApδT (12)

The prediction matrices Aa,Ap are to be learned from the training data by using
linear regression. In order to estimate Aa, a is displaced systematically to induce
(δa, δT ) pairs for each training image. Due to the large consumption of memory
required for the learning of Aa and Ap, learning has to be done with a small,
limited set of {δa, δT}.

2.3. 3D Morphable Model

While the ASM and AAM are for 2D image pattern analysis, in this section we
temporarily deviate from analysis of a 2D face, and extend the dimension of face
data to 3D by introducing morphable models [9, 20, 21]. With the presence of con-
venient 3D acquiring equipment and the development of the computer hardware,
3D face analysis has now become feasible and promising since it is invariant to the
influence of pose, illumination, and expression. One of the most crucial problems
for all 3D data-processing systems is the alignment between the input data and the
standard. The 3D alignment may involve many rigid or non-rigid transformations.
For 3D face analysis, in particular, alignment means reconstruction of a normal-
ized 3D face model from either input 2D face images or unrestrained 3D data. The
3D Morphable Model (3DMM), as a typical 3D deformable model, inherits both
the spirit of a multidimensional morphable model [22] and the AAM.

The 3DMM is a model of faces represented in 3D where shape information
is separated from texture information. The shape and texture models are learned
from a database of 3D faces, i.e., faces acquired by a 3D CyberwareTM scan-
ner. Building a 3DMM requires transforming the shape and texture spaces into
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vector spaces for which any convex combination of exemplar shapes and textures
describes a realistic human face. Correspondence is the basic requirement for
constructing such a vector space. In [23], correspondences are established be-
tween all exemplar faces and a reference face by an optical flow algorithm. This
scheme brings a consistent labeling of vertices and corresponding albedos across
the whole set of exemplar faces. The shape of an exemplar face is then represented
by a shape vector Sex = ((x1, y1, z1) . . . , (xK , yK , zK)) ∈ R

3K that contains the
x, y, z coordinates of K vertices. The texture of the face is represented by a tex-
ture vector T ex = ((R1, G1, B1) . . . , (RK , GK , BK)) ∈ R

3K that contains the
R,G,B texture values sampled at the same K vertices.

A new face can then be generated by convex combination of the K exemplar
faces, with their shape and texture vectors, S and T , expressed as

S =
K∑

i=1

aiS
ex
i T =

K∑
i=1

biT
ex
i

K∑
i=1

ai =
K∑

i=1

bi = 1. (13)

Again, PCA is applied separately on the shape and texture space to reduce di-
mensionality. Now, instead of describing a new face as a convex combination of
exemplars, as in Eq. (13), we use the similar shape and texture PCA model of
Eq. (1), (5) as

S = S + Us T = T + Vt. (14)

Note that U and V are the matrices consisting of orthogonal modes of variations
in {Sex} and {T ex}. The 3DMM shape and texture coefficient vectors s and t
are low-dimensional coding of the identity of a face invariant to pose and illumi-
nation influence. Given an input 2D image under arbitrary pose and illumination
conditions or unrestrained 3D face data, the 3DMM can recover the vectors of s
and t by an analysis by synthesis, providing an alignment between input face and
exemplar faces in the database.

3. MOTIVATIONS FOR IMPROVEMENTS

ASM uses the local appearance models to search along the profiles of candidate
points. It leads to fast convergence to the local image evidence. However, since
they are modeled based on local features, and the “best” candidate point is only
evaluated in the local neighborhood, the solution of the ASM is often suboptimal,
dependent on the initialization.

By analyzing the relationships between the shape, texture, and appearance
subspaces in the AAM, we will show the defects of the model. Thereby, we
suggest a property that an ideal appearance model should have, which motivates
us to propose improvements to the classical model.

First, let us look into the relationship between shape and texture from an
intuitive viewpoint. A texture (i.e., the patch of intensities) is enclosed by a shape
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(before aligning to the mean shape); the same shape can enclose different textures
(i.e., configurations of pixel values). However, the reverse is not true: different
shapes cannot enclose the same texture. So the mapping from the texture space
to the shape space is many-to-one. The shape parameters should be determined
completely by texture parameters but not vice versa.

Let us now look further into the correlations or constraints between the linear
subspaces Ss,St and Sa in terms of their dimensionalities or ranks. Let us denote
the rank of space S by dim(S). We have the following analysis:

1. When dim(Sa)=dim(St)+dim(Ss), the shape and texture parameters are
independent of each other, and there exist no mutual constraints between
the s and t parameters.

2. When dim(St)<dim(Sa)<dim(St)+ dim(Ss), not all the shape parameters
are independent of the texture parameters. That is, one shape can corre-
spond to more than one texture configuration in it, which conforms our
intuition.

3. One can also derive the relationship dim(St)<dim(Sa) from Eqs. (7) and
(8) and write

Wa =
(

Λs
t

)
(15)

when that s contains some components that are independent of t.

4. However, in the AAM it is often the case where dim(Sa)<dim(St) if the
dimensionalities of Sa and St are chosen to retain, say, 98% of the total
variations, which is reported by Cootes [2] and also observed by us. The
consequence is that some admissible texture configurations cannot be seen
in the appearance subspace because dim(Sa)<dim(St), and therefore can-
not be reached by the AAM search. We consider this a flaw in the AAM’s
modeling of its appearance subspace.

From the above analysis we conclude that the ideal model should be
dim(Sa) = dim(St), and hence that s is completely linearly determinable by t.
In other words, the shape should be linearly dependent on the texture, so that
dim(St ∪Ss) = dim(St). The direct appearance model (DAM) is proposed mainly
for this purpose.

Another motivation of the DAM is memory consumption: the regression ofAa

with the AAM is very memory consuming. The AAM prediction needs to model
linear the relationship between appearance and the texture difference according to
Eq. (11). However, both δa and δT are high-dimensional vectors, and therefore the
storage size of training data generated for learning Eq. (11) increases very rapidly
as the dimensions increase. It is very difficult to train the AAM for Aa even with
a moderate number of images. Learning in a low-dimensional space will relieve
the burden.
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4. DIRECT APPEARANCE MODELS

In this section we introduce an improved appearance model, called the Direct
Appearance Model (DAM), for aligning and estimating face appearances.

The new appearance model is motivated by our findings of a flaw in AAM
modeling and the difficulties in training the AAM presented in previous section.
The DAM model overcomes these problems by its proper subspace modeling based
on the fundament that the mapping from the texture subspace to the shape sub-
space is many-to-one, and therefore a shape can be determined entirely by the
texture in it. From these relationships, the DAM model considers an appearance
that is composed of both shape and texture, to be determinable by using just the
corresponding texture. The DAM uses the texture information directly to predict
the shape and to update the estimates of position and appearance (hence the name
DAM) in contrast to the AAM’s crucial idea of modeling the AAM appearance
subspace from shape and texture combined. In this way, the DAM includes ad-
missible textures previously unseen by the AAM and improves convergence and
accuracy.

Another merit of the DAM is that it predicts the new face position and appear-
ance based on principal components of texture difference vectors, instead of the
raw vectors themselves as with the AAM. This cuts down the memory requirement
to a large extent and further improves convergence and accuracy. The claimed ad-
vantages of the DAM are substantiated by comparative experimental results in
Section 7.1.

4.1. DAM Modeling and Training

DAM consists of a shape model, a texture model, and a prediction model. It
predicts the shape parameters directly from the texture parameters. The shape
and texture models are built based on PCA in the same way as with the AAM.
The prediction model includes two parts: prediction of position and prediction of
texture.

Recall the conclusions we made earlier: (1) an ideal model should have
dim(Sa) = dim(St), and (2) shape should be computable uniquely from texture but
not vice versa. We propose the following prediction model by assuming a linear
relationship between shape and texture:

s = Rt+ ε, (16)

where ε = s − Rt is noise and R is a k × l projection matrix. Denoting the
expectation byE(·), if all the elements in variance matrixE(εεT ) are small enough,
the linear assumption made in Eq. (16) is approximately correct. This is true, as
will be verified later by experiments. Define the objective cost function

C(R) = E(εT ε) = trace[E(εεT )]. (17)

R is learned from training example pairs {(s, t)} to minimize the cost function.
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Consider variation δC(R) caused by δR:

δC(R) (18)

= trace{E([s− (R + δR)t][s− (R + δR)t]T )}
−trace[E{[s−Rt][s−Rt]T }]

= trace{E[RttT δRT + δRttT R

−stT δRT − δRtsT ]}
= trace{RE(ttT )δRT + ∆RE(ttT )R
−E(stT )∆RT − δRE(tsT )}.

Letting δC(R) = 0, we get

trace{δRE(ttT )δRT + δRE(ttT )R} (19)

= trace{E(stT )∆RT + ∆RE(tsT )}

for any ‖δR‖ → 0. Substituting δR by ε1i,j for any (i, j), where ε→ 0 and 1i,j

is the matrix in which entry (i, j) is 1 and 0 elsewhere, we arrive at RE(ttT ) =
E(stT ), and hence obtain an optimal solution:

R = E(stT )[E(ttT )]−1. (20)

The minimized cost is the trace of the following:

E(εεT ) = E(ssT )−RE(ttT )RT . (21)

Instead of using δT directly as in the AAM search (cf. Eq. (12)), we use
principal components of it, δT ′, to predict the position displacement:

δp = RpδT
′, (22)

where Rp is the prediction matrix learned by using linear regression. To do this,
we collect texture differences induced by small position displacements in each
training image, and perform PCA on this data to get the projection matrix HT . A
texture difference is projected onto this subspace as

δT ′ = HT δT, (23)

where δT ′ is about 1/4 of δT in dimensionality, and this makes the prediction
more stable. The DAM regression in Eq. (22) requires much less memory than the
AAM regression in Eq. (11). This is because p is of much lower dimension than
a and δT ′ much lower than δT . This will be illustrated by numbers later.
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Assume that a training set is given as A = {(Si, , Ti)} where a shape Si =
((xi

1, y
i
1), . . . , (x

i
K , y

i
K)) ∈ R

2K is a sequence ofK points in the 2D image plane,
and a texture Ti is the patch of image pixels enclosed by Si. The DAM learning
consists of two parts: (1) learning R, and (2) learning H and Rp. (1) R is learned
from the shape–texture pairs {s, t} obtained from the landmarked images. (2) To
learn H and Rp, artificial training data are generated by perturbing the position
parameters p around the landmark points to obtain {δp, δT}; then learn H from
{δT} using PCA; δT ′ is computed after that; and, finally, Rp is derived from
{δp, δT ′}.

The DAM regression in Eq. (22) requires much less memory than the AAM
regression in Eq. (11); typically, a DAM needs only about 1/20th the memory
required by an AAM. For the DAM, there are 200 training images, 4 parameters
for the position (x, y, θ, scale), and 6 disturbances for each parameter to generate
training data for the training Rp. So the size of the training data for a DAM is
200 × 4 × 6 = 4, 800. For AAM there are 200 training images, 113 appearance
parameters, and 4 disturbances for each parameter to generate training data for
training Aa. The size of the training data set for Aa is 200× 113× 4 = 90, 400.
Therefore, the size of the training data set for an AAM’s prediction matrices is
90, 400 + 4, 800 = 95, 200, which is 19.83 times that for a DAM. On a PC, for
example, the memory capacity for AAM training with 200 images would allow
DAM training with 3,966 images.

Note that there is a variant of a basicAAM [4], which uses texture difference to
predict shape difference. The prediction of shape is done by δs = BδT . However,
this variant is not as good as the basic AAM [4].

4.2. DAM Search

The DAM prediction model leads to the following search procedure. The
DAM search starts with the mean shape and mean texture, equivalent to the mean
appearance with a0 = 0, at a given initial position p0. The texture difference δT
is computed from the current shape patch at the current position, and its principal
components are used to predict and update p and s using the DAM linear models
described above. If ‖δT‖ calculated using the new appearance at the position is
smaller than the old one, the new appearance and position are accepted; otherwise,
the position and appearance are updated by amounts κδa and κδp with varying κ
values. The search algorithm is summarized below:

1. Initialize position parameters p0, and set shape parameters s0 = 0;

2. Get texture Tim from the current position, project it into the texture sub-
space St as t; reconstruct the texture Trec, and compute texture difference
δT0 = Tim − Trec and the energy E0 = ‖δT0‖2;

3. Compute δT ′ = HT δT , and get the position displacement δp = RpδT
′;
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4. Set step size κ = 1;

5. Update p = p0 − κδp, s = Rt;

6. Compute difference texture δT using the new shape at the new position,
and its energy E0 = ‖δT0‖2;

7. If |E − E0| < ε, the algorithm is converged; exit;

8. If E < E0, then let p0 = p, s0 = s, δT0 = δT,E0 = E, goto 3;

9. Changeκ to the next smaller number in{1.5, 0.5, 0.25, 0.125, . . . , }, goto 5;

The above DAM search can be performed with a multi-resolution pyramid
structure to improve the result.

4.3. Multi-View DAM

In multi-view face alignment, the whole range of views from frontal to side
views are partitioned into several sub-ranges, and one DAM model is trained to
represent the shape and texture for each sub-range. Which view DAM model to
use may be decided by using some pose estimate for static images. In the case
of face alignment from video, the previous view plus the two neighboring view
DAM models may be attempted, and then the final result is chosen to be the one
with the minimum texture residual error.

The full range of face poses are divided into 5 view sub-ranges: [−90◦,−55◦],
[−55◦,−15◦], [−15◦, 15◦], [15◦, 55◦], and [55◦, 90◦], with 0◦ being the frontal
view. The landmarks for frontal, half-side, and full-side view faces are illustrated
in Figure 2. The dimensions of shape and texture vectors before and after the
PCA dimension reductions are shown in Table 1, where the dimensions after PCA
are chosen to be such that 98% of the corresponding total energies are retained.
The texture appearances due to respective variations in the first three principal
components of texture are demonstrated in Figure 3.

The left- models and right-side models are reflections of each other, andn thus
we only need train one side. So we train [−15◦, 15◦], [15◦, 55◦], and [55◦, 90◦]
for the 5 models. We can find the corresponding model for all the face with a view
in [−90◦, 90◦].

The multi-view DAM search has a similar process to that of the standard DAM.
The difference lies in the beginning of the iteration where multi- view DAM has
to determine which view the input image belongs to and select a proper DAM
model. Note that p can be computed from δT in one step as δp = RT δT , where
RT = RpHT , instead of two steps as in Eqs. (22) and (23). The search algorithm
is summarized below:
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Table 1. Dimensionalities of shape and
texture variations for face data

View #1 #2 #3 #4 #5

Fontal 87 69 3185 144 878
Half-Side 65 42 3155 144 1108
Full-Side 38 38 2589 109 266

#1 Number of landmark points. #2 Dimension of
shape space Ss. #3 Number of pixel points in
the mean shape. #4 Dimension of texture space
St. #5 Dimension of texture variation space (δT ′).
Reprinted with permission from SZ Li, SC Yan,
HJ Zhang, QS Cheng. 2002. Multi-view face
alignment using direct appearance models. Proc 5th
Int Conf Automatic Face Gesture Recogn, pp. 309–
314. Copyright c©2002, IEEE.

1. Initialize position parameters p0, and determine the view by which to select
the DAM model to use; set shape parameters s0 = 0;

2. Get texture Tim from the current position; project it into texture subspace
St as t; reconstruct texture Ta, and compute texture difference δT0 =
Tim − Ta and the energy E0 = ‖δT0‖2;

3. get position displacement δp = RT δT ;

4. Set step size κ = 1;

5. Update p = p0 − κδp, s = Rt;

6. Compute difference texture δT using the new shape at the new position,
and its energy E = ‖δT‖2;

7. If |E − E0| < ε, the algorithm is converged; exit;

8. If E < E0, then let p0 = p, s0 = s, δT0 = δT,E0 = E, goto 3;

9. Change κ to the next number in {1.5, 0.5, 0.25, 0.125, . . . , }, goto 5.

In our implementation, the initialization and pose estimation are performed
automatically by using a robust real-time multi-view face detector [24], as shown
in Figure 4. A multi-resolution pyramid structure is used in the search to improve
the result. Figure 5 demonstrates scenarios of how DAM converges.

When the face has undergone large variation due to stretch in either the x or
y direction, model fitting can be improved by allowing different scales in the two
directions. This is done by splitting the scale parameter in two: sx and sy . The
improvement is demonstrated in Figure 6.
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Figure 2. Frontal, half-side, and full-side view faces and the labeled landmark points.
Reprinted with permission from SZ Li, SC Yan, HJ Zhang, QS Cheng. 2002. Multi-view
face alignment using direct appearance models. Proc 5th Int Conf Automatic Face Gesture
Recogn, pp. 309– 314. Copyright c©2002, IEEE.

Mean 1st 2nd 3rd

Figure 3. Texture and shape variations due to variations in the first three principal compo-
nents of the texture (the shapes change in accordance with s = Rt) for full-side (±1σ),
half-side (±2σ), and frontal (±3σ) views. Reprinted with permission from SZ Li, SCYan,
HJ Zhang, QS Cheng. 2002. Multi-view face alignment using direct appearance models.
Proc 5th Int Conf Automatic Face Gesture Recogn, pp. 309–314. Copyright c©2002, IEEE.

5. TEXTURE-CONSTRAINED ACTIVE SHAPE MODEL

A TC-ASM [17] imposes the linear relationship of the direct appearance model
(DAM) to improve the ASM search. The motivation is as follows. The ASM has
better accuracy in shape localization than the AAM when the initial shape is placed
close enough to the true shape, whereas the latter model incorporates information
about texture enclosed in the shape and hence yields lower texture reconstruction
error. However, the ASM makes use of constraints near the shape only, without
a global optimality criterion, and therefore the solution is sensitive to the initial
shape position. In the AAM, the solution-finding process is based on the linear
relationship between the variation of the position and the texture reconstruct error.
The reconstruct error, δT , is influenced very much by the illumination. Since δT



 

SHAPE AND TEXTURE-BASED DEFORMABLE MODELS 105

Figure 4. Initial alignment provided by a multi-view face detector. Reprinted with permis-
sion from SZ Li, SC Yan, HJ Zhang, QS Cheng. 2002. Multi-view face alignment using
direct appearance models. Proc 5th Int Conf Automatic Face Gesture Recogn, pp. 309–314.
Copyright c©2002, IEEE.

Figure 5. DAM aligned faces (from left to right) at the 0th, 5th, 10th, and 15th iterations, and
the original images for (top–bottom) frontal, half-side and full-side view faces. Reprinted
with permission from SZ Li, SC Yan, HJ Zhang, QS Cheng. 2002. Multi-view face
alignment using direct appearance models. Proc 5th Int Conf Automatic Face Gesture
Recogn, pp. 309–314. Copyright c©2002, IEEE.
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(0.0794) (0.06804) (0.0662)

(0.0838) (0.8686) (0.2442)

(0.0701) (0.1155) (0.1140)

(0.0953) (0.5892) (0.3625)

(0.1020) (0.2505) (0.1565)

(0.0997) (0.3019) (0.2720)

Figure 6. Results of non-isometric (top of each of the three blocks) and isometric (bottom)
search for frontal (top block), half-side (middle block), and full-side (bottom block) view
faces. From left to right of each row are normal, and stretched faces. The number below
each result is the corresponding residual error. Reprinted with permission from SZ Li,
SC Yan, HJ Zhang, QS Cheng. 2002. Multi-view face alignment using direct appearance
models. Proc 5th Int Conf Automatic Face Gesture Recogn, pp. 309–314. Copyright
c©2002, IEEE.
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is orthogonal to St (projected back to R
L) and dim(St)� dim(T ), the dimension

of space {δT} is very high, and it is hard to train regression matrix Aa,Ap, and
the prediction of the variance of position can be subject to significant errors. Also
it is time and memory intensive. The TC-ASM is aimed at overcoming the above
problems.

The TC-ASM consists of a shape model, a texture model,K local appearance
models, and a texture-constrained shape model. The former three types are exactly
the same as in the ASM and AAM. The texture-constrained shape model, or the
mapping from texture to shape, is simply assumed linear and could be easily
learned. In each step of the optimization, a better shape is found under a Bayesian
framework. The details of the model will be introduced in the following.

5.1. Texture-Constrained Shape Model

In the shape model, there are some landmarks defined on the edges or contours.
Since they have no explicit definition for their positions, there exists uncertainty
of the shape given the texture, while there are correlations between the shape
and the texture. The conditional distribution of shape parameters s given texture
parameters t is simply assumed Gaussian, i.e.,

p(s|t) ∼ N(st,Σt), (24)

where Σt stands for the covariance matrix of the distribution, and st is linearly
determined by texture t. The linear mapping from t to st is:

st = Rt, (25)

where R is a projection matrix that can be pre-computed from training pairs
{(si, ti)} by singular-valued decomposition. For simplicity, Σt is assumed to
be a known constant matrix. Figure 7 demonstrates the accuracy of the prediction
in the test data via matrix R. We may see that the predicted shape is close to
the labeled shape even under varying illuminations. Thus, the constraints over
the shape from the texture can be used as an evaluation criterion in the shape
localization task. The prediction of matrix R is also affected by illumination vari-
ation, yet since Eq. (25) is formulated based on the eigenspace, the influence of
the unfamiliar illumination can be alleviated when the texture is projected to the
eigenspace.

Distribution Eq. (24) can also be represented as the prior distribution of s
given shape st:

p(s|st) ∝ exp{−Eng(s; st)}, (26)

where the energy function is:

Eng(s; st) = ‖s− st‖2Σt
. (27)
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Figure 7. Comparison of the manually labeled shape (middle row) and the shape (bottom
row) derived from the enclosed texture using the learned projection matrix: st = Rt. In
the top row are the original images. All the images are test data. Reprinted with permission
from SC Yan, C Liu, SZ Li, HJ Zhang, H Shum, QS Cheng. 2003. Face alignment using
texture-constrained active shape models. Image Vision Comput 21(1):69–75. Copyright
c©2003, Elsevier.

5.2. TC-ASM in Bayesian Framework

The TC-ASM search begins with the mean shape, namely shape parameters
s0 = 0. The whole search process is outlined as below:

1. Set the iteration number n = 1;

2. Using the local appearance models in the ASM, we may obtain the candi-
date shape, Sn

lm, with shape parameters sn
lm based on the shape, S(n−1),

of the previous iteration;

3. The texture enclosed by Sn
lm is warped to the mean shape, denoted by tn.

The texture-constrained shape sn
t is predicted from tn by Eq. (25);

4. The posterior (MAP) estimation of Sn or sn, given by Sn
lm and sn

t , is
derived based on the Bayesian framework;
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5. If the stopping condition is satisfied, exit; otherwise, n = n + 1, goto
step 2.

In the following we illustrate step 4 and the stopping condition in detail. To
simplify the notation, we shall omit superscript n in the following deduction since
the iteration number is constant. In step 4 the posterior (MAP) estimation of s,
given by Slm and st, is

p(s|Slm, st) =
p(Slm|s, st)p(s, st)

p(Slm, st)
. (28)

Assume that Slm is conditionally independent from st, given s, i.e.,

p(Slm|s, st) = p(Slm|s). (29)

Then
p(s|Slm, st) ∝ p(Slm|s)p(s|st). (30)

The corresponding energy function is

Eng(s;Slm, st) = Eng(Slm; s) + Eng(s; st). (31)

From Eqs. (4) and (27), the best shape obtained in each step is

s = arg min
s

[Eng(s;Slm) + Eng(s; st)]

= arg min
s
‖slm−s‖2Λ + ‖s−st‖2Σt

= arg min
s

[sT (Λ−1 + Σ−1
t )s− 2sT (Λ−1slm + Σ−1

t st)]

= (Λ−1 + Σ−1
t )−1(Λ−1slm + Σ−1

t st).

After restoring the superscript of iteration number, the best shape obtained in
step n is

sn=(Λ−1 + Σ−1
t )−1(Λ−1sn

lm + Σ−1
t sn

t ). (32)

This indicates that the best shape derived in each step is an interpolation between
the shape from the local appearance model and the texture-constrained shape. In
this sense, the TC-ASM could be regarded as a tradeoff between the ASM and
AAM methods.

The stopping condition of the optimization is: if the shape from the local
appearance model and the texture-constrained shape are the same, i.e., the solution
generated by ASM is verified by the AAM, the optimal solution must have been
touched. In practice, however, these two shapes would hardly turn out to be the
same. A threshold is introduced to evaluate the similarity, and sometimes the
convergence criterion in the ASM is used (if the above criterion has not been
satisfied for a long time). For higher efficiency and accuracy, a multi-resolution
pyramid method is adopted in the optimization process.
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6. EVALUATION FOR FACE ALIGNMENT

The emergence of many effective face alignment algorithms serves as a con-
trast to the lack of an effective method for evaluation of face alignment results.
In the ASM, there has been no convergence criterion for the iteration. As such,
the ASM search can give a bad result without giving the user a warning. In the
AAM and DAM, the PCA reconstruction error is used as a distance measure for
evaluation of alignment quality. However, the reconstruction error may not be a
good discriminant for evaluation of the alignment quality because a non-face can
look like a face when projected onto the PCA face subspace. In the TC-ASM, the
algorithm claims to reach a convergence when the solution generated by the ASM
is verified by the AAM, whereas both convergence criteria are not yet stable.

In this section we propose a statistical learning approach for constructing
an evaluation function for face alignment. A nonlinear classification function is
learned from a training set of positive and negative training examples to effectively
distinguish between qualified and unqualified alignment results. The positive sub-
set consists of qualified face alignment examples, and the negative subset consists
of obviously unqualified and near-but-not-qualified examples.

We use the AdaBoost algorithm [25, 26] for learning. A set of candidate weak
classifiers are created based on edge features extracted using Sobel- like operators.
We choose to use edge features because crucial cues for alignment quality are
around edges. Experimentally, we also found that the Sobel features produced
significantly better results than other features, such as Haar wavelets. AdaBoost
learning selects or learns a sequence of best features and the corresponding weak
classifiers, and combines them into a strong classifier.

In the training stage, several strong classifiers are learned in stages using
bootstrap training samples, and in the test they are cascaded to form a stronger
classifier, following an idea in boosting-based face detection [27]. Such a divide-
and-conquer strategy makes the training easier and the good–bad classification
more effective. The evaluation function thus learned gives a quantitative confi-
dence and the good–bad classification is achieved by comparing the confidence
with a learned optimal threshold.

There are two important distinctions between evaluation functions thus learned
and the linear evaluation function of reconstruction error used in theAAM. First, the
evaluation is learned in such a way to distinguish between good and bad alignment.
Second, the scoring is nonlinear, which provides a semantically more meaningful
classification between good and bad alignment. Experimental results demonstrate
that the classification function learned using the proposed approach provides se-
mantically meaningful scoring for classification between qualified and unqualified
face alignment.
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6.1. Solution Quality Evaluation in ASM/AAM

There has been no convergence criterion for ASM search. In ASM search, the
mean shape is placed near the center of the detected image and a coarse-to-fine
search performed. Large movements are made in the first few iterations, getting
the position roughly. As the search is progressing, more subtle adjustments are
made. The result can yield a good match to the target image or it can fail (see
Figure 8). Failure can happen even if the starting position is near the target. When
the variations of expression and illumination are large, ASM search can diverge in
order to match the local image pattern.

Figure 8. Four face instances of qualified (top) and unqualified (bottom) examples with
their warped images. Reprinted with permission from XS Huang, SZ Li, YS Wang. 2004.
Statistical learning of evaluation function forASM/AAM image alignment. In Proceedings:
BiometricAuthentication, ECCV 2004 InternationalWorkshop, BioAW 2004, Prague, Czech
Republic, May 15, 2004 (ECCV Workshop BioAW), pp. 45– 56. Ed D Maltoni, AK Jain.
New York: Springer. Copyright c©2004, Springer.

A similar problem exists in AAM search. There, the PCA reconstruction
error is used as a distance measure for evaluation of alignment quality (and for
guiding the search as well). However, the reconstruction error may not be a good
discriminant for evaluation of alignment quality because a non-face can look like
a face when projected onto the PCA face subspace. Cootes pointed out that, of
2700 testing examples, 519 failed to converge to a satisfactory result (the mean
point position error is greater than 7.5 pixels per point) [4].

In the following we present a learning-based approach for the learning eval-
uation function for ASM/AAM based alignment.
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6.2. AdaBoost-Based Learning

Our objective is to learn an evaluation function from a training set of qualified
and unqualified alignment examples. From now on we use the terms “positive” and
“negative” examples for classes of data. These examples are the face image after
warping to a mean shape, as shown in Figure 8. Face alignment quality evaluation
can be posed as a two-class classification problem: given an alignment result x
(i.e., warped face), evaluation function H(x) = +1 if x is positive example, or
−1 otherwise. We want to learn such anH(x) that can provide a score in [−1,+1]
with a threshold around 0 for the binary classification.

For two-class problems, a set of N labeled training examples is given as
(x1, y1), . . ., (xN , yN ), where yi ∈ {+1,−1} is the class label associated with
example xi ∈ R

n. A stronger classifier is a linear combination of M weak
classifiers:

HM (x) =
M∑

m=1

hm(x). (33)

In the real version of AdaBoost [25, 26], the weak classifiers can take a real
value, hm(x) ∈ R, and have absorbed the coefficients needed in the discrete
version (hm(x) ∈ −1,+1 in the latter case). The class label for x is obtained
as H(x) = sign[HM (x)], while magnitude |HM (x)| indicates the confidence.
Every training example is associated with a weight. During the learning process,
the weights are updated dynamically in such a way that more emphasis is placed
on hard examples that are erroneously classified previously. It has been noted in
recent studies [28, 29, 30] that the artificial operation of explicit re-weighting is
unnecessary and can be incorporated into a functional optimization procedure of
boosting.

An error occurs when H(x) �= y, or yHM (x) < 0. The “margin” of an
example, (x, y), achieved by h(x) ∈ R on the training set examples is defined
as yh(x). This can be considered a measure of the confidence of h’s prediction.
The upper bound of classification error achieved by HM can be derived as the
following exponential loss function [31]:

J(HM ) =
∑

i

e−yiHM (xi) =
∑

i

e−yi
∑M

m=1 hm(x). (34)

AdaBoost constructs hm(x) by stagewise minimization of Eq. (34). Given the
current HM−1(x) =

∑M−1
m=1 hm(x), the best hM (x) for the new strong classifier,

HM (x) = HM−1(x) + hM (x) is the one that leads to the minimum cost:

hM = arg min
h

J(HM−1(x) + h†(x)). (35)
†
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0. (Input)
(1) Training examples {(x1, y1), . . . , (xN , yN )},

where N = a + b; of which a examples have yi = +1
and b examples have yi = −1;

(2) The maximum number Mmax of weak classifiers to be combined;
1. (Initialization)

w
(0)
i = 1

2a
for those examples with yi = +1 or

w
(0)
i = 1

2b
for those examples with yi = −1.

M = 0;
2. (Forward Inclusion)

while M < Mmax

(1) M ←M + 1;
(2) Choose hM according to Eq.36;
(3) Update w

(M)
i ← exp[−yiHM (xi)], and normalize to

∑
i w

(M)
i = 1;

3. (Output)
H(x) = sign[

∑M
m=1 hm(x)].

Figure 9. AdaBoost algorithm. Reprinted with permission from XS Huang, SZ Li, YS
Wang. 2004. Statistical learning of evaluation function for ASM/AAM image alignment.
In Proceedings: Biometric Authentication, ECCV 2004 International Workshop, BioAW
2004, Prague, Czech Republic, May 15, 2004 (ECCV Workshop BioAW), pp. 45–56. Ed
D Maltoni, AK Jain. New York: Springer. Copyright c©2004, Springer.

The minimizer is [25, 26]

hM (x) =
1
2

log
P (y = +1|x,w(M−1))
P (y = −1|x,w(M−1))

, (36)

where w(M−1)(x, y) = exp (−yFM−1(x)) is the weight for the labeled example
(x, y) and

P (y = +1|x,w(M−1)) =
E
(
w(x, y) · 1[y=+1]|x

)
E (w(x, y) | x) , (37)

where E(·) stands for the mathematical expectation and 1[C] is 1 if C is true or 0
otherwise. P (y = −1|x,w(M−1)) is defined similarly.

The AdaBoost algorithm based on the descriptions from [25, 26] is shown in
Figure 9. There, the re-weight formula in step 2.3 is equivalent to the multiplicative
rule in the original form of AdaBoost [32, 25]. In Section 6.3, we will present a
statistical model for stagewise approximation of P (y = +1|x,w(M−1)).
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6.3. Construction of Candidate Weak Classifiers

p(x|y, w)P (y), it can be expressed as

hM (x) = LM (x)− T, (38)

where

LM (x) =
1
2

log
p(x|y = +1, w)
p(x|y = −1, w)

, (39)

T =
1
2

log
P (y = +1)
P (y = −1)

. (40)

The log likelihood ratio (LLR),LM (x), is learned from the training examples of the
two classes. The threshold T is determined by the log ratio of prior probabilities.
In practice, T can be adjusted to balance between the detection and false alarm
rates (i.e., to choose a point on the ROC curve).

Learning optimal weak classifiers requires modeling the LLR of Eq. (39).
Estimating the likelihood for high-dimensional data x is a non-trivial task. In
this work, we make use of the stagewise characteristics of boosting, and derive
likelihood p(x|y, w(M−1)) based on an over-complete scalar feature set Z =
{z′

1, . . . , z
′
K}. More specifically, we approximate p(x|y, w(M−1)) by p(z1, . . .,

zM−1, z′|y, w(M−1)), where zm (m = 1, . . . ,M − 1) are the features that have
already been selected from Z by the previous stages, and z′ is the feature to be
selected. The following describes the candidate feature set Z , and presents a
method for constructing weak classifiers based on these features.

Because the shape is about boundaries between regions, it makes sense to use
edge information (magnitude or orientation or both) extracted from a grayscale
image. In this work, we use a simple Sobel filter for extracting the edge informa-
tion. Two filters are used: Kw for horizontal edges and Kh for vertical edges, as
follows:

Kw(w, h) =


 1 0 −1

2 0 −2
1 0 −1


 and Kh(w, h) =


 1 2 1

0 0 0
−1 −2 −1


 .

(41)
The convolution of the image with the two filter masks gives two edge strength

values:
Gw(w, h) = Kw ∗ I(w, h), (42)

Gh(w, h) = Kh ∗ I(w, h), (43)

The edge magnitude and direction are obtained as

S(w, h) =
√
G2

w(w, h) +G2
h(w, h), (44)

The optimal weak classifier at stageM is derived as Eq. (36). UsingP (y|x,w)=
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Figure 10. The two types of simple Sobel-like filters defined on sub-windows. The rect-
angles are of size w × h and are at distances of (dw, dh) apart. Each feature takes a value
calculated by the weighted (±1, ±2) sum of the pixels in the rectangles. Reprinted with
permission from XS Huang, SZ Li,YS Wang. 2004. Statistical learning of evaluation func-
tion for ASM/AAM image alignment. In Proceedings: Biometric Authentication, ECCV
2004 International Workshop, BioAW 2004, Prague, Czech Republic, May 15, 2004 (ECCV
Workshop BioAW), pp. 45–56. Ed D Maltoni, AK Jain. New York: Springer. Copyright
c©2004, Springer.

φ(w, h) = arctan(
Gh(w, h)
Gw(w, h)

). (45)

The edge information based on the Sobel operator is sensitive to noise. To solve
this problem we use the sub-block of the image to convolve with the Sobel filter
(see Figure 10), which is similar to Haar-like feature calculation.

6.4. Statistical Learning of Weak Classifiers

A scalar feature z′
k : x → R is a transform from the n-dimensional (400D

if a face example x is of size 20 × 20) data space to the real line. These block
differences are an extension to the Sobel filters. For each face example of size 20
× 20, there are hundreds of thousands of different z′

k for admissible w, h, dw, dh
values, so Z is an over-complete feature set for the intrinsically low-dimensional
face pattern x. In this work, an optimal weak classifier (38) is associated with
a single scalar feature; to find the best new weak classifier is to choose the best
corresponding feature.

We can define the following component LLRs for target LM (x):

L̃m(x) =
1
2

log
p(zm|y = +1, w(m−1))
p(zm|y = −1, w(m−1))

(46)
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for the selected features, zm’s (m = 1, . . . ,M − 1), and

L
(M)
k (x) =

1
2

log
p(z′

k(x)|y = +1, w(M−1))
p(z′

k(x)|y = −1, w(M−1))
(47)

for features to be selected, z′
k ∈ Z . Then, after some mathematical derivation, we

can approximate the target LLR function as

LM (x) =
1
2

log
p(x|y = +1, w(M−1))
p(x|y = −1, w(M−1))

≈
M−1∑
m=1

L̃m(x) + L
(M)
k (x). (48)

Let

∆LM (x) = LM (x)−
M−1∑
m=1

L̃m(x). (49)

The best feature is the one whose corresponding L(M)
k (x) best fits ∆LM (x). It

can be found as the solution to the following minimization problem:

k∗ = arg min
k,β

N∑
i=1

[
∆LM (xi)− βL(M)

k (xi)
]2
. (50)

This can be done in two steps as follows. First, find k∗ for which

(L(M)
k (x1), L

(M)
k (x2), . . . , L

(M)
k (xN )) (51)

is most parallel to

(∆LM (x1),∆LM (x2), . . . ,∆LM (xN )). (52)

This amounts to finding k for which L(M)
k is most correlated with ∆LM over the

data distribution, and set zM = z′
k . Then, we compute

β∗ =
∑N

i=1 ∆LM (xi)Lk (xi)∑N
i=1[Lk (xi)]2

. (53)

After that, we obtain
L̃M (x) = β∗Lk (x). (54)

The strong classifier is then given as

HM (x) =
M∑

m=1

(
L̃m(x)− T

)
(55)

=
M∑

m=1

L̃m(x)−MT. (56)

∗

∗

∗

∗
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The evaluation function HM (x) thus learned gives a quantitative confidence
and the good–bad classification is achieved by comparing the confidence with the
threshold value of zero.

7. EXPERIMENTAL RESULTS

7.1. DAM

7.1.1. Computation of Subspaces

A total of 80 images of size 128 × 128 are collected. Each image contains
a different face in an area of about 64 × 64 pixels. The images set are randomly
partitioned into a training set of 40 images and a test set of the other 40. Each
image is mirrored, and this doubles the total number of images in each set.

K = 72 face landmark points are labeled manually (see an example in
Figure 11. The shape subspace is k = 39 dimensional, which retains 98% of
the total shape variation. The mean shape contains a texture of L = 3186 pixels.
The texture subspace is � = 72 dimensional, as the result of retaining 98% of total
texture variation. These are common to both the AAM and DAM.

For the AAM, an appearance subspace is constructed to combine both shape
and texture information. A concatenated shape and texture vector is 39 + 72
dimensional, where the weight parameter is calculated as r = 7.5 for Λ = rI in
Eq. (7). It is reduced to a 65-dimensional appearance subspace that retains 98%
of total variation of the concatenated features.

For the DAM, the linearity assumption made for the model, s = Rt + ε, of
Eq. (16) is well verified because all the elements in E(εεT ) calculated over the
training set are smaller than 10−5.

Figure 11. A face image and the landmark points. Reprinted with permission from XW
Hou, SZ Li, HJ Zhang, QS Cheng. 2001. Direct appearance models. Proc IEEE Conf
Comput Vision Pattern Recogn 1:828–833. Copyright c©2001, IEEE.
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The original texture difference δT , which is used in the AAM for predicating
position displacement, is 3186 dimensional; it is reduced to 724-dimensional δT ′,
which is used in the DAM for prediction, to retain 98% of variation over the 1920
training examples.

The DAM requires much less memory during learning of prediction matrices
Rp in Eq. (22) than AAM for learning Aa in Eq. (11). For the DAM, there are 80
training images, 4 parameters for the position (x, y, θ, scale), and 6 disturbances
for each parameter to generate training data for training Rp. So, the size of
training data for the DAM is 80 × 4 × 6 = 1920. For the AAM, there are 80
training images, 65 appearance parameters, and 4 disturbances for each parameter
to generate training data for training Aa. The size of the training data set for Aa

is 80 × 65 × 4 = 20800. Therefore, the size of the training data set for AAM’s
prediction matrices is 20800 + 1920 = 22720, which is 11.83 times that for the
DAM. On a PC, for example, the memory capacity for AAM training with 80
images would allow DAM training with 946 images.

7.1.2. Alignment and Appearance Estimation

Table 2 compares the DAM and AAM in terms of the quality of position and
texture parameter estimates, and the convergence rates. The effect of using δT ′

instead of δT is demonstrated through DAM′, which is DAM minus the PCA
subspace modeling of δT . The initial position is a shift from the true position by
dx = 6, dy = 6. The ‖δp‖ is calculated for each image as the averaged distance
between corresponding points in the two shapes, and therefore it is also a measure

Table 2. Comparisons of DAM, DAM’ and AAM in terms of
errors in estimated texture (appearance) parameters δT

and position δp and convergence rates for the
training images (first block of three rows)

and test images (second block)

E(‖δT‖2) std(‖δT‖2) E(‖δp‖) std(‖δp‖) cvg rate

DAM 0.156572 0.065024 0.986815 0.283375 100%
DAM’ 0.155651 0.058994 0.963054 0.292493 100%
AAM 0.712095 0.642727 2.095902 1.221458 70%

DAM 1.114020 4.748753 2.942606 2.023033 85%
DAM’ 1.180690 5.062784 3.034340 2.398411 80%
AAM 2.508195 5.841266 4.253023 5.118888 62%

Reprinted with permission from XW Hou, SZ Li, HJ Zhang, QS Cheng. 2001.
Direct appearance models. Proc IEEE Conf Comput Vision Pattern Recogn 1:828–
833. Copyright c©2001, IEEE.
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Figure 12. Scenarios of DAM (top) and AAM (bottom) alignment. Reprinted with permis-
sion from XW Hou, SZ Li, HJ Zhang, QS Cheng. 2001. Direct appearance models. Proc
IEEE Conf Comput Vision Pattern Recogn 1:828–833. Copyright c©2001, IEEE.

of difference in shape. The convergence is judged by satisfaction of two conditions:
‖δT‖2 < 0.5 and ‖δp‖ < 3.

Figure 12 illustrates average scenarios of DAM and AAM alignment. Fig-
ure 13 illustrates the dynamics of total error δT for 10 images randomly selected
from the training set and 10 from the test set. We see that the DAM has faster
convergence and smaller error than the AAM.

7.1.3. Multi-View DAM

The training set contains 200 frontal, 200 half-side, and 170 full-side view
faces whose sizes are of about 64× 64 pixels, while the test set contains 80 images
for each view group. The landmark points are labeled manually (see Figure 2 and
Table 1). They are used for the training and as ground-truth in the test stage.

To compare, we also implemented the AAM using the same data in the frontal
view. The shape and texture parameter vectors are 69 + 144 dimensional, re-
spectively, where the weight parameter for the concatenation of the two parts is
calculated as r = 8.84 for Λ = rI in Eq. (7). The concatenated vector space is
reduced to a 113-dimensional appearance subspace that retains 98% of the total
variation of the concatenated features.
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Figure 13. The evolution of total δT for the DAM (top) and AAM (bottom) as a function
of iteration number for the training (left) and test (right) images. Reprinted with permission
from XW Hou, SZ Li, HJ Zhang, QS Cheng. 2001. Direct appearance models. Proc IEEE
Conf Comput Vision Pattern Recogn 1:828–833. Copyright c©2001, IEEE.

Some results about DAM learning and search have been presented in Figure
2–6. Figure 14 compares the convergence rate and accuracy properties of the DAM
and AAM (for the frontal view) in terms of the error in δT (cf. Eq. (10)) as the
algorithms iterate. The statistics are calculated from 80 images randomly selected
from the training set and 80 images from the test set. We can see that the DAM has
faster a convergence rate and smaller error than the AAM. Figure 15 illustrates the
error of DAM for non-frontal faces. Figure 16 compares the alignment accuracy
of the DAM and AAM (for frontal faces) in terms of the percentage of images
whose texture reconstruction error δT is smaller than 0.2, where the statistics are
obtained using another test set including the 80 test images mentioned above and
an additional 20 other test images. It shows again that the DAM is more accurate
than the AAM.

The DAM search is fairly fast. It takes on average 39 ms per iteration for
frontal and half-side view faces, and 24 ms for full-side view faces in an image of
size 320× 240 pixels. Every view model takes about 10 iterations to converge. If
3 view models are searched per face, as is done with image sequences from video,
the algorithm takes about 1 second to find the best face alignment.
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Figure 14. Mean error (the curve) and standard deviation (the bars) in reconstructed texture
‖δT‖ as a function of iteration number for DAM (left) and AAM (right) methods with the
training (top) and test (bottom) sets, for frontal face images. The horizontal dashed lines
in the lower part of the figures indicate average ‖δT‖ for the manually labeled alignment.
Reprinted with permission from SZ Li, SC Yan, HJ Zhang, QS Cheng. 2002. Multi-view
face alignment using direct appearance models. Proc 5th Int Conf Automatic Face Gesture
Recogn, pp. 309– 314. Copyright c©2002, IEEE.

Figure 15. Mean error in ‖δT‖ and standard deviation of DAM alignment for half- (left)
and full- (right) side view face images from the test set. Note that the mean errors in the
calculated solutions are smaller than obtained using the manually labeled alignment after a
few iterations. Reprinted with permission from SZ Li, SCYan, HJ Zhang, QS Cheng. 2002.
Multi-view face alignment using direct appearance models. Proc 5th Int Conf Automatic
Face Gesture Recogn, pp. 309–314. Copyright c©2002, IEEE.
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Figure 16. Alignment accuracy of the DAM (dashed) and AAM (solid) in terms of local-
ization errors in the x (left) and y (right) directions. Reprinted with permission from SZ
Li, SC Yan, HJ Zhang, QS Cheng. 2002. Multi-view face alignment using direct appear-
ance models. Proc 5th Int Conf Automatic Face Gesture Recogn, pp. 309–314. Copyright
c©2002, IEEE.

7.2. TC-ASM

A data set containing 700 face images with different illumination conditions
and expressions are selected from the AR database [33] in our experiments, each
of which is 512 × 512, 256 gray images containing the frontal view face about
200 × 200. 83 landmark points are manually labeled on the face. We randomly
select 600 for training and the other 100 for testing.

For comparison, the ASM and AAM are trained on the same data sets, in a
three-level image pyramid (resolution is reduced 1/2 level by level) as with the TC-
ASM. By means of PCA with 98% total variations retained, the dimension of the
shape parameter in theASM shape space is reduced to 88, and the texture parameter
vector in the AAM texture space is reduced to 393. The concatenated vector of
the shape and texture parameter vectors with the weighting parameter, γ = 13.77,
is reduced to 277. Two types of experiments are presented: (1) comparison of the
point-position accuracy, and (2) comparison of the texture reconstruction error.
The experiments are all performed in the 3-level resolution image pyramid.

7.2.1. Point Position Accuracy

The average point-point distances between the searched shape and the man-
ually labeled shape of the three models are compared in Figure 17. The vertical
axis represents the percentage of the solutions for which the average point-to-point
distances to the manually labeled ones are smaller than the corresponding hori-
zonal axis value. The statistics are calculated from 100 test images with different
initializations, with random displacements to the ground truth of 10, 20, 30, and
40 pixels. The results show that TC-ASM outperforms both the ASM and AAM
in most cases since the TC-ASM curve lies above the ASM and AAM curves. It
also suggests that the AAM outperforms the ASM when the initial displacement
is small, while the ASM is more robust with an increasing initial displacement.
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Figure 17. Accuracy of ASM, AAM, TC-ASM. From upper to lower, left to right, are
the results obtained with the initial displacements of 10, 20, 30, and 40 pixels. Note that
the value of the vertical coordinate is the percentage of examples that have the point-to-
point distance smaller than the corresponding value of horizonal coordinate. Reprinted
with permission from SC Yan, C Liu, SZ Li, HJ Zhang, H Shum, QS Cheng. 2003. Face
alignment using texture-constrained active shape models. Image Vision Comput 21(1):69–
75. Copyright c©2003, Elsevier.

We compare the stability of theTC-ASM with theASM in Figure 18. The value
on the horizonal axis is the index number of the selected examples, whereas the
value on the vertical axis is the average standard deviation of the results obtained
from 10 different initializations that deviate from the ground-truth by approxi-
mately 20 pixels. The results are convincing that the TC-ASM is more stable to
initialization. An example is given in Figure 19.

7.2.2. Texture Reconstruction Error

The texture reconstruction error comparison of the three models in Figure 20

texture accuracy of the TC-ASM is close to that of the AAM, while its position
accuracy is better than that of the AAM (see Figure 17). Although the AAM has
more cases with small texture reconstruction errors, the TC-ASM has more cases
with a texture reconstruction error smaller than 0.2.

An example in which the AAM fails for a different illumination condition
from the training data, yet the TC-ASM performs well, is presented in Figure 21.
Figure 22 shows a scenario of AAM and TC-ASM alignment.

illustrates that the TC-ASM improves the accuracy of texture matching. The
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Figure 18. Standard deviation in the results of each example for ASM (dotted) and TC-
ASM (solid) with the training set (left) and the test set (right). Reprinted with permission
from SC Yan, C Liu, SZ Li, HJ Zhang, H Shum, QS Cheng. 2003. Face alignment using
texture-constrained active shape models. Image Vision Comput 21(1):69–75. Copyright
c©2003, Elsevier.

Figure 19. Stability of the ASM (middle column) and the TC-ASM (right column) in
shape localization. The different initialization conditions are shown in the left column.
Reprinted with permission from SC Yan, C Liu, SZ Li, HJ Zhang, H Shum, QS Cheng.
2003. Face alignment using texture-constrained active shape models. Image Vision Comput
21(1):69–75. Copyright c©2003, Elsevier.
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Figure 20. Distribution of the texture reconstruction error with the ASM (dotted), the
AAM (square), and the TC-ASM (asterisk), with training data (left) and test data (right).
Reprinted with permission from SC Yan, C Liu, SZ Li, HJ Zhang, H Shum, QS Cheng.
2003. Face alignment using texture-constrained active shape models. Image Vision Comput
21(1):69–75. Copyright c©2003, Elsevier.

Figure 21. Sensitivities of the AAM (upper) and TC-ASM (lower) to an illumination
condition not seen in the training data. From left to right are the results obtained at the 0th,
2th, and 10th iterations. Result in different levels of image pyramid is scaled back to the
original scale. Reprinted with permission from SC Yan, C Liu, SZ Li, HJ Zhang, H Shum,
QS Cheng. 2003. Face alignment using texture-constrained active shape models. Image
Vision Comput 21(1):69–75. Copyright c©2003, Elsevier.
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Figure 22. Scenarios of AAM (upper) and TC-ASM (lower) alignment with texture re-
construct errors 0.3405 and 0.1827, respectively. From left to right are the results obtained
at the 0th, 5th, 10th, and 15th iterations, and the original image. Result in different levels
of image pyramid is scaled back to the original scale. Reprinted with permission from SC
Yan, C Liu, SZ Li, HJ Zhang, H Shum, QS Cheng. 2003. Face alignment using texture-
constrained active shape models. Image Vision Comput 21(1):69–75. Copyright c©2003,
Elsevier.

From the experiment, the TC-ASM is more computationally expensive than
ASM, but it is much faster than the AAM. In our experiment (600 training images,
83 landmarks, using a P-III 667 computer with 256Mb memory), it takes an average
of 32 ms per iteration, which is twice that of the ASM (16 ms) but a fifth of the
AAM (172 ms). The training time with the AAM is more than 2 hr, while for the
TC-ASM it is only about 12 minutes.

7.3. Evaluation for Face Alignment

The positive and negative training and set data are generated as follows. All
the shapes are aligned or are warping to the tangent space of the mean shape, S.
After that, the texture T0 is warped correspondingly to T ∈ R

L, where L is the
number of pixels in the mean shape S.

In our work, 2536 positive examples and 3000 negative examples are used
to train a strong classifier. The 2536 positive examples are derived from 1268
original positive examples plus the mirror images. The negative examples are
generated by random rotating, scaling, and shifting positive example shape points.
A strong classifier is trained to reject 92% of the negative examples while correctly
accepting 100% of the positive examples.

A cascade of classifiers is trained to train a computationally effective model,
and makes training easier with a divide-and-conquer strategy. When training a
new stage, negative examples are bootstrapped based on the classifier trained in
the previous stages. The details of training a cascade of 5 stages is summarized
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Table 3. Training results (WC: weak classifier)

stage number of pos number of neg number of WC False Alarm

1 2536 3000 22 0.076
2 2536 3000 237 0.069
3 2536 888 294 0.263
4 2536 235 263 0.409
5 2536 96 208 0.0

Reprinted with permission from XS Huang, SZ Li, YS Wang. 2004. Statistical learning
of evaluation function for ASM/AAM image alignment. In Proceedings: Biometric
Authentication, ECCV 2004 International Workshop, BioAW 2004, Prague, Czech
Republic, May 15, 2004 (ECCV Workshop BioAW), pp. 45–56. Ed D Maltoni, AK
Jain. New York: Springer. Copyright c©2004, Springer.

in Table 3. As the result of training, we achieved 100% correct acceptance and
correct rejection rates on the training set.

We compare the learned evaluation function with the PCA texture reconstruc-
tion error-based evaluation method, using the same data sets (but PCA does not
require negative examples in training). The dimensionality of the PCA subspace
is chosen to retain 99% of the total variance of the data. The best threshold of re-
construction error is selected to minimize the classification error. Figure 23 shows
the ROC curve for the reconstruction error-based alignment evaluation method for
the training set. Note that this method cannot achieve 100% correct rates.

During the test, a total of 1528 aligned examples (800 qualified and 728
non-qualified images) are used. We evaluate each face images and give a score in
terms of (a) the confidence valueHM (x) for the learning-based method and (b) the
confidence value distPCA − threshold for the PCA-based method. The qualified
and unqualified alignment decisions are judged by comparing the score with the
normalized threshold of 0. Some examples of accepted (top part) and rejected
(bottom part) face alignment results are shown in Figure 24. Figure 25 compares
the two methods in terms of their ROC curves (first plot) and error curves (the
second plot), where the axis label P (pos/neg) represents the false positive rate and
so on.

Finally, we would like to mention that, experimentally, we also found that
the Sobel features produced significantly better results than other features such as
Haar wavelets. This is not elaborated here.
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Figure 23. ROC curve for the reconstruction error-based alignment evaluation for the
training set. Reprinted with permission from XS Huang, SZ Li,YS Wang. 2004. Statistical
learning of evaluation function forASM/AAM image alignment. In Proceedings: Biometric
Authentication, ECCV 2004 InternationalWorkshop, BioAW 2004, Prague, Czech Republic,
May 15, 2004 (ECCV Workshop BioAW), pp. 45–56. Ed D Maltoni, AK Jain. New York:
Springer. Copyright c©2004, Springer. See attached CD for color version.

0.431 0.662 0.871 0.710 0.432 0.630

qualified qualified qualified unqualified qualified qualified

-0.551 -0.621 -0.705 -0.841 -0.746 -0.802

qualified unqualified unqualified unqualified unqualified qualified

Figure 24. Alignment quality evaluation results: accepted images (top) and rejected images
(bottom). Reprinted with permission from XS Huang, SZ Li, YS Wang. 2004. Statistical
learning of evaluation function for ASM/AAM image alignment. In Proceedings: Bio-
metric Authentication, ECCV 2004 International Workshop, BioAW 2004, Prague, Czech
Republic, May 15, 2004 (ECCV Workshop BioAW), pp. 45–56. Ed D Maltoni, AK Jain.
New York: Springer. Copyright c©2004, Springer. See attached CD for color version.
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Figure 25. Comparison between reconstruction error method and boost method. Reprinted
with permission from XS Huang, SZ Li, YS Wang. 2004. Statistical learning of evaluation
function for ASM/AAM image alignment. In Proceedings: Biometric Authentication,
ECCV 2004 International Workshop, BioAW 2004, Prague, Czech Republic, May 15, 2004
(ECCV Workshop BioAW), pp. 45–56. Ed D Maltoni, AK Jain. New York: Springer.
Copyright c©2004, Springer. See attached CD for color version.

8. CONCLUSION

In this chapter we reviewed important shape- and texture-based deformable
models — such as the ASM, the AAM, and their variants — for image analysis.
These image analysis tools not only provide alignment between the input and the
target to best fit the constraints, but also provide aligned features for object pattern
classification.

Although great advances have been made in the past decade, there remain
challenges for future research. One area is the robustness of deformable models
toward variance of pose, illumination, and expression. Existing models can only
deal with a moderate amount of such variations, so performance deteriorates when
extreme illumination conditions or exaggerated expressions are present. While
a morphable model has demonstrated its effectiveness with 3D object analysis,
efficient, real-time, and exact model searching algorithms are still lacking. Solving
these problems will lead to better applications.
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10. NOTES

1. It is a deviation of the mostly used energy function with a squared Euclidean distance between Sn
lm

and shape S ∈ R2K derived from parameter s. It is more reasonable to take into account the prior
distribution in the shape space.
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We present a method for identification of the breast boundary in mammograms that is
intended to be used in the preprocessing stage of a system for computer-aided diagnosis
(CAD) of breast cancer and also in the reduction of image file size in Picture Archiving and
Communication System (PACS) applications. The method starts by modifying the contrast
of the original image. A binarization procedure is then applied to the image, and the chain-
code algorithm is used to find an approximate breast contour. Finally, identification of the
true breast boundary is performed by using the approximate contour as the input to an active
contour model algorithm specially tailored for this purpose. After demarcating the breast
boundary, all artifacts outside the breast region are eliminated. The method was applied
to 84 medio-lateral oblique mammograms from the Mini-MIAS (Mammographic Image
Analysis Society, London, UK) database. Evaluation of the breast boundary detected was
performed based upon the percentage of false-positive (FP) and false-negative (FN) pixels
determined by a quantitative comparison between the contours identified by a radiologist and
by the proposed method. The average FP and FN rates are 0.41 and 0.58%, respectively.
According to two radiologists who evaluated the results, the segmentation results were
considered acceptable for CAD purposes.

1. INTRODUCTION

Identification of the breast boundary is important in order to demarcate the
breast region. Inclusion of this preliminary procedure in computer-aided diagnosis
(CAD) systems can avoid useless processing time and data storage. By identifying
the boundary of the breast, it is possible to remove any artifact present off the
breast, such as patient markings (often high-intensity regions) and noise, which
can affect the performance of image analysis and pattern recognition techniques.
In addition to the use as a preprocessing step in breast CAD systems, identification
and extraction of the effective breast region is also important in picture archiving
and communication systems (PACS) and telemammography systems [1].

The profile of the breast has been used as additional information in different
tasks in mammography. Bick et al. [2] and Byng et al. [3], for example, used the
skin–air boundary information to perform density correction of peripheral breast
tissue on digital mammograms, which is affected by the compression procedure
applied during imaging. Chandrasekhar and Attikiouzel [4] discussed the impor-
tance of the skin–air boundary profile as a constraint in searching for the nipple
location, which is often used as a reference point for registering mammograms of
the same subject. Other groups have used the breast boundary to perform registra-
tion between left and right mammograms in the process of detection of asymmetry
[5, 6].

Most of the works presented in the literature to identify the boundary of the
breast are based upon histogram analysis [1–3, 5–7], which may be critically
dependent upon the threshold selection process and the noise present in the image.
Such techniques, as discussed by Bick et al. [8], may not be sufficiently robust for a
screening application. The major problem with techniques using global threshold
is the high variability of the background region of mammogram images. Promising
results were presented by Masek et al. by using a local threshold technique [9].
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In the present work, an active contour model, especially designed to be locally
adaptive, is used for identification of the breast boundary. An optimally computed
threshold value is used only to find an initial boundary for the active contour model
algorithm.

The paper is organized as follows. Section 2 provides a brief description of
our initial technique (Method 1) based upon the traditional active contour model
for detection of the breast boundary. An improved technique (Method 2) for iden-
tification of the breast boundary is described in Section 3. Section 3.2 presents the
characteristics of the database used in this work. The protocol used for evaluation
of the results is presented in Section 3.3, followed by the results and discussion in
Section 4. Conclusions are presented in Section 5.

2. METHOD 1: IDENTIFICATION OF THE BREAST BOUNDARY USING
A TRADITIONAL ACTIVE DEFORMABLE CONTOUR MODEL

In the initial stage of our investigation [10], we used the traditional active
deformable contour model (or snake, [11]) for detection of the breast boundary.
The method, summarized in Figure 1, is composed of six main stages [10]:

Stage 1: The image contrast is enhanced by using a simple logarithmic oper-
ation [12]. A contrast-correction step using a simple logarithmic operation as

G(x, y) = log[1 + I(x, y)] (1)

is applied to the original image I(x, y); G(x, y) is the transformed image. This
dynamic range compression operation, although applied to the whole image, en-
hances significantly the contrast of the regions near the breast boundary in mam-
mograms, which are characterized by low density and poor definition of details
[2, 3]. The rationale behind the application of this procedure to the image is to
determine an approximate breast contour as close as possible to the true breast
boundary. The effect of this procedure can be seen by comparing the original and
enhanced images in Figures 2(a) and 2(b).

Stage 2: A binarization procedure using the Lloyd-Max algorithm is applied
to the image [14]. The Lloyd-Max least-squares algorithm is an iterative and fast
technique (convergence was reached in an average of three or four cycles in the
present work) for the design of a quantizer with low distortion. It uses the intensity
distribution (histogram) of the image to optimize, in the sense of a mean-squared-
error criterion, the quantization procedure applied to the image, checking each
possible N -level quantizer (N = 2 for binarization purposes) to determine the
quantizer that provides the lowest distortion. The distortion measure is given by

ε =
N∑

j=1

bj∑
x=aj

(x− y)2f(x), (2)
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Figure 1. Flowchart of the procedures for identification of the skin–air boundary of the
breast.

where y = 1
2 (L1 + L2) is the threshold value for the L1 < L2 quantization

levels, f(x) is the probability density function (pdf) represented by the gray-
level distribution or histogram of the image, and x stands for the gray level. The
quantitiesaj and bj are, respectively, the minimum and maximum gray-level values
for the quantization levelLj . The quantization levels are computed as the centroids
of the quantization intervals as

Lj =

∑bj

x=aj
xf(x)∑bj

x=aj
f(x)

, j = 1, 2. (3)

The iterative procedure starts withL1 andL2 equal to the minimum and maximum
gray-level values in the histogram, respectively, and stops when there is no change
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(a) (b)

(c) (d)

in the threshold value between two consecutive iterations. Algorithm 1 provides a
description of the steps in the implementation of the binarization procedure.

Stage 3: Spurious details generated by the binarization step are removed by
using a morphological opening operator [12] with a circular structuring element
with a diameter of 7 pixels. Figures 2(c)–(d) show the result of the binarization
procedure for the mammogram in Figure 2(a) before and after application of the
morphological opening operator.
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(e) (f)

(g) (h)

Figure 2. Results of each stage of Method 1 for identification of the breast boundary. (a)
Original image mdb042 from the Mini-MIAS database [13]. (b) Image after the logarith-
mic operation. (c)–(d) Binary image before and after applying the binary morphological
opening operator. (e) Control points N1 to N4 (automatically determined) used to limit the
breast boundary. (f) Normal lines computed from each pixel in the skin–air boundary. (g)
Boundary resulting after histogram-based analysis of the normal lines. (h) Final boundary.
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Algorithm 1 : Algorithm for the Lloyd-Max method [14] used for binarization of
mammograms.

/ /
/ / Compute p r o b a b i l i t y d e n s i t y f u n c t i o n ( pdf ) a s t h e
/ / n o r m a l i z e d image−i n t e n s i t y h i s t o g r a m and d e t e r m i n e t h e
/ / Min and Max gray l e v e l v a l u e s o f t h e image
/ /
Pdf = image−>computePdf ( ) ;
Min = image−>ge tMinGrayLeve l ( ) ;
Max = image−>getMaxGrayLevel ( ) ;

/ /
/ / I n i t i a l i z e q u a n t i z a t i o n l e v e l s w i th Min and Max v a l u e s
/ /
L [ 0 ] = Min ;
L [ 1 ] = Max ;

/ /
/ / V a r i a b l e s used f o r t h e d i s t o r t i o n measure ( MSE)
/ /
N e w D i s t o r t i o n = 0 ;

do {
O l d D i s t o r t i o n = N e w D i s t o r t i o n ;

/ /
/ / Compute t h e t h r e s h o l d v a l u e y
/ /
y = round ( ( L [ 0 ] + L [ 1 ] ) / 2 ) ;

N e w D i s t o r t i o n = 0 ;
f o r ( x=L [ 0 ] ; x < L [ 1 ] ; x + + ) {

N e w d i s t o r t i o n + = s q r ( x − y ) ∗ Pdf [ x − Min ] ;
}

/ /
/ / Two c y c l e s loop f o r b i n a r i z a t i o n
/ /
f o r ( i = 0 ; i < 2 ; i + + ) {

/ /
/ / Compute new q u a n t i z a t i o n l e v e l s
/ /
sum1 = sum2 = 0 ;
f o r ( x=L [ i ] ; x < y ; x + + ) {

sum1 + = x ∗ Pdf [ x − Min ] ;
sum2 + = Pdf [ x − Min ] ;

}
L [ i ] = round ( sum1 / sum2 ) ;

}
} w h i l e ( ( N e w D i s t o r t i o n − O l d D i s t o r t i o n > EPSILON ) ) ;
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(a)

(b)

Figure 3. (a) Profile of a sample normal line used to determine an approximate skin–air
boundary. The symbol “×” indicates the skin–air intersection determined in Stage 5. (b)
Histogram computed from (a).
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Stage 4: After the binarization procedure, an approximate contour Cappr of
the breast is extracted by using the chain-code method [12]. The starting point
of Cappr is obtained by following the horizontal path that starts at the center of
gravity of the binary image and goes toward the chest wall until the left-hand edge
of the image is found. (Images in the MIAS database [13] have a blank region on
the left-hand side of the mammograms.) This procedure avoids selecting an initial
boundary from artifacts or patient labels that may be present in the image. A set
of four control points [see Figure 2(e)] are automatically determined and used to
limit the breast boundary. The points are defined as N1: the top-left corner pixel
of the boundary loop; N2: the lowest pixel on the left edge of the boundary loop;
N3: the farthest point on the boundary from N2 (in terms of the Euclidean distance
through the breast); N4: the farthest point on the skin–air boundary loop from N1.

Stage 5: Normal lines of length 40 pixels (at a sampling resolution of 200 µm,
length = 0.8 cm) are computed at each point of the approximate skin–air boundary
in the original image [see Figure 2(f )]. The gray-level histogram of the pixels
along each normal line is computed, and the skin–air intersection is defined as the
first pixel, while traversing along the normal line from inside the breast toward the
outside, that has the gray level equal to the mode of the histogram, as illustrated
in Figure 3. This procedure was designed in order to provide a close estimate to
the true skin–air boundary [see Figure 2(g)], and thereby reduce the chances of
the active contour (used in the next stage) converging to a wrong contour.

Stage 6: The result of Stage 5 was often observed to be a noisy and rough
contour due to the local nature of the corrections applied to the contour. In order
to obtain a smoother result and to permit application of global constraints, the
traditional parametric active contour or snake model [11] is applied to the result of
Stage 5. This contour is moved through the spatial domain of the image in order
to minimize the energy functional:

E =
∫ 1

0

{
1
2

[
α |v′(s)|2 + β |v′′(s)|2) + Eext[v(s)]

]}
ds, (4)

where α and β are weighting parameters that control, respectively, the tension and
rigidity of the snake; v′(s) and v′′(s) values denote the first and second derivatives
of v(s) with respect to s, where v(s) indicates the continuous representation of
the contour. The external energy function Eext[v(s)] is derived from the image
I(x, y), and is defined in this work as

Eext(x, y) = −‖∇I(x, y)‖2 , (5)

where ∇ is the gradient operator. In the present work, the values α = 0.001
and β = 0.09 were experimentally derived based upon the approximate boundary
obtained in the previous stage, the quality of the external force derived from the
original image, and the final contours obtained.
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Figure 2(h) illustrates the result of application of the active contour model to
the contour estimate shown in Figure 2(g). The global nature of the active contour
model has removed the local irregularities present in the contour near the “R–ML”
label in Figure 2(g).

Sixty-six images from the Mammographic Image Analysis Society (Mini-
MIAS, [13]) database were used to assess the performance of the method. The
results were subjectively analyzed by an expert radiologist (JELD). According to
the opinion of the radiologist, the method detected accurately the breast boundary
in 50 images, and reasonably well in 11 images. In five images the method
failed completely (the result was considered not acceptable for CAD purposes)
because of distortions and artifacts present near the breast boundary (see Figure 4).
Limitations of the method exist mainly in Stages 5 and 6. Although Stage 5 helps in
obtaining a good breast contour, it is time consuming and may impose a limitation
in practical applications. The traditional snake model used in Stage 6 is not robust
(the method is not locally adaptive) in the presence of noise and artifacts, and has
a short range of edge capture.

In the improved method (Method 2) described in the following section, we
replace the traditional snake algorithm with an adaptive active deformable contour
model (AADCM) specially designed for the present application. The algorithm
includes a balloon force in an energy formulation that minimizes the influence of
the initial contour on the convergence of the algorithm. In this energy formulation,
the external energy is also designed to be locally adaptive. In formulating the
AADCM, we removed Stage 5 of Method 1; see Figure 1. A pseudo-code of the
snake algorithm used in the Method 2 is presented in Algorithm 2.

3. METHOD 2: IDENTIFICATION OF THE BREAST BOUNDARY USING
AN ADAPTIVE ACTIVE DEFORMABLE CONTOUR MODEL (AADCM)

The improved method to identify the breast boundary is summarized in the
flowchart in Figure 1. Stages 1–4 of the initial method described in the preceding
section are used to find an approximate breast boundary. The sampled contour,
V = v1, v2, · · · , vN , with an ordered collection of N points vi = (xi, yi), i =
1, 2, · · · , N, is obtained from Stage 4 of Method 1 by sampling the approximate
contour Cappr [see Figure 5(a)], and used as the initial contour in the AADCM;
see Figure 5(b). Only 10% of the total number of points present inCappr, obtained
by equidistant downsampling of the approximate contour, are used in the sampled
contour.

In our implementation of theAADCM, which combines several characteristics
from other known active contour models [15–17], the contour is moved through the
spatial domain of the image in order to minimize the following functional of energy:

Etotal =
N∑

i=1

[αEinternal(vi) + βEexternal(vi)] , (6)



 

DETECTION OF BREAST CONTOUR IN MAMMOGRAMS 143

(a)

(b)

Figure 4. Result of the segmentation algorithm (Method 1) showing wrong convergence
of the breast contour into a region of high gradient value. (a) The breast boundary detected
automatically, superimposed on the original image (mdb006) from the Mini-MIAS database.
(b) Details of the breast contour attracted to the image identification marker (corresponding
to the boxed region in the original image).
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Algorithm 2 : Pseudo-code of the active contour used in the Method 2.

/ / Compute t h e a v e r a g e d i s t a n c e among t h e snake nodes
/ / used f o r t h e n o r m a l i z a t i o n o f t h e c o n t i n u i t y e n e r g y
a v e r a g e D i s t = g e tA v g D i s t a n c e ( ) ;

/ / Compute t h e c e n t e r o f g r a v i t y used f o r t h e b a l l o o n e n e r g y
computeCG ( ) ;

/ / I n i t i a l v a l u e s f o r t h e e n e r g y
E n e r g y o l d = 0 ;
Energy new = 0 ;

/ / C r e a t e a Snake o b j e c t from t h e a p p r o x i m a t e d c o n t o u r
/ / r e p r e s e n t e d by a l i n k e d l i s t o f t y p e P o i n t { x , y}
MySnake = Snake ( Approx ima tedCon tour ) ;

/ / Loop f o r s t a g e s : a t each s t a g e t h e b l u r
/ / a p p l i e d t o t h e o r i g i n a l image i s r e d u c e d
do {

/ / Coun te r v a r i a b l e f o r t h e number o f a d j u s t e d snake nodes
movedNodes = 0 ;

/ / Count number o f c o m p l e t e c y c l e t h r o u g h t h e snake nodes
c o u n t I t e r = 0 ;

/ / I n i t i a l v a l u e s f o r t h e e n e r g y
E n e r g y o l d = Energy new ;
Energy new = 0 ;

/ / C r e a t e two a u x i l i a r snake nodes f o r h a n d l e t h e
/ / t h e l a s t end node of t h e snake
SnakeNode ∗ nextNode = NULL , ∗ prevNode = NULL;

/ / S e t p o s i t i o n o f t h e s n a k e s t o t h e i n i t i a l p o s i t i o n
SnakeNode ∗ s t a r t = MySnake . c u r r e n t ;

/ / For a l l snake nodes
w h i l e ( MySnake . c u r r e n t )
{

/ / Pe r fo rm some s p e c i a l h a n d l i n g f o r prevNode and nextNode
i f ( MySnake . c u r r e n t = = s t a r t ) {

prevNode = ( SnakeNode ∗ ) end ;
nextNode = ( SnakeNode ∗ ) MySnake . c u r r e n t−>n e x t ;

i f ( + + c o u n t I t e r > 1 )
b r e a k ;

} e l s e {
i f ( MySnake . c u r r e n t = = end ) {

prevNode = ( SnakeNode ∗ ) MySnake . c u r r e n t−>prev ;
nextNode = ( SnakeNode ∗ ) s t a r t ;

} e l s e {
prevNode = ( SnakeNode ∗ ) MySnake . c u r r e n t−>prev ;
nextNode = ( SnakeNode ∗ ) MySnake . c u r r e n t−>n e x t ;

}
}
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/ / Get c o o r d i n a t e s and ene rgy o f t h e c o e f f i c i e n t s f o r
/ / t h e c u r r e n t snake node
curX = MySnake . c u r r e n t−>d a t a−>GetXCoord ( ) ;
curY = MySnake . c u r r e n t−>d a t a−>GetYCoord ( ) ;
a l p h a = MySnake . c u r r e n t−>d a t a−>GetAlpha ( ) ;
b e t a = MySnake . c u r r e n t−>d a t a−>GetBeta ( ) ;
gamma = MySnake . c u r r e n t−>d a t a−>GetGamma ( ) ;

/ / Compute t h e e n e r g y t e r m s f o r a l l p o s s i b l e p o s i t i o n s
/ / i n t h e n e i g h b o r h o o d
f o r ( row = 0 ; row < NEIGHBOR HEIGHT ; row ++)

f o r ( c o l = 0 ; c o l < NEIGHBOR WIDTH ; c o l + + ) {
/ /
/ / Compute i n d e x e s o f t h e n e i g h b o r h o o d
/ /
n Index = row ∗ NEIGHBOR WIDTH + c o l ;
nX = curX + ( c o l − (NEIGHBOR WIDTH − 1 ) / 2 ) ;
nY = curY + ( row − ( NEIGHBOR HEIGHT − 1 ) / 2 ) ;

/ / Avoid n e i g h b o r h o o d l i m i t s b e i n g o u t o f r a n g e
C h e c kA n d C o r r e c t L i m i t s ( nX , nY ) ;

/ / Get image g r a d i e n t v a l u e i n t h e p o s i t i o n ( nX , nY )
I g r a d [ n Index ] = image−>G e t G r a d i e n t ( nX , nY ) ;

/ / Compute and s t o r e a l l e n e r g i e s i n t h e p o s i t i o n ( nX , nY )
/ / See e q u a t i o n s 1 . 8 , 1 . 9 , and 1 . 1 0
e c o n t [ n Index ] = C o n t i n u i t y ( prevNode , nX , nY , nextNode ) ;
e g r a d [ n Index ] = G r a d i e n t ( prevNode , nX , nY , nextNode ) ;
e b a l l [ n Index ] = B a l l o o n ( prevNode , nX , nY , nextNode ) ;

}

/ / Normal i ze t h e e n e r g y t o be i n t h e r a n g e [ 0 , 1 ]
/ / See e q u a t i o n s 1 . 1 1 , 1 . 1 2 , and 1 . 1 3
n o r m C o n t i n u i t y ( e c o n t , NEIGHBOR WIDTH ∗ NEIGHBOR HEIGHT ) ;
no rmGrad ien t ( e g r a d , NEIGHBOR WIDTH ∗ NEIGHBOR HEIGHT ) ;
normBal loon ( e

/ / S t a r t w i th an i n s a n e l y h igh uppe r bound
minEnergy = MAX ENERGY;

/ / Now f i n d t h e minimum e n e r g y l o c a t i o n i n t h e n e i g h b o r h o o d
f o r ( i n t row = 0 ; row < NEIGHBOR HEIGHT ; row ++)

f o r ( i n t c o l = 0 ; c o l < NEIGHBOR WIDTH ; c o l + + ) {
/ /
/ / Compute i n d e x and p o s i t i o n i n t h e n e i g h b o r h o o d
/ /
n Index = row ∗ NEIGHBOR WIDTH + c o l ;
nX = curX + ( c o l − (NEIGHBOR WIDTH − 1 ) / 2 ) ;
nY = curY + ( row − ( NEIGHBOR HEIGHT − 1 ) / 2 ) ;

/ / Check n e i g h b o r h o o d l i m i t s
C h e c kA n d C o r r e c t L i m i t s ( nX , nY ) ;

b a l l , I g r a d, NEIGHBOR WIDTH ∗ NEIGHBOR HEIGHT ) ;
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/ / Compute e n e r g y v a l u e o f a node i n t h e ( nX , nY ) p o s i t i o n
e n e r g y = a l p h a ∗ e c o n t [ n Index ] + b e t a ∗ e g r a d [ n Index ] ;

+ gamma ∗ e b a l l [ n Index ] ;

/ / Save p o s i t i o n and e n e r g y v a l u e o f t h e
/ / p o i n t w i th minimum e n e r g y i n t h e n e i g h b o r h o o d
i f ( e n e r g y < minEnergy ) {

minEnergy = e n e r g y ;
EminX = nX ;
EminY = nY ;

}
}

/ / Move c u r r e n t snake node t o a p o s i t i o n o f minimum e n e r g y ,
/ / i f one i s found i n t h e n e i g h b o r h o o d
i f ( ( curX ! = EminX ) | | ( curY ! = EminY ) ) {

MySnake . c u r r e n t−>d a t a−>S e t P o i n t ( EminX , EminY ) ;
movedNodes ++;
Energy new + = minEnergy ;

}

/ / Move t o t h e n e x t node of t h e snake
MySnake . moveToNext ( ) ;

}

/ / Update a v e r a g e d i s t a n c e among t h e snake nodes
/ / and c e n t e r o f g r a v i t y o f t h e snake
a v e r a g e D i s t = g e tA v g D i s t a n c e ( ) ;
computeCG ( ) ;

/ / S e l e c t i v e l y r e l a x e s t h e c u r v a t u r e te rm f o r p a r t i c u l a r
/ / snake node i f t h e node s a t i s f i e s t h e f o l l o w i n g c o n d i t i o n s :
/ / −node must have h i g h e r c u r v a t u r e t h a n i t s n e i g h b o r i n g nodes
/ / −node must have a c u r v a t u r e above t h e t h r e s h o l d v a l u e 0 . 2 5
Al lowCorne r s ( ) ;

/ / Add or remove nodes based on t h e a v e r a g e and
/ / c u r v a t u r e v a l u e s o f snake nodes
Resampl ing ( ) ;

/ / Reduce b l u r a p p l i e d t o t h e image i f number o f moved nodes
/ / i s l e s s t h a n 10% t h e number o f t h e t o t a l nodes i n t h e snake
i f ( ( movedNodes < 0 . 1 ∗ MySnake . g e tT o t a l N o d e s ( ) ) | |

( E n e r g y o l d < Energy new ) & & ( s t a g e C o u n t <= n o s t a g e s ) )
{

s t a g e C o u n t ++;
i f ( s t a g e C o u n t <= n o s t a g e s )
{

image−>ReduceBlur ( ) ;
Energy new = MAX ENERGY;

}
}

} w h i l e ( s t a g e C o u n t <= n o s t a g e s ) ;
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(a)

(b)

Figure 5. (a) Approximate breast contour obtained from Stage 4 of Method 1, as described
in Section 2, for image mdb042. (b) Sampled breast contour used as the input to the
AADCM.
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where α and β are weighting parameters that control the internal and external
energies, Einternal and Eexternal, respectively, at each point vi.

The internal energy is composed of two terms as

Einternal(vi) = aEcontinuity(vi) + bEballoon(vi). (7)

This energy component ensures a stable shape for the contour and tries to keep
constant the distance between the points in the contour. The weighting parameters
a and bwere initially set to unity (a = b = 1) in this work, since the initial contours
present smooth shapes and are close to the true boundary in most cases.

For each element (j, k) in a neighborhood of 7 × 7 pixels of vi, element
ecjk(vi) of Econtinuity is computed as

ecjk(vi) =
1

l(vi)
|pjk(vi)− ρ(vi−1 + vi+1)|2 , (8)

where l(vi) = 1
N

∑N
i=1 |vi+1 − vi|2 is the normalization factor that makes the

continuity energy independent of the size, location, and orientation of V . pjk(vi)
is the point in the image at position (j, k) in the 7 × 7 neighborhood of vi, and
ρ = 1

2 cos( 2π
N ) is a constant factor to keep the location of the minimum energy

lying on the circle connecting vi−1 and vi+1; the centroid of the contour forms
the reference point or origin for this factor, as illustrated in Figure 6. It should
be noted that, in the present work, the methods described are applied to closed
contours.

The balloon force is used to force the expansion of the initial contour toward
the breast boundary. In this work, the balloon force was made adaptive to the mag-
nitude of the image gradient, causing the contour to expand faster in homogeneous
regions and slower near the breast boundary. The balloon energy term, ebjk(vi),
is defined as

ebjk(vi) = ni · {vi − pjk(vi)}, (9)

where ni is the outward unit normal vector of V at point vi, and the symbol ·
indicates the dot product. ni is computed by rotating vector ti = vi−vi 1

‖vi−vi 1‖ +
vi+1−vi

‖vi+1−vi‖ , which is the tangent vector at the point vi, by 90◦.
The external energy is based upon the magnitude and direction of the image

gradient and is intended to attract the contour to the breast boundary. It is defined
as

eejk(vi) = −ni · ∇I{pjk(vi)}, (10)

where∇I{pjk(vi)} is the image gradient vector at (j, k) in the 7×7 neighborhood
of vi. The direction of the image gradient is used to avoid attraction of the contour
by edges that may be located near the true breast boundary, such as identification
marks and small artifacts; see Figure 7(a) and (b). In this situation, the gradient
direction at position (j, k) on an edge near the breast boundary and the direction of

−
−
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Figure 6. Characteristics of the continuity energy component in the adaptive active de-

i i
the continuity requirement. Adapted with permission from B Mackiewich, JEL Desautels,
RA Borges,AF Frère. 2004. Intracranial boundary detection and radio frequency correction
in magnetic resonance images. Med Biol Eng Comput 42(2):201–208. Copyright c©2004,
The Institute of Engineering and Technology.

the unit normal of the contour will have opposite signs, which makes the functional
of energy present a large value at (j, k).

3.1. Minimization of the Energy Functionals

In order to allow comparison between the various energy components de-
scribed above, each energy parameter is scaled to the range [0,1] according to the
following equations:

Econtinuity(vi) =
ecjk(vi)− ec min(vi)
ec max(vi)− ec min(vi)

; (11)

Eballoon(vi) =
ebjk(vi)− eb min(vi)
eb max(vi)− eb min(vi)

·
(

1− ‖∇I(vi)‖
‖∇I‖max

)
; (12)

Eexternal(vi) =
eejk(vi)− ee min(vi)

max[ee max(vi)− ee min(vi), ‖∇I‖max]
. (13)

formable contour model. The contour pixel, v , is moved to position v  by application of'
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(a)

(b)

Figure 7. Application of the gradient direction information for avoiding attraction of the
boundary to objects near the true boundary. (a) Breast boundary detected automatically,
superimposed on the original image (mdb006) from the Mini-MIAS database. (b) Details
of the detected breast boundary close to the image identification marker (corresponding to
the boxed region in the original image).
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Here, emin and emax indicate the minimum and maximum of the corresponding
energy component in the 7 × 7 neighborhood of vi. ‖∇I‖max is the maximum
gradient magnitude in the entire image. The minimization procedure is performed
based on the energy components computed in a local region defined by the 7× 7
neighborhoods of three adjacent contour pixels. At a given step, only one contour
pixel vi is modified.

In the present work, the Greedy algorithm proposed by Williams and Shah
[17] was used to perform minimization of the functional of energy in Eq. (6).
Although this algorithm has the drawback of not guaranteeing a global-minimum
solution, it is faster than the other methods proposed in the literature — such as
dynamic programming, variational calculus, and finite elements. It also allows
insertion of hard constraints, such as curvature evaluation, as discussed below.

Convergence of the AADCM is achieved in two stages by smoothing the
original image with two different Gaussian kernels defined with σx = σy = 3
pixels and σx = σy = 1.5 pixels. The first stage of smoothing introduces a
large amount of blur in the image, and helps the contour to expand faster since
low-contrast and small details will have been removed. In the second stage, the
amount of blurring introduced is lesser, and the active contour is more sensitive to
small variations; note that the second-stage filter is applied to the original image.
At each stage, the iterative process is stopped when the total energy of the contour
increases between consecutive iterations. This coarse-to-fine representation is
intended to give more stability to the contour.

In order to allow the deformable contour to adjust to corner regions, such as
the upper-right limit of the breast boundary, a constraint was inserted at the end of
each iteration to relax the continuity term defined in Eq. (8). The curvature value
C(vi) at each point vi of the contour was computed as

C(vi) = 2 sin(θ/2) =
∥∥∥∥ ui

‖ui‖ −
ui−1

‖ui−1‖
∥∥∥∥

2

, (14)

where ui = (vi+1 − vi) is the vector joining two neighboring contour elements
and θ is the external angle between two such vectors sharing a common contour
element. Figure 8 illustrates the vectors and the external angle involved in the
calculation of curvature as in Eq. (14). This curvature equation, as discussed
by Williams and Shah [17], has three important advantages over other curvature
measures: it requires only simple computation, gives coherent values, and depends
solely on relative direction.

At each vi, the weight values for the continuity term and the external energy
are set, respectively, to zero (a = 0) and to twice the initial value (β = 2β) if
[C(vi) > C(vi−1)] and [C(vi) > C(vi+1)] and [C(vi) > Thresh]. The threshold
value, Thresh, was set equal to 0.25 in the present work, which corresponds to
an external angle of approximately 29◦. According to Williams and Shah [17],
this value of the threshold has been proven experimentally to be sufficiently large



 

152 RICARDO J. FERRARI et al.

(a)

Figure 8. Illustration of the vectors and external angle used in Eq. (14) for calculation of
curvature.

to differentiate between corners and curved lines. Figures 9(b) and (c) illustrate
an example with and without the use of the curvature constraint to correct corner
effects.

The weighting parameters, α and β, in Eq. (6) were initialized to 0.2 and
1.0, respectively, for each contour element. This set of weights was selected
experimentally by using a group of 20 images randomly selected from the Mini-
MIAS database [13], not including any image in the test set used in the present
work to evaluate the results. A larger weight was given to the gradient energy
to favor contour deformation toward the breast boundary rather than smoothing
due to the internal force. Although these parameters were derived based upon
experiments, they have proven to be robust when applied to other images from the
Mini-MIAS database.

3.2. Database

Eighty-four images, randomly chosen from the Mini-MIAS database [13],
were used in this work. All images are medio-lateral oblique (MLO) views with
a 200-µm sampling interval and 8-bit gray-level quantization. For reduction of
processing time, all images were downsampled with a fixed sampling distance
so that the original images corresponding to a matrix size of 1024 × 1024 pixels
were transformed to 256× 256 pixels. All results obtained with the downsampled
images were mapped to the original mammograms for subsequent analysis and
display.
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(a)

(b) (c)

Figure 9. Example of the constraint used in the active contour model to correct smoothing
effects at corners. (a) Original image; the box indicates the region of concern; (b,c) show the
details of the breast contour, with and without the use of the constraint for corner correction,
respectively.
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3.3. Protocol for Evaluation of the Results

The results obtained by the proposed method were evaluated in consultation
with two radiologists experienced in mammography (JELD and RAB). The first
radiologist (JELD) assessed the results visually by analyzing the segmented images
on a monitor. The second radiologist (RAB) participated in both delineation of
the breast contours and assessment of the results.

The test images were displayed on a computer monitor (19-in diagonal size,
0.27 mm dot pitch). By using the Gimp program [18], the contrast and brightness
of each image were manually enhanced so that the breast contour could be easily
visualized. Then, the breast boundary was manually drawn on the enhanced image
by one of the authors (RJF) under the supervision of a radiologist (RAB), without
referring to the results of detection by the proposed methods. The zoom option
of the Gimp program was used to aid in drawing the contours. The results were
printed on paper by using a laser printer with 600-dpi resolution. The breast
boundaries of all images were visually checked by a radiologist (RAB) using
the printed images (hardcopy) along with the displayed images (softcopy); the
assessment was recorded for further analysis. (Data files of the manually drawn
and automatically detected contours are available from the corresponding author
upon request.)

The segmentation results related to the breast contours detected by image
processing were objectively evaluated based upon the number of false-positive
(FP) and false-negative (FN) pixels identified and normalized with reference to the
corresponding areas demarcated by the manually drawn contours. The reference
area for the breast boundary was defined as the area of the complete breast image
delimited by the left-hand edge of the breast image and the hand-drawn breast
boundary. An FP pixel was defined as a pixel outside the reference region that
was included in the region segmented. An FN pixel was defined as a pixel in the
reference region that was not present within the segmented region.

4. RESULTS AND DISCUSSION

The results obtained from the segmentation procedure were analyzed accord-
ing to the protocol described in Section 5. A total of 84 images were analyzed;
three examples of the results are illustrated in Figures 10, 11, and 12. It is worth
noting from the example in Figure 11 that the method performs well even when
the contour is interrupted by the image boundary; this is because the control points
of the active contour model are kept fixed when they are on the boundary of the
image. A few more examples of the segmented results are shown in Figure 13.

The FP and FN average percentages and the corresponding standard deviation
values obtained for the 84 images are 0.41±0.25% and 0.58±0.67%, respectively.
Thirty-three images presented both FP and FN percentages less than 0.5%; 38
images presented FP and FN percentages between 0.5 and 1%; the FP and FN
percentages were greater than 1% for 13 images.
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(a) (b)

(c)

Figure 10. Results obtained for image mdb003. (a) Original image. (b) Hand-drawn
boundary, superimposed on the histogram-equalized image. (c) Breast boundary detected
automatically, superimposed on the original image.
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(a) (b)

(c)

Figure 11. Results obtained for image mdb008. (a) Original image. (b) Hand-drawn
boundary, superimposed on the histogram-equalized image. (c) Breast boundary detected
automatically, superimposed on the original image.
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(a) (b)

(c)

Figure 12. Results obtained for image mdb114. (a) Original image. (b) Hand-drawn
boundary, superimposed on the histogram-equalized image. (c) Breast boundary detected
automatically, superimposed on the original image.
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(a) mdb035 (b) mdb044

(c) mdb052 (d) mdb056
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(e) mdb075 (f) mdb091

(g) mdb116 (h) mdb124

Figure 13. Results of segmented images from the Mini-MIAS database.
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The most common cause of FN pixels was related to the non-detection of the
nipple region [see the example in Figure 10(c)]. By removing Stage 5, used to
approximate the initial contour to the true breast boundary (which is used only in
Method 1 described in Section 2), we decreased the average time for processing
an image from 2.0 to 0.18 min. However, the number of images where the nipple
was not identified increased [see, e.g., Figures 10(b) and (c)].

The main cause of FP pixels was associated with smoothing of the limits of the
breast boundary. Figure 14 presents a case where both the FP and FN percentages
are greater than 1%. In the case of image mdb068, the automatically obtained
initial contour was attracted to a high-density region inside the breast, instead of
growing outward in the direction of the true breast boundary.

Due to the use of the gradient orientation in our active contour model, the
method has shown good results in cases where small artifacts are present near the
breast boundary (compare Figures 4 and 7). The parameters of our active contour
model, although selected experimentally, have proven to be robust, as indicated
by the results obtained.

The processing time to perform identification of the breast boundary in 256×
256 images is about 0.1 min on average, using an 850-MHz computer with 512
Mb of memory. (Processing a 1024× 1024 image took, on average, about 3 min.)

5. CONCLUSIONS

By using an energy formulation that includes a balloon force and an adaptive
gradient force, the proposed adaptive active deformable contour model reduces the
influence of the initial contour on the final results. Therefore, we could eliminate a
time-consuming preprocessing stage used previously to determine an initial breast
contour.

According to the opinion of the two radiologists involved in the study, the
overall results of the proposed method to detect breast boundaries in mammograms,
applied to 84 images from the Mini-MIAS database [13], are encouraging for
application in the preprocessing stages of CAD systems. The method proposed in
this work can also be used in other applications in mammography, such as image
compression by using only the effective area of the breast, and image registration.
The method has been applied to analysis of bilateral asymmetry [19].
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(a)

(b)

Figure 14. Image mdb068, presenting problems in segmentation of the breast boundary.
(a) The hand-drawn boundary, superimposed on the histogram-equalized image. (b) Auto-
matically detected boundary superimposed on the original image. The active contour has
been attracted to a high-density region in the breast. Such problems may be solved by
equalizing the image contrast before application of the method.
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This chapter describes the use of statistical deformable models for cardiac segmentation
and functional analysis in Gated Single Positron Emission Computer Tomography (SPECT)
perfusion studies. By means of a statistical deformable model, automatic delineations of the
endo- and epicardial boundaries of the left ventricle (LV) are obtained, in all temporal phases
and image slices of the dynamic study. A priori spatio-temporal shape knowledge is captured
from a training set of high-resolution manual delineations made on cine Magnetic Resonance
(MR) studies. From the fitted shape, a truly 3D representation of the left ventricle, a series of
functional parameters can be assessed, including LV volume–time curves, ejection fraction,
and surface maps of myocardial perfusion, wall motion, thickness, and thickening. We
present encouraging results of its application on a patient database that includes rest/rest
studies with common cardiac pathologies, suggesting that statistical deformable models
may serve as a robust and accurate technique for routine use.
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1. INTRODUCTION

Over the course of the last two decades, myocardial perfusion with Single
Photon Emission Computed Tomography (SPECT) has emerged as an established
and well-validated method for assessing myocardial ischemia, viability, and func-
tion. Such a technique has a widespread use in clinical cardiology practice, with a
diagnostic accuracy and prognostic importance repeatedly confirmed in numerous
studies, allowing for evaluation of patients with known or suspected coronary artery
disease (CAD). These studies now represent an extensive database unequaled in the
field of cardiac imaging. Gated-SPECT imaging integrates traditional perfusion
information along with global left ventricular function. Therefore, identification of
the presence, extent, and severity of irreversible and reversible perfusion defects,
plus ventricular function, can be achieved within a single study. This enables, for
instance, to effectively stratify patients into subgroups at low and high risk for
acute cardiac events and subsequent death. Entering the new century, the field
has matured to the point at which SPECT data are accepted as indispensable in
the management of the decision-making process for many patients. Moreover,
SPECT is also being incorporated as a cornerstone in the design of multicenter
clinical trials [1–8]. This circumstance will undoubtedly have a major impact in
the treatment of patients with acute coronary syndromes and chronic CAD, as well
as in the evaluation of patients with heart failure and those with diabetes.

1.1. Chapter Outline

This chapter is organized in six sections. Section 1 introduces gated SPECT as
imaging technique and most currently employed segmentation methods. Section
2 explains an automatic segmentation methodology based on shape and gray-
level statistics priors. Section 3 describes the experiments conducted during this
work. Section 4 presents the results obtained by previously referred methodology,
followed by a discussion in Section 5. The final section exposes some conclusions
derived from our research in the theme.

1.2. Imaging Description

In gated-SPECT imaging, acquisition is synchronized with the patient’s elec-
trocardiogram. RR interval is divided into equally spaced temporal phases. A
full-volume data set is obtained for each temporal phase. Cardiac cycles around
10–20% of the mean RR interval are selected for acquisition. Even though this
modality may acquire up to 32 frames per cardiac cycle, clinical routine studies
usually include only 8 frames. Figure 1 shows an explanatory diagram of a gated-
SPECT acquisition procedure. Data corresponding to the first temporal frame are
collected at a certain position. After rotation of the detector, a new set of data is
stored. This continues repeatedly over a 180-degree trajectory. Subsequently, a
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Figure 1. Gated-SPECT description. RR interval is divided into equally spaced temporal
phases. A full volume dataset is obtained for each temporal phase.

reconstruction algorithm generates tomographic datasets of each temporal frame,
which enables both perfusion and functional analysis. Figure 2 shows examples
of produced images in a gated-SPECT rest study.

1.3. Systolic and Diastolic Function

Along with its traditional application on myocardial perfusion assessment,
gated-SPECT imaging is widely used for evaluating systolic ventricular function
(SFx) [9, 10]. SFx analysis comprises the most typically employed variables
in clinical practice: End Diastolic Volume (EDV), End Systolic Volume (ESV),
Ejection Fraction (EF) and the Volume–Time Curve (VTC), with EF defined as:

EF =
EDV − ESV

EDV
× 100. (1)

According to recent studies, assessment of diastolic function (DFx) is also
achievable from gated-SPECT datasets [11]. Abnormalities in DFx have been re-
cently emphasized [12–17] as much earlier predictors of LV dysfunction. Nonethe-
less, there is still unclarity regarding which DFx parameters are more stable and
useful. Currently in gated-SPECT imaging, the two most exploited measurements
are Peak Filling Rate (PFR) and Time to Peak Filling Rate (TTPF). For the pur-
pose of calculating them, the filling rate vs. time curve is computed from the VTC
first derivative. Subsequently, PFR is estimated as the maximum value of this
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(a) (b) (c)

(d) (e) (f)

Figure 2. Example of gated-SPECT study. (a) Long axis, (b) short axis and (c) 3D views at
End-diastole. (d) Long axis, (e) short axis and (f) 3D views at End-systole. See attached
CD for color version.

curve, divided by the EDV in order to normalize its value (EDV/s). TTPF (in ms)
corresponds to the time elapsed between ESV and PFR [11].

1.4. Challenges in Gated-SPECT Image Analysis

Despite the advantages detailed in Section 1, inherent limitations of SPECT
imaging yield a challenging segmentation problem. The specific aim in nuclear
medicine, and in particular 201Tl and 99mTc cardiac SPECT imagery, is to study the
physiology and not the structure of the imaged organ. Such functional information
can be misleading, especially in the presence of hypoperfused regions in the data.
However, it is also desirable, and indeed possible, to infer structural information
from these images. The principal complications for automated segmentation in
cardiac SPECT include:
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Figure 3. Three kinds of photons are present during image construction: (1) fully con-
tributing photons, (2) scattered Photons, and (3) completely absorbed photons.

1. Compton Scattering: Part of the energy of the emitted photon may be
absorbed by a surrounding structure. This results on a trajectory devia-
tion that causes loss of resolution and contrast. Figure 3 illustrates this
phenomenon.

2. Photon Absorption: Some photons are completely absorbed by a body
structure. This causes inaccurate measurement of radioactivity on a given
myocardial region that may result in artifactual perfusion defects. Refer
to Figure 3 for a graphic depiction.

3. Signal Drops: In pathologic perfusion SPECT studies, situations with
substantial sparse or missing information due to perfusion defects are quite
common. View Figure 4 for examples.

4. Image Resolution: Current resolutions of SPECT imaging systems range
from 4 to 7 mm, resulting in small-sized 3D data sets. Thus, small errors

function parameter estimation.

5. Patient Motion: Patient motion creates artificial perfusion defects. Dis-
placements of 2 or more pixels may result on clinically significant perfusion
defects [18].

6. Heart Motion: The constant “beating” of the heart has an additional blur-
ring effect on the already low-resolution data.

(<1 voxel) in segmentation can lead to considerable deviations in LV
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(a) (b)

(c) (d)

Figure 4. Some of the challenges inherent to gated-SPECT imaging: perfusion defects.
(a)–(c) Long axis and (b)-(d) short axis views. See attached CD for color version.

7. Absence of Anatomical Landmarks: Valve planes (mitral and aortic), pap-
illary muscles, and apex are anatomical landmarks commonly used by
segmentation methods. They are not visible in SPECT imaging due to
low tracer uptake. This fact greatly complicates automated basal plane
definition. Also, apex determination may be confusing on images with
perfusion defects (see Figure 3).

8. Partial Volume Effect: Partial volume effect establishes that the average
counts measured in a structure are not only proportional to the amount of
activity contained in that structure, but also to the size of the structure itself
[19]. This principle causes the myocardium to appear thinner at the end
of diastole (ED), when the activity count is lower, and thicker at end of
systole (ES), due to a higher activity count.
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(a) (b)

Figure 5. Some of the challenges inherent to gated-SPECT imaging: extra cardiac up-
take. (a) Bowel uptake that does not affect activity counts. (b) Liver uptake that affects
normalization of activity counts. See attached CD for color version.

9. Extracardiac Uptake: Liver and bowel tend to uptake a portion of the
radiolabeled molecules administered to the patient. This aspect creates
an inappropriate normalization of perfusion activity. It is also a regular
source of complication for segmentation algorithms, as they tend to get
attracted toward those stronger edges and areas (see Figure 5).

10. Axial Slices: Most algorithms for automatic segmentation operate on short-
axis reformatted images. The LV long-axis usually has to be determined
manually, which may be prone to inaccuracies and inter-operator variabil-
ity [18].

Combining all these challenges, the data sets can be viewed as low-resolution,
noisy, temporally integrated, and sparse. Therein lies the need for a robust segmen-
tation methodology, since an error of only one voxel along the chamber surface
may generate a huge difference in volume calculation and derived parameters.

1.5. Current Techniques for LV Segmentation

1.5.1. Description

The two most widespread approaches for automatic identification and segmen-
tation of the LV in gated-SPECT studies in clinical practice are briefly commented
upon below. These techniques start by identifying the LV region and LA in the
transaxial images, either manually or using a threshold-based method [9, 20].

1. Quantitative Gated-SPECT algorithm (QGS) [21]: It begins by applying
the dilation and eroding operations in order to isolate the myocardium
from the other organs. The center of mass of this mask (which should be
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located inside the LV blood pool; otherwise further refinement is required)
constitutes the origin of a sampling coordinate system composed of radial
count profiles. An ellipsoid is iteratively fit to a maximal count myocardial
surface, which is considered to be located at the center geometry of the
end-diastolic surface. The count distribution averaged over all intervals
is mapped onto this surface. Finally, an asymmetric Gaussian profile is
adapted to every profile and the locations of plus and minus one standard
deviation define the inner and outer myocardial surfaces. The algorithm
was implemented into the commercially available analysis package QGS,
developed at Cedars-Sinai Medical Center (Los Angeles, CA, USA).

2. Emory Cardiac Toolbox (ECTB) [10]: This technique employs a geomet-
ric modeling approach in which maximal count circumferential profiles
are obtained as the center of the myocardium. The algorithm assumes that
the myocardial thickness at ED is 1 cm, and it calculates myocardial thick-
ening along the cardiac cycle by using Fourier analysis. It assumes that
the change in count is proportional to the change in thickness, owing to the
partial-volume effect (Section 1.4). The center of the myocardium and its
thickening (percentage) along the cardiac cycle are determined by deter-
mining the center and absolute thickness of the left ventricle myocardium
at ED. The commercially available ECTB was developed at Emory Uni-
versity (Atlanta, GA, USA).

1.5.2. Complications

In order to cope with perfusion defects, the aforementioned algorithms use
a large amount of parameters, rules, and criteria that are empirically determined.
In addition, as mentioned before, extracardiac activity complicates segmentation,
especially when the external uptake focus is close to the myocardium. We believe
that the main drawback of these approaches is that their geometrical models are
not appropriate for those circumstances. A priori information on the organ and
confident information from other parts of the image (epicardium), should help
determine a valid LV shape.

1.5.3. Comparison Studies

Several studies have been performed aiming to compare SFx analysis results
from the previously described algorithms either within each other [1–3], with
respect to MRI (regarded as the gold standard) [1, 4–8], or to a ground truth
(phantoms) [22]. Most validation studies of QGS vs. MRI found a significant
underestimation of EDV and EF by QGS. Regarding ECTB vs. MRI, significant
underestimation of ESV estimated by ECTB has been manifested. As of ECTB
vs. QGS, ECTB yielded lower values for ESV, while QGS revealed lower values
for EDV and EF. The phantom study carried out by [22] confirmed these facts.
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1.6. Statistical Deformable Models

In the last few years, quantification of images using model-based approaches
has gained very much attention in the medical image analysis community [23].
The idea behind these approaches is to use a generic template model of the structure
of interest, which is subsequently deformed to accommodate for the information
provided by the image data.

Deformable surface-based segmentation of 3D and 4D (3D + t) medical im-
ages make use of a priori knowledge about the shape of the target organ. De-
formable surfaces produce a geometric representation of the segmented structures.
They are composed of a geometric representation and an evolution law governing
the surface deformations. A deformable surface model is sensitive to noise and
data outliers. To avoid its free deformation, some regularization constraints have
to be introduced into the deformation process. Prior information on the data may
be incorporated by limiting the possible variations of the model to increase the ro-
bustness of the segmentation process. Many other complementary ways of relying
on prior information have been proposed, such as statistical variability of shape
[24] and intensity of anatomical structures in images [25]. This topic has been ex-
tensively studied, especially for 3D object reconstruction and image segmentation
[26, 27].

Statistical model-based approaches allow learning shape statistics from a given
population of training samples and, therefore, are able to construct a compact and
specific anatomical model. Statistical models of shape (ASM) [24] and appear-
ance (AAM) [28] variability are two model-driven segmentation schemes initially
described by Cootes et al. and further employed by several groups in a variety of
medical applications. 3D extensions of these methods have appeared [29–32], with
an encouraging performance in delineating both epi- and endocardial borders of
the left ventricle in cardiac Magnetic Resonance (MRI), Ultrasound (US), Com-
puter Tomography (CT), and Single Positron Emission Computer Tomography
(SPECT).

we have chosen a simple triangulated surface model. An obvious method to
segment 4D datasets is to consider independently every 3D volume of the time
sequence. The result of the segmentation at instant t may be used as an ini-
tialization for segmentation of instant t + 1 [33]. Even though more infor-
mation on the sequence might be used by considering the whole 4D dataset
[34], our approach considers each 3D volume independently for the 4D
analysis.

Deformable surfaces may either have a continuous representation or be
defined as a discrete mesh with a finite set of vertices. Discrete meshes are
defined by a finite set of vertices and a connectivity function between these ver-
tices. Among the possible geometric representations of deformable surfaces,
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2. THREE-DIMENSIONAL ACTIVE SHAPE MODELS (3D-ASM)

2.1. Overview

An Active Shape Model (ASM) [24] is an example of a statistical deformation
model, and is composed of three parts: (1) a Point Distribution Model (PDM) that
models the shape variability of an object, (2) an appearance model that describes
gray-level patterns around the object’s boundaries, and (3) a matching algorithm
that drives the PDM deformation toward the target in an iterative manner. In the
following, we briefly describe each constitutive part of the algorithm, but thorough
descriptions are provided elsewhere [24, 28, 31].

2.2. Shape Model

Let {xi; i = 1 · · ·n} denote n shapes. Each shape consists of m 3D land-
marks, {pj = (p1j , p2j , p3j); j = 1 · · ·m}, which represent the nodes of a sur-
face triangulation. Each vector xi is of dimension 3m and consists of landmarks
(p11, p21, p31, · · · , p1m, p2m, p3m). Moreover, assume that the positions of the
landmarks of all shapes are in the same coordinate system. These vectors form a
distribution in a 3m-dimensional space. The goal is to approximate this distribu-
tion with a linear model of the form

x = x̂ + Φb, (2)

where

x̂ =
1
n

n∑
i=1

xi (3)

is the average landmark vector, b is the shape parameter vector of the model, and Φ
is a matrix whose columns are the principal components of the covariance matrix:

S =
1

n− 1

n∑
i=1

(xi − x̂)(xi − x̂)T . (4)

The principal components of S are calculated as its eigenvectors, φi, with cor-
responding eigenvalues, λi (sorted so that λi ≥ λi+1). If Φ contains the t <
min{m,n} eigenvectors corresponding to the largest nonzero eigenvalues, we
can approximate any shape of the training set, x, using Equation (2), where
Φ = (φ1|φ2| · · · |φt) and b is a t-dimensional vector given by,

b = ΦT (x− x̂). (5)
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Figure 6. Principal modes of variation for the MRI (ED) PDM. The shapes are generated
by varying a single model parameter, (bi), fixing all others at zero standard deviations
(SDi =

√
λi) from the mean shape.

The vector b defines the shape parameters of the ASM. By varying these
parameters we can generate different instances of the shape class under analysis
using Equation (2). Assuming that the cloud of landmark vectors follows a multi-
dimensional Gaussian distribution, the variance of the ith parameter, bi, across the
training set is given by λi. By applying limits to the variation of bi, for instance
|bi| ≤ ±3

√
λi, it can be ensured that a generated shape is similar to the shapes

contained in the training class.
Obtaining the m 3D landmarks and their correspondence among training ex-

amples is a non-trivial task. Such a problem still represents an open topic for the
shape analysis community. Our methodology was inspired on the method pro-
posed by Frangi and coworkers [35]. The method can easily be set to build either
1- or 2-chamber models. In this work, a single-ventricle configuration with 2848
points (1071 endocardial and 1777 epicardial) was used. The constructed PDM
was trained from a population of 90 hearts with large intra- and inter-individual
variability, including both healthy and pathologic examples, in ED and ES tempo-
ral phases. Thus, 180 examples were in total considered [29]. Figure 6 presents
the four principal modes of variation for the MRI (ED) PDM.
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2.3. Appearance Model

Our 3D-ASM implementation uses a simple appearance model, which can
be regarded as a 3D extension of the one used in the original 2D-ASM [24]. In
that formulation, the image structure around each landmark is represented from
first-derivative profiles perpendicular to the object contour, sampled with bilinear
interpolation. Taking k positions to each size, the total length is 2k+1. The effect
of global intensity changes is reduced by normalizing the patches such that the
sum of the absolute intensity values equals 1:

ĝi =
gi∑L

k=1 |gik|
, (6)

with gik the kth component in the ith profile. Denoting these normalized deriva-
tive profiles as ĝ1, . . . , ĝs, the mean profile g and the covariance matrix Σg are
computed for each landmark. The Mahalanobis distance,

f(ĝi) = (ĝi − g)Σ−1
g (ĝi − g), (7)

between new boundary patches gi to the mean of learned profiles g is used as a
boundary measure. Minimizing f(ĝi) is equivalent to maximizing the probability
that ĝi is originated from the same mulitivariate Gaussian distribution assumed
for the training profiles. Σg weights the variation among corresponding points in
the training profiles.

Our aim is to have a general framework capable of segmenting the same organ
in dynamic data volumes of different modalities and acquisition protocols, using
an arbitrary number, position, and orientation of image slices or stacks, as well as
any voxel dimension and anisotropy degree. In such a general and diverse scenario,
it is unfeasible to have, neither from a geometrical nor from a computational point
of view, a gray-level model for each point in the shape model, like in the 2D
counterpart.

Therefore, we chose to follow the following approach. By dividing the shape
model into regions, we calculated a mean profile and a covariance matrix of nor-
malized gray-level profiles, for each region, and from the set of manual contours
in all available image slices in the training set. The profiles were assigned to the
different regions by closest proximity. The appearance models were built in a
multi-resolution fashion, so there is a mean profile and a covariance matrix for ev-
ery region and resolution level (see Section 2.4). In our implementation, a total of
33 appearance models were considered (17 epicardial and 16 endocardial). These
regions coincide with AHA’s anatomical segments [36].

In high-resolution cardiac images like MSCT and MRI, many details of the
image are depicted. Consequently, the LV boundary can be obscured by surround-
ing tissue of similar gray value and structures with strong edges in close proximity.
In addition, the size and appearance of corresponding LV regions and neighboring
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structures vary considerably between patients as well as in one patient over time.
Therefore, a problem inherent to a linear gray-level model is that the underly-
ing assumption of a normal intensity distribution in practice does not hold. The
problem would persist if other local image features for boundary localization are
employed, but normalized gray-level profiles seem to be the most appropriate for
a linear approach [37].

2.4. Matching Procedure

The 3D extension of the ASM algorithm (3D-ASM) has been put forward by
van Assen et al. [38]. This methodology allows for using sparsely and arbitrarily
oriented data [32].

This algorithm can be described as follows:

1. Shape positioning: The algorithm starts by roughly positioning the mean
shape at the center of the heart. It is important to scale the initial shape so
that it spans through all image slices and to roughly orient it perpendicular
to the stack of short axis slices (Figure 7).

2. Image planes intersect model’s mesh: The current shape model instance
bisects the image planes at a set of intersection points that do not neces-
sarily belong to the model’s mesh. The intersection points can be assigned
by closest proximity to each of the anatomical regions defined in the shape
model. This action yields stacks of 2D contours composed of the intersec-
tions of image planes with individual mesh triangles (Figure 7).

3. Search for candidate displacements in every image slice: This is achieved
by evaluating the Mahalanobis distance between the actual gray-level pro-
files and the mean profile stored for each region. Elected points will be
given by the lowest Mahalanobis distance and lying on the intersected
image planes.

4. Mesh deformation: Elected points will act as forces that are propagated
to the rest of the mesh nodes in the following fashion. A set of source
update vectors vw are available at some nodes � of the mesh, which are
in closest proximity to the candidate points found in the image planes.
These vectors are propagated to the rest of the mesh with a weight in the
receiving nodes λ according to the geodesic distance (‖λ−�‖2) between
the source and receiving nodes, weighted by a Gaussian-shaped kernel,
the width of which is given by σp. The resulting weight is

ω(λ,�) = e
− λ � 2

4σ2
p . (8)

Note that the actual weight for the source node (λ = w) is unity. To avoid
propagation of an update over the entire shape model surface, propagation

− ‖‖
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Figure 7. Convergence of the algorithm. Initialization (left), intermediate step (center),
and convergence (right). See attached CD for color version.

is stopped when the geodesic distance exceeds a fixed threshold χ ≡ 3σp.
After all propagations stop, a total update per node is computed by summing
over all contributions and normalizing with the sum of weights.

To facilitate through-plane motion, force vectors are projected to the sur-
face’s normals, which also have a component perpendicular to the image
planes. Otherwise, the propagated forces would tend to retain the orienta-
tion of the intersected image planes.

5. New valid instance: The resulting deformed mesh is projected on the
model’s subspace, yielding a new instance of the shape model. This means
finding the shape and the pose parameters of the shape model that best fits
it, as explained in Section 2.2 (Figure 7).

Steps 2 to 5 are repeated either for a fixed number of iterations or until conver-
gence is achieved, given some decision rule. A flowchart can be found in Figure 8.

2.4.1. Initialization

The initialization of segmentation methods is frequently regarded as a given
precondition. In practice, however, initialization is usually performed manually
or by some heuristic preprocessing steps. Therefore, it is of great importance to
have a simple and effective initialization method at one’s disposal.

Although the 3D-ASM is relatively insensitive to the initial shape model in-
stance, a fully- or almost fully-automatic initialization is needed to produce con-
sistent results. We followed a very simple mechanism to scale and position the
mean shape of the model. The operator defines six epicardial points at the basal
level and a seventh one in the apex. The centroids of corresponding anatomical
regions in the mean shape are aligned to these points, with a similarity transforma-
tion. Figure 9 illustrates examples of the shape model initialization. Key benefits
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Figure 8. 3D-ASM matching procedure flowchart.

of such initialization are threefold. First, it provides a convenient initial position,
orientation, and scale of the mean shape. This helps the robustness and speed
of convergence of the algorithm because the first shape model instance is very
close to the target. Second, it defines the basal plane. This helps producing more
consistent calculations of volumes and derived parameters. Third, it positions the
anatomical regions in the correct order. This is very important since anatomical
regions should occupy, at least roughly, the same region both during training and
matching.

2.4.2. Multi-Phase Segmentation

In segmenting multi-phase dynamic studies, only the first temporal phase
needs the aforementioned semiautomatic initialization. To segment the rest of the
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(a) (b)

Figure 9. Initialization points: (a) SA and (b) biplane views. See attached CD for color
version.

Figure 10. Convergence of the algorithm. Initialization (left), intermediate step (center),
and convergence (right). See attached CD for color version.

phases in the study, the fitted shape of the previous phase is used, as well as less
resolutions levels and iterations.

2.4.3. Convergence Criteria

A simple convergence test can be used to stop the deformation automatically
when the mesh does not change significantly. Two convergence detection criteria
can be adopted: the difference in LV volume and the total mesh displacement
between two iterations. Results are robust with respect to both criteria. In our
implementation we use a fixed number of iterations, 10 per resolution, which is
large enough to prevent early interruption of the deformation and small enough to
prevent useless iterations (Figure 10).
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2.4.4. Multi-Resolution Strategy

A multi-resolution framework increases the capture range of the algorithm
[24]. Blurred versions of the image result by applying a Gaussian pyramid filter.
The iterative process starts at a coarse resolution and moves progressively to finer
resolution levels (typically 2 for SPECT images), reducing the length of the target
search region when approaching convergence. The finest level is the original data.
A multi-resolution shape model could be used as well, as an effective way of
decomposing the surface geometry into several levels of details at the different
stages of the matching.

3. MATERIALS AND METHODS

3.1. Gated-SPECT Studies

Our dataset comprised 30 subjects. Two rest gated-SPECT studies were ac-
quired on the same day with a 30-minute interval, for a total of 60 studies, at
a rate of eight frames per cardiac cycle. This allows for validating each patient
with him/herself since clinical situation remains constant. Patients were imaged 1
hour after administration of 99mTc-tetrofosmin using a Siemens ECAM SPECT
(Siemens Medical Systems, IL, USA) system with a double-detector at 90◦ with
high-resolution collimators. Sixty-four projections of a 64 × 64 matrix over a
180◦ arc were acquired with 6.6 mm/pixel of acquisition resolution for all rest
gated studies. In the reconstruction with FBP (filtered back-projection) the image
data were reformatted into standard short-axis slices with a voxel dimension of 4.8
mm3, using the software provided by the acquisition system.

3.2. Patient Database

The database was constituted with patients referred for routine rest/rest my-
ocardial perfusion evaluation at theVall d’Hebron University Hospital of Barcelona.
It included a total of 30 subjects (19 males, 11 females), of which 15 were healthy
and 15 pathologic patients. The diagnoses for these patients consisted of: (a) my-
ocardial infarction (n = 6), of which 3 were extensive (dilated n = 2, nondilated
n = 1) and 3 moderate (dilated n = 1, ischemic n = 1); (b) ischemia (n = 8),
of which minor (n = 4), moderated (n = 3), and intensive (n = 1), reached at
various locations, and (c) non-ischemic dilated cardiomyopathy (n = 1). Table 1
offers a description of the database.

3.3. Experiments

For this application task the previously described PDM was applied without
further training (see Section 2.2). Aiming to match the profile of intensities par-
ticular to SPECT modality, the appearance model was retrained from manually
delineated endocardial and epicardial borders.
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Table 1. Clinical Condition of Patients in Database

Description Number

Healthy 15

Myocardial Infarction Extensive Dilated 2

Non-Dilated 1

Moderated Dilated 1

+Ischemia 1

Non-Dilated 1

Ischemia Minor 4

Moderated 3

Intensive 1

Dilated Cardiomyopathy Non Ischemic 1

Table 2. 3D-ASM Settings

General
s: number of training sets from which the

shape model was built (180)
a: number of training sets from which the

appearance model was built (1)
Shape Model

n: number of landmark points (2848)
fv: part of variance to be explained by the

shape model (0.50)
t: number of modes in the shape model (4)
m: bounds on shape model parameters (3.0)

Appearance Model
k: number of points in profile on either side of the

landmark point, giving profiles of length 2k + 1 (5)
Matching Procedure

ns: number of new positions to evaluate at each side of
current landmark position; the total number of positions
is 2ns + 1 (7)

L: number of levels in the multi-resolution
strategy (2)

N: number of iterations per resolution level (20)

In order to retrieve the optimal settings, and hence increase the efficiency of the
process, several parameter assemblies where evaluated. Final 3D-ASM settings
are summarized in Table 2.
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3.4. Functional Analysis

Once segmentation is achieved, it is highly desirable to obtain functional
parameters. Hence, both systolic and diastolic functional analysis were performed.
Subsequently, interstudy variability was evaluated. In order to achieve this, the
cavity volume of the fitted shape at each temporal stage was computed for the
two rest studies of each patient. VTCs were constructed through cubic spline
interpolation. From these curves EDV, ESV, EF, PFR and TTPF were calculated
(see Section 1.3). Performed statistical analysis is outlined in Section 3.6.

3.5. Quantitative Analysis Tools

Other automatic quantitative analysis and visualization tools for regional func-
tional assessment are available in our platform. Further improvement by incorpo-
rating normal ranges for patient assessment is mandatory. Their accuracy is yet to
be evaluated. These tools may be described as follows:

1. Myocardial Central Surface: For every point in the endocardial surface of
the fitted shape, the shortest distance to the epicardial surface is assessed.
A myocardial center surface is built by collecting the middle points in all
these segments and using the same mesh connectivity of the endocardial
surface (Figure 11).

2. Wall Thickness: A wall thickness map is constructed by simply defining
a scalar for every point in the middle surface with a value proportional to
the longitude of the corresponding segment (Figure 12).

Figure 11. Central surface calculation. For every point in the endocardial surface, the
shortest distance to the epicardial surface is assessed. The middle points in all these segments
are collected and based on the same mesh connectivity of the endocardial surface; a new
mesh is built. (a) Original surface; (b–c) segment evaluation, and (d) generated central
surface. See attached CD for color version.
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Figure 12. Left: wall motion, ED and ES, respectively. Right: wall thickening assessment,
ED and ES, respectively. See attached CD for color version.

Figure 13. Perfusion map corresponding to ES displayed in different views. See attached
CD for color version.

3. Wall Motion: The endocardial surface of the ED fitted shape is set as
a reference for motion calculation. The distance between the reference
shape and the remaining fitted shapes is computed. The distance grants
the surface a scalar value for further visualization (Figure 12).

4. Perfusion Map: A scalar is defined for every intersection point between the
endocardial surface and the image planes, with a value proportional to the
average of counts along the corresponding profile. The rest of the points
in the mesh are assigned an interpolated value resulting from averaging
the nearest intersection points, weighted by the geodesic distance to them
(Figure 13).

5. Endocardial Excursion: In our approach it is possible to fix the position
either of the shape model centroid, the LV long axis, or none of them.
Any combination of the previous maps can easily be rendered in the 3D
animation tool (Figure 14).

6. Perfusion Defect Area Assessment: A surface representation is built only
considering those portions of the perfusion map that are outside the normal
captation range defined from a population of normal studies or with respect
to rest/stress states of the same patient.
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Figure 14. Endocardial Excursion. See attached CD for color version.

Any combination of the previous maps can easily be rendered in the 3D an-
imation tool. The minimum and maximum values for the scalar ranges of the
previously described tools can be calculated from a selectable population of nor-
mal studies or from rest/stress states of the same patient.

3.6. Statistical Analysis

EDV, ESV, EF, PFR, and TTPF measurements for both rest studies were
obtained with 3DASM and QGS. Interstudy repeatability of all parameters was
assessed by means of Bland-Altman plots [39]. In these graphs, the difference of
two measurements is plotted against the averages of the two measurements. For our
case, each vertical and horizontal axis represent Rest 1 – Rest 2 and mean(Rest 1,
Rest 2) values, respectively.

4. RESULTS

Quantitative, and a few visual, results will be presented in this section and
further discussed in Section 5. Total ranges on all parameters calculations are
summarized in Table 3. Mean ± SD values are shown in Table 4. Figures 15
and 16 display the results of Bland-Altman analysis. According to them, 3DASM
achieved lower SD values for EF, ESV, and PFR, while QGS computed smaller
SD values for EDV and TTPF.

Regarding systolic function, two main types of discrepancies between QGS
and 3DASM calculations were detected during this work:

BASE
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Figure 15. Bland-Altman Plots of EF (a–b), EDV (c–d), and ESV (e–f ) comparing first
and second rest studies estimated with QGS (left) and 3DASM (right).

QGS Bland-Altman Plot of EF (%)

QGS Bland-Altman Plot of EDV (ml)

QGS Bland-Altman Plot of ESV (ml)

3DASAM Bland-Altman Plot of EF (%)

3DASM Bland-Altman Plot of EDV (ml)

3DASM Bland-Altman Plot of ESV (ml)
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Figure 16. Bland-Altman Plots of PFR (a–b) and TTPF (c–d) comparing first and second
rest studies estimated with QGS (left) and 3DASM (right).

1. Small Hearts: In our experience, QGS tends to underestimate the ESV
of small hearts, generating an exaggerated EF. 3DASM, instead, incorpo-
rates the necessary anatomical constraints to impede further reduction of
LV cavities; hence, it computes more likely results under physiological
conditions. Various cases with these characteristics were present in our
database. They in fact displayed the greatest difference on EF calcula-
tions by both methodologies. For these cases, QGS computed ESV values
between 8 and 20 ml, with their respective EF values ranging from 59 to
88%, while our method computed ESV values ranging from 16 to 29 ml,
and EF values between 50 and 67%. Samples of 3DASM segmentation
results at ES for this case group are displayed in Figure 17.
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Table 3. Statistical Analysis Results

EDV ESV EF PFR TTPF
ml ml % EDV/s ms

3DASM 35 to 251 16 to 165 28.7 to 67.2 0.60 to 3.94 136 to 491

QGS 40 to 277 8 to 209 21.2 to 87.6 0.82 to 4.78 111 to 308

Values are displayed as min to max.

Table 4. Statistical Analysis Results

EDV ESV EF PFR TTPF

ml ml % EDV/s ms

3DASM 82± 51 43± 36 52.6± 9.9 2.1± 0.84 232± 86
QGS 97± 60 47± 47 57.9± 15.9 2.4± 0.92 190± 39

Values displayed as mean ± SD.

2. Dilated Hearts: Lomsky et al. [22] demonstrated, using a digital phantom
as the gold standard, that QGS tends to overestimate both EDVs and ESVs
for large-heart datasets. Our work revealed great differences on volume
calculations for dilated hearts, both on EDVs and ESVs. For these cases,
QGS computed EDV values between 151 and 277 ml, and ESV values
ranging from 90 to 209 ml, while our method computed EDV values rang-
ing from 120 to 251 ml, and EDV values between 75 and 162 ml. Three
examples of this type of discrepancy are illustrated in Figure 18. ED seg-
mentation results are displayed on the left and ES results on the right.

As for diastolic function, calculations revealed larger repeatability errors for
TTPF. This great variation is mainly because of two factors: time difference of ES
and time difference to PFR. Due to the low resolution of clinical routine datasets,
the filling rate curve is highly dependent on VTC interpolation. The amplitude and
shape of the first-derivative curve varies drastically with distinct interpolation tech-
niques. Evaluating smoothness-related variations on the curve generated, it was
observed that both the PFR and TTPF calculations vary considerably. Figure 19
shows examples of the interpolation obtained with (a–b) restrictive interpolation,
which generates a first derivative curve with more bends and greater amplitude
and (c–d) smoother interpolation, which generates a more regular derivative and
smaller peak value.
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Figure 17. (a–c) Some examples of end systole segmentation results obtained with 3DASM
of cases with the greatest difference on EF calculations. See attached CD for color version.
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Figure 18. (a–c) Segmentation results obtained with 3DASM of cases with the greatest
difference on EDV calculations. ED segmentation results are displayed on the left and ES
results on the right. See attached CD for color version.
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Figure 19. Volume and filling rate curves with different interpolation techniques. (a–b) Top
row shows restrictive interpolation results and (c–d) bottom row displays smooth curves.
Left: both plots (a–c) were obtained with data from the same patient. Right: both plots
(b–d) were obtained with data from the same patient. Notice the difference in time of ES
and PFR, length of TTPF (arrow), amplitude, and shape.

5. DISCUSSION

During the initial development of a new method, visual inspection of the epi-
and endocardial boundaries produced by the algorithm are used to assess its cor-
rectness. For further improvement on the methodology, quantitative results against
a gold standard or ground truth are needed to evaluate its accuracy. Commonly
used gold standards for gated SPECT are cine MRI and digital phantoms. Unfor-
tunately, the use of a gold standard was not possible during the development of
this work, but will be incorporated into future experiments. Apart from a merely
intuitive visual inspection, the first approach to numeric evaluation included inter-
study repeatability analysis. This allows for evaluating the same subject under the
same clinical conditions. One limitation of using two separate datasets to evaluate
algorithm accuracy is that added errors could be present in the dataset itself, due
to artifacts (see Section 1.4).
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Comparisons with the most widespread clinical analysis tool (QGS) were
made in order to have a general idea of the expected results for each patient. These
comparisons were performed taking into account previously published studies that
describe QGS tendencies, along with our own experience during clinical practice.
It should be noted that this study did not aim to compare the accuracy of 3DASM
and QGS. QGS computations were included only to highlight problems with ex-
isting methods as an incentive to develop new methodologies.

As of datasets with extensive signal drops due to perfusion defects, our method
provided a correct anatomical interpolation in the apex with a smooth connection
between non-infarcted portions of the wall, based on reliable information from
other parts of the image and prior statistical knowledge. There is a clear difference
in the LV shape recovered with the two algorithms.

We have identified determination of the mitral valve plane as the main cause
of LV volume estimation discrepancies. Our shape model was built from a training
set of MRI studies, thereby providing high-resolution anatomical constraints to LV
shape recovery. Since expert segmentations spanned from the base to the apex, the
deformation process itself made the shape deform and grow toward an acceptable
position of the basal plane and apex. As demonstrated in Section 1.4, these kinds
of anatomical constraints are not present in SPECT datasets. Therefore, the basal
plane defined with initialization points is used to provide an upper limit for cavity
volume calculation.

6. CONCLUSIONS

A 3D statistical model-based algorithm was used for segmentation of the left
ventricle in dynamic perfusion SPECT studies. The developed statistical model
can separate geometric (shape) from gray-level (appearance) models. In this way
it is possible to train the algorithm on image data sets of different modalities.
The high resolution of functional MRI studies allowed for using an anatomically
well-described LV shape representation. The method was applied successfully to
60 clinical studies, providing reproducible segmentation results. The method is
robust with difficult cases combining dilated cardiomyopathy, extended myocar-
dial infarction, and ischemia. Once the automatic segmentation of every phase is
obtained, global and regional functional parameters can be calculated.
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LEVEL SET FORMULATION
FOR DUAL SNAKE MODELS
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Dual snake models are powerful techniques for boundary extraction and segmentation of
2D images. In these methods one contour contracts from outside the target and another
one expands from inside as a balanced technique with the ability to reject local minima.
Such approaches have been proposed in the context of parametric snakes and extended
for topologically adaptable snake models through the Dual-T-Snakes. In this chapter we
present an implicit formulation for dual snakes based on the level set approach. The level
set method consists of embedding the snake as the zero level set of a higher-dimensional
function and to solve the corresponding equation of motion. The key idea of our work
is to view the inner/outer contours as a level set of a suitable embedding function. The
mathematical background of the method is explained and its utility for segmentation of
cell images discussed in the experimental results. Theoretical aspects are considered and
comparisons with parametric dual models presented.

1. INTRODUCTION

Deformable models, which includes the popular snake models [1] and de-
formable surfaces [2, 3], are well-known techniques for boundary extraction and
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tracking in 2D/3D images. Basically, these models can be classified in three
categories: parametric, geodesic snakes, and implicit models. The relationships
between these models have been demonstrated in several works in the literature
[4, 5].

Parametric deformable models consist of a curve (or surface) which can dy-
namically conform to object shapes in response to internal (elastic) forces and
external forces (image and constraint ones) [6]. Snake models, also called active
contour models, are 2D deformable models proposed by Kass at al. [1] that have
been successfully applied in a variety of problems in computer vision and image
analysis [6]. Their mathematical formulation makes it easier to integrate image
data, the initial estimate, the desired contour properties, and knowledge-based
constraints into a single extraction process [6].

For geodesic snakes, the key idea is to construct the evolution of a contour as
a geodesic computation. A special metric is proposed (based on the gradient of the
image field) to allow the state of the minimal energy to correspond to the desired
boundary. This approach allows one to address the parameterization dependence
of parametric snake models and can be extended to three dimensions through the
theory of minimal surfaces [7, 5].

Implicit models, such as the formulation of the level set used in [8], consist
of embedding the snake as the zero level set of a higher-dimensional function and
solving the corresponding equation of motion. Such methodologies are best suited
for recovery of objects with unknown topologies, which is a limitation for most
parametric models. In fact, despite the mentioned capabilities, parametric models
in general cannot deal with topological changes. Among the approaches to deal
with the topological limitations of a traditional snake model, T-Snakes has the
advantage of being a general one [9].

In addition, parametric models are too sensitive to their initial conditions
due to nonconvexity problems (see [10] and the references therein). To address
this limitation, some authors have proposed multiscale techniques [11], dynamic
programs (DPs) [12], dual methods [13], as well as a two-stage approach [14, 15]:
(1) the region of interest is reduced; (2) a global minimization technique is used
to find the object boundaries.

In [15–17] we proposed to address stage (1) by using the Dual-T-Snakes
method. Dual-T-Snakes is a parametric snake model. The result of this method is
two contours, close to the object boundary, which bound the search space. Hence,
a DP algorithm [12, 18] can be used more efficiently.

In the present we review dual snakes models and present an implicit formula-
tion for dual active contour models based on the level set approach. The mathemat-
ical background of the Dual-Level-Set (DLS) method is explained. Theoretical
aspects are discussed and comparisons with parametric dual models are presented.

In Section 2 we review dual snakes approaches. We then describe the T-
Snakes (Section 3) and the Dual-T-Snakes (Section 4) frameworks. In Section 5
we discuss the level set method. Section 6 presents the implicit formulation for dual
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snakes. In Section 7 we describe a segmentation framework that can be used when
combining dual snakes and search-based snake models. The experimental results
are presented in Section 8. We offer some discussion in Section 9 and compare
the presented method with related ones. In section 10 we present our conclusions.
Finally, Appendix 1 focuses on theoretical aspects of the mathematical background
of the level set method.

2. BACKGROUND REVIEW

Dual active contour models have been applied for cell image segmentation
[17, 19] and feature extraction [18]. Although there are few examples of such
approaches [17, 19, 20], their capability to reject local minima shall be better
explored for segmentation and boundary extraction purposes.

The basic idea of the dual active contour models (Dual ACM) is to reject local
minima by using two contours: one that contracts from outside the target and one
that expands from inside. Such a feature makes it possible to reduce sensitivity to
initialization by enabling a comparison between the energy of the two contours,
which is used to reject local minima.

This methodology was first proposed in [20]. To obtain the conventional
continuity and smoothness constraints, but remove the unwanted contraction force,
a known problem in traditional snake models [21, 10], a scale-invariant internal
energy function (shape model) was developed. In [20] a snake is considered as
a particle system, vi = (xi, yi), i = 0, ..., N − 1, whose particles are linked by
internal constraints. The shape model is accomplished by the following internal
energy:

Eint =
1
2

N−1∑
i=0

(‖ei‖
h

)2

, (1)

where

ei =
1
2

(vi−1 + vi+1)− vi +
1
2
θiR (vi−1 − vi+1) , (2)

h is the average space step, R is a 900 rotation matrix, and θi is related to the
internal angle ϕi in the vertex vi by

θi = cot
(ϕi

2

)
. (3)

It is clear that Eint has a global minimum when ei = 0, i = 0, 1, ..., N − 1. From
(2)–(3) it can be shown that this happens when

ϕi = π (N − 2) /2N, i = 0, 1, ..., N − 1, (4)

which are the internal angles of a regular polygon with vertices given by the points
vi [20]. The energy (1) can also be shown to be rotation, translation, and scale
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invariant [20]. As usual in snake models [2, 6], the external energy is defined by

Eext (vi) = −‖∇I (vi)‖2 , (5)

The total energy of the model is given by

E =
∑

i

(
λ

N
Eint (vi) + (1− λ)Eext (vi)

)
, (6)

where λ is a smoothing parameter that lies between 0 and 1 [20].
With the internal energy given by expression (1), the curve is biased toward

a regular polygon [20]. Therefore, this fact makes it easier to establish a corre-
spondence (matching) between the points of the two contours because the form of
the snake during evolution is limited by the energy (1). The methodology takes
advantage of this correspondence by proposing the driving force:

Fdriving = g (t)
ui − vt

i

‖ui − vt
i‖
, (7)

where vt
i is the contour being processed at time t, ui is the contour remaining at

rest, and g(t) is the strength of the force. The termination condition adopted in
[20] is the following one, based on the low-velocity criterion:

max
i

∥∥vt+1
i − vt

i

∥∥ < δ, (8)

where δ is a termination parameter.
The dual approach consists in making the inner and outer contours evolve

according the following algorithm: the contour with the highest energy is selected.
If its motion remains below some termination condition, then the driving force (7)
is increased until it moves at a rate greater than the chosen threshold δ. When
the energy begins to decrease, the added driving force is removed and the contour
allowed to come into equilibrium. The procedure is then repeated until both
contours have found the same equilibrium position.

The shape model given by expression (1) limits the application of the method
for general shapes and topologies. In addition, the need for a match between the
two contours places restrictions to extend the technique for 3D. These limitations
are addressed by the Dual-T-Snakes [15, 17] approach, developed by some of us,
which is described in Section 4. The experience with this method shows that
it is very useful for reducing the search space. We therefore proposed in [15] a
two-stage segmentation approach: (1) the region of interest is reduced using Dual-
T-Snakes; and (2) a global minimization technique, the Viterbi algorithm [17, 18],
is used to find the object boundaries.
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In fact, the Viterbi algorithm was also used in [14] and sometimes it is called
a non-evolutionary dual model, in the sense that it is not based on curve evolution
[22]. Before describing Dual-T-Snakes, we shall discuss the T-Snakes method,
which is its background.

3. T-SNAKES MODEL

The T-Snakes approach is basically composed of four components [9]: (1) a
simple CF triangulation of the image domain; (2) projection of each snake over
the grid; (3) a binary function called a characteristic function, χ, defined on the
grid nodes, which distinguishes the interior from the exterior of a snake; and (4) a
discrete snake model.

To clarify our ideas, consider the characteristic functions (χ1 and χ2) relative
to the two contours depicted in Figure 1. The vertices marked are those where
max {χ1, χ2} = 1. Note that the overlap of the curves belongs to the triangles in
which the characteristic function changes value.

Figure 1. Two snakes colliding with the inside grid nodes and snake point (snaxels) marked.
Reprinted with permission from Giraldi GA, Strauss E, Oliveira AF. 2003. Dual-T-snakes
model for medical imaging segmentation. Pattern Recognit Lett 24(7):993–1003. Copy-
right c©2003, Elsevier.

Thus, from the data obtained with step (2), we can choose a set of N points,
{vi = (xi, yi) , i = 0, ..., N − 1} to be connected to form a closed contour (T-
Snake). These points are called snaxels.

In [16] we proposed to evolve a T-Snake based on a tensile (smoothing) force
(Bi), a normal (balloon-like) force (Fi), and an external (image) force (fi) [9].
These forces are given respectively by the following expressions:

Bi = bi

(
vi − 1

2
(vi−1 + vi+1)

)
. (9)

Fi = ki (signi)ni; fi = γi∇P, (10)
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where ni is the normal at the snaxel vi and bi, ki, γi are force scale factors, P =
−‖∇I‖2, signi = 1 if I (vi) ≥ T and signi = 0 otherwise (T is a threshold for
the image I). Region-based statistics can be also used [9].

Hence, we update the T-Snake position according to the following evolution
equation:

v
(t+∆t)
i = vt

i + hi

(
Bt

i + F t
i + f t

i

)
, (11)

where hi is an evolution step.
The T-Snakes model also incorporates an entropy condition: “once a node is

burnt (passed over by the snake) it stays burnt” [9].
A termination condition is defined based on the number of deformations steps

(temperature) during which a triangle is cut by a T-Snake. A T-Snake is considered
to have reached its equilibrium state when the temperature of all the snaxels falls
below a preset value, called the “freezing point” in the T-Snakes literature [9, 23].

4. DUAL-T-SNAKES ALGORITHM

The key idea behind this method is to explore the T-Snakes framework to
propose a generalized dual active contour model: one T-Snake contracts and splits
from outside targets and another ones expand from inside targets.

To make the outer snake contract and the inner ones expand, we assign an
inward normal force to the first and an outward normal force to the others according
to expressions (10). Also, to make the T-Snakes evolution interdependent we use
the image energy and an affinity restriction.

We use two different definitions for image energy: one for the outer contour,
(Eouter), and the other for the set of inner contours enclosed by it, (Einner):

Eouter =
N−1∑
i=0

(
−‖∇I (vi)‖2

)
/N, (12)

Einner =
1
m

(
m∑

k=0

(
Nk−1∑
i=0

(
−‖∇I (vi)‖2

)
/Nk

))
, (13)

wherem is the number of inner curves, andN ,Nk represent the number of snaxels
of the outer and inner (k) snakes, respectively. The energies are normalized in order
to be compared. Otherwise, the snake energy would be a decreasing function of
the number of snaxels and comparisons would not make sense.

Following the dual approach methodology [20], if Einner > Eouter, an inner
curve must be chosen. To accomplish this, we use an affinity operator, which
estimates the pixels of the image most likely to lie on the boundaries of the objects.
Based on this operator, we can assign to a snaxel the likelihood that it is close to a
boundary. That likelihood is thresholded to obtain an affinity function that assigns
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to the snaxel a value of 0 or 1: 0 for snaxels most likely to lie away from the target
boundaries and 1 otherwise.

Then, the inner curve with the highest number of snaxels with an affinity
function value of null is chosen. If Eouter > Einner, the outer snake is evolved if
the corresponding affinity function has null entries.

In addition, the balance between the energy/affinity of the outer and inner
snakes allows avoiding local minima. For instance, if a T-Snake has been frozen,
we can increase the normal force at the snaxels where the affinity function is zero.
The self-intersections that may happen during evolution of a snake when increasing
the normal force are naturally resolved by the T-Snakes model. This is the way we
can use the added normal force to play the role of the driving force used by Gunn
and Nixon (avoiding the matching problem required in [20]).

To evaluate the similarity of two contours, we use the difference between the
characteristic function of the outer snake and the characteristic functions of the
inner ones (Characteristic Diff). For example, in the case of CF triangulation in
Figure 1, we can stop the motion of all snaxels of an inner snake inside a triangle
σ if any of its vertices v ∈ σ has the two following properties: (a). All the 6
triangles adjacent to v have a vertex where Characteristic Diff=0; and (b) one of
these triangles is crossed by the outer contour.

The freezing point is used to indicate that a T-Snake has found an equilibrium
position. In the following algorithm we call Dual Snake a list of T-Snakes where
the first one is an outer contour and the other ones are inner contours. The algorithm
is summarized as on the following page.

This method can be efficient for images with artifacts and noise. In [17] it was
improved by using a multigrid approach and a region-growing method based on
the grid. Other improvements can be found in [16]. Once Dual-T-Snakes stops,
a global minimization method [15] or a simple greedy technique can be used to
find the object boundaries in order to complete the segmentation (see Section 7
below). Next, we develop the basic elements of the level set in order to be able to
present the implicit formulation for dual approaches (Section 6).

5. LEVEL SET

In this section we review some of the details of the level set formulation [8].
The main idea of this method is to represent a deformable surface (or curve) as a
level set,

{
x ∈ �3|G (x) = 0

}
, of an embedding function,

G : �3 ×�+ → �, (14)

such that the deformable surface (also called the front in this formulation) at t = 0
is given by a surface S:

S (t = 0) =
{
x ∈ �3|G (x, t = 0) = 0

}
. (15)
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Algorithm 1 Dual-T-Snakes

Put all the dual snakes into a queue.
repeat

Pop out a dual snake from the queue;
Use the energies (equations (12) and (13)) and the affinity function to decide
the snake to be processed;
if all snaxels of that snake are frozen then

repeat
increase the normal force at those with affinity zero

until the snake energy starts decreasing.
Remove that added normal force;
repeat

Evolve the snake
until the temperature of all snaxels falls below the freezing point;
Analyze the Characteristic Diff of the current snake;
if the snake being processed is close to a snake of the other type (in-
ner/outer) then

remove the dual snake from the queue.
else

mount the resulting dual snake(s) and go to the beginning.
end if

end if
until the queue is empty

The next step is to find an Eulerian formulation for the front evolution. Fol-
lowing Sethian [8], let us suppose that the front evolves in the normal direction
with velocity

−→
F , which may be a function of the curvature, normal direction, etc.

We need an equation for the evolution ofG (x, t), considering that the surface
S is the level set given by:

S (t) =
{
x ∈ �3|G (x, t) = 0

}
. (16)

Let us take a point, x (t), t ∈ �+, of the propagating front S. From its implicit
definition given above we have

G (x (t) , t) = 0. (17)

Now, we can use the chain rule to compute the time derivative of this expression:

Gt + F |∇G| = 0, (18)
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whereF = ‖dx/dt‖ is called the speed function. An initial condition,G (x, t = 0),
is required. A straightforward (and expensive) technique to define this function is
to compute a signed-distance function as follows:

G (x, t = 0) = ±d, (19)

where d is the distance from x to the surface S (x, t = 0) and the sign indicates if
the point is interior (-) or exterior (+) to the initial front.

Finite-difference schemes, based on an uniform grid, can be used to solve Eq.
(18). The same entropy condition of T-Surfaces (once a grid node is burnt it stays
burnt) is incorporated in order to drive the model to the desired solution (in fact,
T-Surfaces was inspired by the level set model [24]).

In this higher-dimensional formulation, topological changes can be efficiently
implemented. Numerical schemes are stable, and the model is general in the sense
that the same formulation holds for 2D and 3D, as well as for merge and splits. In
addition, the surface geometry is easily computed. For example, the front normal
(−→n ) and curvature (K) are given, respectively, by:

−→n = ∇G (x, t) , K = ∇ ·
( ∇G (x, t)
‖∇G (x, t)‖

)
, (20)

where the gradient and divergent (∇·) are computed with respect to x.
The update of the embedding function through expression (18) can be made

cheaper if the narrow-band technique is applied. The key idea of this method
comes from the observation that the front can be moved by updating the level set
function at a small set of points in the neighborhood of the zero set instead of
updating it at all the points on the domain (see [8, 25] for details).

To implement this scheme we need to pre-set a distance ∆d to define the
narrow band. The front can move inside the narrow band until it collides with the
narrow band frontiers. Then, the functionG should be reinitialized by treating the
current zero set configuration as the initial one.

This method can also be made cheaper by observing that the grid points that
do not belong to the narrow band can be treated as sign holders [8], following the
same idea of the characteristic function used in Section 3. This observation will
be used in Section 6.2. We are now able to present the level set formulation for
the dual snake model.

6. DUAL-LEVEL-SET APPROACH

In this section we examine the philosophy of Dual-T-Snakes: one snake con-
tracts and splits from outside the targets and another expands from inside the
targets. However, the snake model will be an implicit one.
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To clarify ideas, let us consider Figure 2a, which shows two contours bounding
the search space, and Figure 2b, which pictures a bi-dimensional surface where
the zero level set is the union of the two contours just presented.

(a) (b)

Figure 2. (a) Dual snakes bounding the search space. (b) Initial function where the zero
level set is the two contours presented.

If the surface evolves such that the two contours get closer, we can obtain the
same behavior of Dual-T-Snakes. That is the key idea of our proposal. In order
to accomplish this goal, we must define a suitable speed function and an efficient
numerical approach. For simplicity, we consider the one-dimensional version of
the problem depicted in Figure 3. In this case, the evolution equation can be written
as

Gt +
∂G

∂x
F = 0. (21)

The main point is to design the speed function F such that Gt > 0. Therefore, if
we set the sign of F opposite to that of Gx, we attain this goal once

Gt = −∂G
∂x

F. (22)

Hence, the desired behavior can be obtained by distribution of the sign of F shown
in Figure 3.

However, we should note that Gx = 0 for singular points. The values of
G therefore remain constant over these points because Gt becomes null. Thus,
we should be careful about surface evolution nearby the singular points because
anomalies may happen. One possible way to avoid this problem is to stop front
evolution before it gets close to this point. Another possibility could be to change
the evolution equation in order to allowGt �= 0 over singular points. Such proposal
implies that the isolines may be not preserved, that is, they become a function of
time also. Thus,

G (x (t) , t) = y (t) ; (23)
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Figure 3. Sign of the speed function.

consequently, by applying the chain rule:

Gt +
∂G

∂x

dx

dt
=
dy

dt
. (24)

Therefore, we should provide a speed function in the y direction:

Gt +
(
∂G

∂x
,−1

)
·
(
dx

dt
,
dy

dt

)
= 0. (25)

We can write this expression as

Gt + F |(∇G,−1)| = 0,

where F is the speed function. For fronts in 3D we get

Gt +
∂G

∂x

dx

dt
+
∂G

∂y

dy

dt
=
dz

dt
, (26)

and, therefore,

Gt +
(
∂G

∂x
,
∂G

∂y
,−1

)
·
(
dx

dt
,
dy

dt
,
dz

dt

)
= 0. (27)

One way to deal with these models is through viscous conservation laws. For
example, expression (24) becomes

Gt +
∂G

∂x

dx

dt
= ε

∂2G

∂x2 , (28)
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if dy/dt is replaced by Gxx. For 2D we will have

Gt +
(
∂G

∂x
,
∂G

∂y

)
·
(
dx

dt
,
dy

dt

)
= ε∇2G, (29)

where ∇2 means the Laplacian operator, that is:

∇2G =
∂2G

∂x2 +
∂2G

∂y2 . (30)

In our model we will maintain the idea that the front evolves in the normal
direction. Thus, expression (29) can be rewritten as

Gt + F |∇G| = ε∇2G, (31)

following the same development to derive expression (18). Such a model has been
studied in the context of front propagation in [8, 25, 26] and can be used to achieve
the desired result.

Once our application focus is shape recovery in a image I , we must choose a
suitable speed function F as well as a convenient stopping term S to be added to
the right-hand side of Eq. (31). Among the possibilities [27], the following ones
have been suitable for our Dual-Level-Set:

F =
1 + αk

1 + |∇I|2 , (32)

S = β∇P · ∇G, (33)

where β is a scale parameter andP is defined just after expression (10). Therefore,
we are going to deal with the following level set model:

Gt =

(
1 + αk

1 + |∇I|2
)
|∇G|+ ε∇2G+ β∇P · ∇G, (34)

where P = − |∇I|2, as in Eq. (10). The evolution of the fronts is interdependent
due to the embedding function. After initialization (see Section 6.2), all the fronts
evolve following expression (34). However, once the evolution is halted, we must
evaluate the similarity between the two contours and apply a driving velocity
instead of the driving force of Section 4. We next develop these elements of the
Dual-Level-Set method.

6.1. Numerical Methods

Expression (34) can be written in a general form as

Gt +H (Gx, Gy) = ε∇2G, (35)

where H may be a non-convex Hamiltonian. Therefore, following [25], we can
use a first-order numerical scheme given by
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Gn+1
i,j = Gn

i,j −∆t

[
H

(
D−x

i,j G+D+x
i,j G

2
,
D−y

i,j G+D+y
i,j G

2

)]
− (36)

ε
∆t
2

(
D+x

i,j G−D−x
i,j G

2
+
D+y

i,j G−D−y
i,j G

2

)
, (37)

where D−x
i,j and D+x

i,j are first-order finite-difference operators defined by:

D−xG =
G (x, y)−G (x−∆x, y)

∆x
, (38)

D+xG =
G (x+ ∆x, y)−G (x, y)

∆x
, (39)

following the same idea forD−y
i,j andD+y

i,j .This scheme can be obviously extended
to 3D. Besides, we constrain the change of the discrete field Gi,j as follows:∣∣Gn+1

i,j −Gn
i,j

∣∣ < δ, (40)

where δ is a parameter (set at 1.0 in the tests below) for controlling the rate of change
of G. With such a procedure we get a more stable front evolution and the choice
of parameter values for the numerical scheme becomes easier. In Appendix 1 we
offer an additional discussion about numerical methods for differential equations
like expression (35).

6.2. Initialization

In shape recovery problems, discontinuities in image intensity are significant
and important. In fact, such discontinuities of an image I can be modeled as step
functions like in [28]:

s (x, y) =
n∑

i=1

aiSi (x, y) , (41)

where Si is a step function defined on a closed subset Ωi of the image domain,
which means

Si (x, y) = 1 if (x, y) ∈ Ωi, (42)

Si (x, y) = 0 otherwise.

Therefore, an image I is not a differentiable function in the usual sense. The usual
way to address this problem is to work with a coarser-scale version of the image
obtained by convolving this signal with a Gaussian kernel:

Ig (x, y) = Kσ (x, y) ∗ I (x, y) , (43)
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where Kσ (x, y) is a Gaussian function with standard deviation σ. Therefore, we
must replace the function I by Ig in expression (34).

This point is interesting for our context due to initialization of the Dual-Level-
Set approach. A very simple way to do this would be through step functions like
expression (41). For instance, Figure 4 shows such an example based on the sign
distribution of Figure 2a, in which we decompose the image domain in three closed
subsets, Ω1, Ω2, and Ω3. The step function would be given by expression (41)
with a1 = 1, a2 = −1, and a3 = 1.

Figure 4. Support of a step function given by Eq. (41) with a1 = 1, a2 = −1, and
a3 = 1.

Such a proposal is computationally efficient but cannot be accepted due to
discontinuities of the function s. From a functional analysis viewpoint, we should
use a differentiable function to initialize the method. We can address this problem
following the same idea behind expression (43), that is, we can define a step
function through expression (41), and then take a convoluted version of it obtained
by replacing image I by function s (x, y) in expression (43). Such a smoothed
function will be suitable for our purposes. If we add boundary conditions to
Eq. (34), we get a parabolic problem that may have complex behaviors from the
numerical viewpoint, as we will show in Appendix 1.
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6.3. The Narrow Band Method and the Termination Condition

As usual in level set approaches, we are using the narrow-band method, that is,
only the values of G within a tube placed around the front (Figure 5) are updated.
This simplified approach can drop the complexity of the algorithm from O

(
N3
)

in three dimensions, to O
(
mN2

)
, where m is the number of cells in the width of

the narrow band [25]. When the front moves near to the edge of the tube boundary,
the computation is stopped and a new tube is built with the zero level set at the
center.

Figure 5. Narrow band around a propagating front.

To construct the narrow band, we define two polygons. Each polygon is
associated with an element of the curve that approximates the zero level set of the
previous iteration. Each edge and vertex defines two polygons, for the inside and
outside parts of the narrow band. Edge polygons are quadrilaterals, built by a shift
of the edge in the direction of the normal vector, by a displacement defined by
the narrow bandwidth. Similarly, to each vertex we construct triangles, using the
normal vectors of each adjacent edge and with height defined also by the narrow
bandwidth. This approach is similar to the procedure used by Maunch [29] and
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Sigg and Peikert [30] to calculate the Euclidean distance function using a scan
process. Our scan process is executed by the GPU of the video card, during the
rasterization pipeline phase. The result of the rendering process is returned to the
application as a texture, where the cells in the narrow band are associated with the
pixels generated by each polygon rasterization.

For our dual approach, the narrow band is attractive not only for computational
aspects but also because it allows an efficient way to evaluate similarity between
two contours. In fact, instead of using the criterion of Section 4, we take the
procedure depicted in Figure 6. First, the intersection point is computed (Figure
6a); we then take a neighborhood of this point (Figure 6b) and stop to update the
functionG in all the grid points inside it, or we can set to zero the velocity function
for these points. We say that those grid points are frozen ones.

(a) (b)

Figure 6. (a) Narrow bands touching each other. (b) Neighborhood to define similarity
between fronts.

The number of non-frozen grid points inside a narrow band offers a criterion
that indicates that the Dual-Level-Set has found an equilibrium position because,
if this number does not change for some interactions, we can be sure that the zero
level set remains unchanged. So, we must stop the evolution.

6.4. Driving Velocity

Once the fronts stop moving, we must decide at which grid points to add a
driving velocity. It is an extra velocity term whose goal is the same as that of
the driving force in Section 4, that is, to keep fronts moving again. Therefore, we
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employ a less sensitive model of the initial position of the fronts. To accomplish
this task we can add an extra term to Eq. (34), which has a general form:

Vdriv = λ1Fp |∇G|+ λ2Vshape + λ3Fadv · ∇G, (44)

the terms of which will be explained next. We must be careful when choosing the
grid points to apply this expression. As in the case of Dual-T-Snakes, the fronts
may be near the boundary somewhere, but far from the target at another point. We
should automatically realize this fact when the fronts stop moving. To do so, we
can use the affinity operator explained in Section 4. Based on this operator, we
can define an affinity function that assigns to a grid point inside the narrow band
a value of 0 or 1: 0 for the grid points most likely to lie away from the target
boundaries and 1 otherwise. Like in Dual-T-Snakes, such affinity operator can be
defined through fuzzy segmentation methods [31–33], image transforms [34, 35],
region statistics [27], etc. For example, we can turn on the Vp term wherever the
affinity function is 0 by using Suri’s proposal [27], given by

Fp = 1− 2u (x, y) , (45)

where u is the fuzzy membership function that has values within the range [0, 1].
The Fadv vector field can be implemented through an extra force field. In

this work, we propose Gradient Vector Flow (GVF) to define this term. GVF is
a vector diffusion method that was introduced in [36] and can be defined through
the following diffusion reaction equation [37]:

∂v
∂t

= ∇ · (g∇v) + h (∇f − v) , (46)

v (x, 0) = ∇f,

where f is a function of the image gradient (e.g., P = −‖∇I‖2), and g (x) , h (x)
are nonnegative functions defined on the image domain. The field obtained by
solving the above equation is a smooth version of the original one that tends to be
extended very far from the object boundaries. When used as an external force for
deformable models, it makes the methods less sensitive to initialization [36] and
improves their convergence to the object boundaries. However, it is limited in the
presence of noise and artifacts. Despite this problem, the result can be worthwhile
near the boundaries of interest. We can therefore use the usual external field until
the evolution stops. The application of GVF as an extra velocity can then push
the fronts toward the boundaries. In this work, we simply set Fadv = v, with v
given by the GVF solution (Eq. (46)). In [38] we found another possibility for
combining GVF and level set models.

We can also implement the driving velocity based on global shape information.
In this case, there are training data that offer the prior shape information [39].
First, we must find the shape and pose parameters, represented by vectors α and β,
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respectively. Such parameters can be found by employing Principal Component
Analysis (PCA). To accomplish this task, Leventon [39] took n curves and, for
each, defined an embedding function φi, i = 1, .., n. Then, following the standard
PCA procedure (see [40], p. 163), we compute the mean shape and the mean offset
maps, given respectively by

µ =
1
n

n∑
i=1

φi, (47)

φ̂i = φi − µ, i = 1, .., n. (48)

The mean shape gives the pose parameters, that is, β = µ. Next, we write each
matrix φ̂i in the form of a column vector of dimension N , and form a matrix M
of dimension N × n, as well as the covariance matrix given by

R =
1
n
MMT . (49)

We then apply singular-value decomposition (SVD) to represent the covariance
matrix R as

R = U
∑

UT ,

where U is a matrix whose column vectors represent the set of orthogonal modes
of shape variation arranged according to the decreasing order of its eigenvalues,
and

∑
is a diagonal matrix of corresponding singular values. LetUk be the matrix

composed by the k first columns of U (the k principal components). Thus, given
a field u, we can compute the shape parameters α by [39]

α =UT
k (u− µ) . (50)

Using the Gaussian distribution, the prior shape model can be computed as

P (α) =
1√

(2π) |∑k|
exp

(
1
2
αT Σ−1

k α

)
, (51)

where
∑

kcontains the first k rows and columns of Σ.
This expression is used in [39] to compute the optimizedG∗, which is defined

as
G∗ (t) = arg maxP (G∗|G (t) ,∇I) , (52)

where G is the embedding function at time t and ∇I is the image gradient. With
G∗ we can define Vshape as

Vshape = G∗ (t)−G (t) . (53)
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7. SEGMENTATION FRAMEWORK

As long as the two fronts reach an equilibrium state, we can assure that the
boundary of the object we are trying to identify is located inside the two half narrow
bands associated with the inside and outside fronts. Therefore, the Dual-Level-Set
method can be combined with a search-based technique (a dynamic program or
greedy technique), resulting in a boundary extraction procedure composed by four
steps [15, 16, 41]: (a) the user initializes the inner/outer fronts; (b) computation
of the affinity operator and affinity function; (c) application of the Dual-Level-Set
algorithm; and (d) finding the final boundaries using a search-based approach.

The same methodology was applied for the Dual-T-Snakes method [17]. As
the boundary is enclosed by fronts obtained at the end of the Dual-Level-Set
method (see Figure 7), the Viterbi algorithm [13, 18] may be suitable. In this
algorithm the search space is constructed by discretizing each curve intoN points
and establishing a match between them. Each pair of points is then connected by a
segment that is subdivided intoM points. This process provides a discrete search
space with NM points (Figure 7).

Figure 7. Search space obtained through a matching between inner and outer snakes.

The target boundary is then determined by minimizing the following energy
functional [18]:

Esnake =
N−1∑
i=0

Ei; (54)

Ei = αEint (vi−1, vi, vi+1) + βEext (vi) + λEline (vi) , (55)
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with Eint, Eext, and Eline defined as follows:

Eint (vi−1, vi, vi+1) =
(
vi+1 − 2vi + vi−1

‖vi+1 − vi−1‖
)2

, (56)

Eext (vi) = −‖∇I (vi)‖2 ; Eline (vi) = ±I (vi) , (57)

where α, β and λ are parameters to be chosen in advance. The term Eline will
attract the solution to light (signal−) or dark lines (signal +). The term Eext will
attract the solution to points with a high gradient, and Eint is a smoothing term.
The corresponding recurrence relation is the classical one [12]:

Si (vi+1, vi) = min
vi−1
{Si−1 (vi, vi−1) + Ei−1} . (58)

where Si (vi+1, vi) is the energy of the optimum path connecting vi to v0.
If the two fronts are too close to each other, there is another search-based

method that can be efficient and less expensive then the Viterby algorithm. We
first compute a curve located in between the two fronts. This curve could be defined
as the skeleton of the Euclidian distance field, induced by the positive narrow band
of the inside front and the negative narrow band of the outside front. The skeleton
is defined as the set of points where the gradient of the distance field is null — in
other words, the points located at the same distance from the external and internal
fronts.

In order to avoid the cost of building the distance field, we use a simpler
process that can generate an approximation of some points on the skeleton curve.
We establish a matching between the two fronts, as in Figure 7, but take only the
midpoint of each segment.

The obtained curve can be used to initialize a snake model based on a greedy
algorithm that works as follows. For each snaxel vi we take a 3× 3 neighborhood
V , and for each pixel p ∈ V we compute

E (p) = αEint (vi−1, p, vi+1) + βEext (p) + λEline (p) , (59)

We then solve the following problem:

po = arg min {E (p) ; p ∈ V } . (60)

IfE (po) < E (vi), then vi ← p. The algorithm can then be summarized as shown
below.

The snake position is updated following this procedure for all snaxels. A
termination condition is achieved when snaxels no longer move (equilibrium po-
sition). Greedy algorithms have been used in the context of snake models in order
to improve computational efficiency [41, 42]. The proposed algorithm is simple to
implement and efficient in extracting the desired boundary when the dual model
stops.
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Algorithm 2 Greedy Snake Procedure

for all snaxel vi do
take a 3× 3 neighborhood V
po = arg min {E (p) ; p ∈ V ;
if E (po) < E (vi) then
vi ← po.

end if
end for

8. DUAL-LEVEL-SET RESULTS

In this section we present results, obtained through the Dual-Level-Set method,
for 2D images. At initialization, the user sets the initial fronts. The setting of pa-
rameters is through experimentation. The whole Dual-Level-Set algorithm can be
summarized as follows: (1) Initialization through step functions. (2) Evolution
until fronts stop. (3) Evaluation of similarity. If frozen, stop. (4) Add Vdrive for
some time steps. (5) After that, turn off Vdrive. Go to step 2.

The embedding function is initialized by a step function following the dis-
cussion of Section 6.2. When the dual method stops, we apply the greed-based
approach to obtain the final result (Section 7). In the following presentation, we
call each update of the embedding function G an interaction step, according to
expression (37). The termination condition used is based on the number of non-
frozen points inside the narrow bands. If this number is low (30 in the following
tests) and it does not change for some interactions, we consider that the zero level
set remains unchanged and stop the evolution. The parameter δ in expression (40)
was set to 1.0 in all tests.

In addition, active contour models are in general applied after some kind
of image processing methods for noise reduction and edge detection [11]. We
demonstrate below that bandpass and low-pass filtering can be useful in the pro-
posed segmentation framework.

8.1. Synthetic Images

In the following example, the input image is depicted in Figure 8a, which
shows an ellipse embedded in Gaussian noise. Figure 8b shows the initial fronts.
The Dual-Level-Set parameters are α = 0.1, ε = 0.5, β = 0.5, T = 60, and
∆t = 0.05.

Figure 9a shows an instant when the two fronts stop moving according to the
above condition. We then apply the affinity operator based on the threshold that
characterizes the background (T = 60). Therefore, if p is a non-frozen grid point,
inside a narrow band, which satisfies I (p) < 60, then we simply set β = 0 for a
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(a) (b)

Figure 8. (a) Original image. (b) Initial fronts.

while (10 iterations in this case). Therefore, fronts obtain velocity and Figure 9b
shows their new positions 10 iterations later. The same happens in Figures 9c–d.
This example emphasizes an ability to avoid local minima with the Dual-Level-Set
method. The total number of interaction steps was 1618 in this example, and the
image resolution is 256× 256 pixels.

The result using the Dual-Level-Set method is shown in Figure 9d. We can
see that the method achieved the desired target, which means that it was able to
obtain two contours close to the object boundary that bound the search space. An
important aspect to be considered is that the width of the search space remains
almost the same over its extension. It is interesting because it makes computation
of the search space with the Viterbi algorithm much easier. However, the greedy
model can be also efficient because we are very close to the target. This will be our
choice, which is presented next. Figure 10 shows the final result depicted by the
red curve. We can observe that the boundary extraction framework achieves the
desired goal. Initialization of the greedy snake model was performed following
the presentation in Section 7.

8.2. Blood Cell

The following example is useful to understand how filtering methods fits well
with our Dual-Level-Set technique. Figure 11a shows a blood cell with a resolution
of 300 × 300 pixels, obtained using an electronic microscope. When a passband
filter is applied, we get an edge map that resembles a ribbon whose thickness
depends on the kernel size of the used filter. That is an ideal situation for applying
the segmentation framework of Section 7 because the Dual-Level-Set can extract
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(a) (b)

(c) (d)

Figure 9. (a) Fronts stop moving at interaction 453 due to the low-velocity criterion. (b)
Front position in interaction 463 when the stopping term is turned on. (c) Configuration at
interaction 1347. (d) Final front positions.

the ribbon, and, a search based model, like the Viterby or the greedy one, can
then be applied to yield the final result. In Figure 11b we depict the bandpass
version of the original image as well as the initial fronts for the dual method. In
this case, we apply the affinity operator based on the threshold that characterizes
the boundaries (T = 150): if p is a non-frozen grid point inside a narrow band that
satisfies I (p) > 150, then we set β = 0.0 for a while (10 iterations in this case).

In this case we observed also that the fronts stop moving, far from each other
in some places, but the dual approach was able to go outside the local minimum
and extract the ribbon. Figure 12 shows another example using just a low-pass
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Figure 10. Final result obtained with the greedy snake model. See attached CD for color
version.

(a) (b)

(c) (d)

Figure 11. (a) Image and initial fronts. (b) Bandpass-filtered image and initial fronts. (c)
Fronts stop moving at interaction 534 due to the low-velocity criterion. (d) Dual-Level-Set
result obtained after 641 interaction steps. See attached CD for color version.
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filter to smooth the same image. In this case, we observed an increase in the
number of interactions if compared with the previous case. This happens because
the bandpass filter can remove some textures inside the cell, but the Gaussian one
is not able to do so. The Dual-Level-Set parameters areα = 0.1, ε = 2.0, β = 0.1,
T = 150, ∆t = 0.05.

(a) (b)

(c) (d)

Figure 12. (a) Position of the fronts at interaction 200. (b) Interaction 400. (c) Fronts in
interaction 600. (d) Dual-Level-Set result obtained after 926 interaction steps. Reprinted
with permission from Giraldi GA, Strauss E, Oliveira AF. 2003. Dual-T-snakes model for
medical imaging segmentation. Pattern Recognit Lett 24(7):993–1003. Copyright c©2003,
Elsevier.
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Figure 13a shows initialization for the greedy model, and Figure 13b depicts
the final result.

(a) (b)

Figure 13. (a) Initialization of the greedy snake model. (b) Final result. Adapted with
permission from Giraldi GA, Strauss E, OliveiraAF. 2003. Dual-T-snakes model for medical
imaging segmentation. Pattern Recognit Lett 24(7):993–1003. Copyright c©2003, Elsevier.

8.3. Electron Micrography Image

In this example we show the robustness of the Dual-Level-Set method against
artifacts and noise. Let us consider Figure 14a, which depicts the image of a
cell nucleolus whose resolution is 300 × 300. We can see that the interested
boundary have points with high curvature. Figure 14b shows initialization of the
Dual-Level-Set. Its parameters are α = 0.10, ε = 2.0, β = 0.03, T = 80, and
∆t = 0.05.

This example is interesting in that it shows how the topological abilities of
the level set method can be useful to pass over artifacts in the image. To perform
this task, we use the center of the inner front as a reference point. When a front
undergoes a topological change, we take the obtained fronts and just discard the
one(s) that does not contains the reference point. The entropy condition guarantees
that this procedure is consistent. From Figures 15-a,b we can observe the fact
that topological changes usually happen due to artifacts and that the front(s) that
enclose the artifacts do not contain the reference point, and so we can discard them.
Certainly, we should be careful if we have more then one object of interest. Such
situations will be considered in further works.
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(a) (b)

Figure 14. (a) Original image with a cell nucleolus. (b) Initial fronts. Adapted with
permission from Giraldi GA, Strauss E, OliveiraAF. 2003. Dual-T-snakes model for medical
imaging segmentation. Pattern Recognit Lett 24(7):993–1003. Copyright c©2003, Elsevier.

(a) (b)

Figure 15. (a) Outer and inner fronts just before the time point at which they undergo topo-
logical changes. (b) Fronts right after the topological changes. Adapted with permission
from Giraldi GA, Strauss E, Oliveira AF. 2003. Dual-T-snakes model for medical imaging
segmentation. Pattern Recognit Lett 24(7):993–1003. Copyright c©2003, Elsevier.

Figure 16 shows three evolution steps of the model as well as the dual result,
shown in Figure 16d. In Figure 16b the fronts stop evolving. The driving velocity
is then applied. However, different from the previous examples, we adopt the
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(a) (b)

(c) (d)

Figure 16. (a) Position of the fronts after 500 interactions. (b) Fronts stop moving due
to artifacts. (c) Result after turning on the driving velocity for 20 interactions. (d) Dual-
Level-Set result. Adapted with permission from Giraldi GA, Strauss E, Oliveira AF. 2003.
Dual-T-snakes model for medical imaging segmentation. Pattern Recognit Lett 24(7):993–
1003. Copyright c©2003, Elsevier.

following methodology. We first take a radial vector field, depicted in Figure 17,
whose center is the one of the inner front of Figure 14b. We use this field to define
the driving velocity given by

Vdrive = |∇P · −→n | , (61)
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Figure 17. Radial field used to define driving velocity.

The key idea behind this field is to explore user initialization to define a vector
field that can be used for perturbation of the fronts when they stop far from the
target. The main point that we want to highlight is that, even with an ad-hoc
procedure, the Dual-Level-Set method can go outside a local minimum and obtain
the target. Figure 16c shows the result obtained when the driving velocity is turned
on, given by expression 61 during 20 interactions. We observe that the fronts are
less smooth now, but they are closer to undergoing a topological change and then
passing over the artifact as we desire. Certainly, a more efficient driving force
could be used to avoid loss of smoothness.

Figure 18a shows initialization for the greedy model, and Figure 18b depicts
the extracted boundary. We can see that the method was able to get the details of
the cell boundary.

9. DISCUSSION

It is important to compare our approach to the coupled constrained one pre-
sented in [27]. These methods have been used in applications where a volume
has three tissue types, say T1, T2, and T3, and where tissue T2 is embedded in
between tissues T1 and T3. Such an example is seen in the human brain where the
GM (gray matter) is embedded between the WM (white matter) and the CSF. The
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(a) (b)

Figure 18. (a) Original image with a cell nucleolus. (b) Initial fronts. Adapted with
permission from Giraldi GA, Strauss E, OliveiraAF. 2003. Dual-T-snakes model for medical
imaging segmentation. Pattern Recognit Lett 24(7):993–1003. Copyright c©2003, Elsevier.

key point is that there is a coupling, a thickness constraint, between the WM-GM
and GM-CSF volumes. In fact, the cortical mantle has nearly constant thickness
[43, 44]. Zeng proposed a level set method that begins with two embedded sur-
faces in the form of concentric sphere sets. The inner and outer surfaces were then
evolved, driven by their own image-derived information, while maintaining the
coupling in between through a thickness constraint. The model evolution is based
on the following system:

∂Gin

∂t
+ Fin |∇Gin| = 0, (62)

∂Gout

∂t
+ Fout |∇Gout| = 0, (63)

where Gin and Gout are the embedding functions of the inner and outer surfaces,
respectively. In this model, coupling between the two surfaces is obtained through
the speed terms Fin, Fout, based on the distance between the two surfaces and the
propagation forces. We must observe that there are two embedding functions, while
in the Dual-Level-Set method there is only one. In addition, we can implement
coupled constrained approaches, based on the dual method, by incorporating the
constant thickness constraint in the termination condition.

The Dual-Level-Set method is also a topologically adaptable approach, just
like its counterpart, the Dual-T-Snakes model, discussed in Section 4. Therefore,
we must provide some comparison between these methods. The characteristic
function plays a similar role to that of the embedding function in the sense that
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it provides the framework for topological changes. However, an update of the
former is based on exhaustive tests [9, 24], while the latter is just a consequence of
the model evolution based on Eq. (34). As a practical consequence, we observed
that it is easier to implement the Dual-Level-Set method than Dual-T-Snakes.

Both methods are suitable for a shared memory implementation if we observe
that in the implicit formulation we must distribute the narrow band evolution
while in the parametric case we should focus on the distribution of T-Snakes
processing. Multi-grid techniques can also be implemented with both methods
through Adaptive Mesh Refinement schemes [25].

Automatic initialization of the dual approaches in general, and for Dual-Level-
Set in particular, may be a drawback of the technique because we need to set the
inner and outer fronts at the beginning. This may be a tedious procedure if per-
formed by a user, especially when the target is closer to other structures in the
image. Anatomical information sometimes can be used in order to automatically
perform initialization [14]. However, in general, the development of a semiauto-
matic system that combines techniques to assist in this task would be very useful
to extend the range of applications for dual approaches.

10. CONCLUSIONS AND FUTURE WORKS

In this chapter we presented an implicit formulation for dual active contour
models based on the level set approach. The so-called Dual-Level-Set method was
explained and its mathematical background developed. Following previous works
using another dual approach, we proposed a segmentation framework that uses the
dual method to reduce the search space, and then, some suitable technique was
applied to extract the boundary. The experimental results show the efficiency of
such a framework in the context of cell image segmentation.

A further direction for this work will be to extend the proposed model for 3D
images as well as to explore its topological abilities for segmentation of multiple
objects. For the latter, we will explore the methodology developed in [17], but
now using the implicit version of the dual approach.

We must also offer a quantitative comparison between Dual-Level-Set and
Dual-T-Snakes. The precision and computational cost are parameters that we
should consider at this point. The theoretical elements presented in Appendix 1
should be explored in order to chart the future direction of level set theory. The
application of GPU techniques [45] is yet another point to be considered in coming
works in order to improve the performance of the Dual-Level-Set method.
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THEORETICAL PERSPECTIVES

In this section we present some theoretical elements not covered in the tra-
ditional level set literature. Our goal is to point out problems inherent in the
numerical analysis and a possible direction to be explored for level set theory.
Therefore, we start with numerical considerations, in the context of weak solu-
tions, for a simplified version of our problem. Then, two mathematical tools —
the generalized solutions and relaxation models for front propagation problems —
are discussed within the context of interest.

Expression (35) is a second-order partial differential equation (in space) that
depends on the parameter ε. If we add boundary conditions, we obtain a parabolic
problem that must be analyzed with some care because complex behaviors, from
the numerical viewpoint, may happen. Such an analysis is derived from the stan-
dard level set literature [25, 27] because such difficulties seem to be reduced when
using the narrow band approach.

A simple example of the static problem, F (x,G,Gx, Gxx) = 0, is useful
for understanding the kind of complex behaviors that may occur. We shall thus
consider the following singular diffusion problem in one dimension, defined in the
unit interval

σ2G− ε2Gxx = 0, (64)

G (0) = 0, (65)

G (1) = 1. (66)

The exact solution to this problem can be written as

G (x) =
exp

(−σ
ε x
)− exp

(
σ
ε x
)

exp
(−σ

ε

)− exp
(

σ
ε

) , (67)

which is well behaved for ε > 0. However, numerically, things are not so sim-
ple. Finite-difference schemes are particular cases of weak solutions, which can
be simply stated as follows. Let us consider the space H1 (0, 1), composed by
functions that have a square-integrable first derivative, and the following spaces
(see [46] and references therein):

H =
{
G ∈ H1 (0, 1) ; G (0) = 0, G (1) = 1

}
, (68)

H1
0 =

{
G ∈ H1 (0, 1) ; G (0) = G (1) = 0

}
. (69)

12. APPENDIX
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The weak formulation of problem (64)–(66) is: find G ∈ H such that:

∫ 1

0
σ2GV dx+

∫ 1

0
ε2GxVxdx = 0, ∀V ∈ H1

0 . (70)

It can be shown that solution of Eqs. (70) and (64), with conditions (65)–(66),
are the same. However, formulation (70) allows development of approximation
schemes, well known in the field of finite-element methods [47]. Thus, let us
consider a partition of the unit interval 0 = x0 < x1 < ... < xnel , where nel is the
total number of elements Ωe = (xe−1, xe), e = 1, ..., nel. We have also a mesh
parameter, h = max (Ωe), e = 1, ..., nel. Then consider the set of all polynomials
of degree not greater than k and denote its restriction to Ωe by Pk (Ωe). Let

Sk
h (0, 1) = {Gh| Ge = Pk (Ωe) , e = 1, ..., nel} ∩H, (71)

V k
h (0, 1) = {Gh| Ge = Pk (Ωe) , e = 1, ..., nel} ∩H1

0 , (72)

where Ge is the restriction of Gh to element Ωe. The standard Galerkin method
then consists of finding Gh ∈ Sk

h (0, 1) such that

∫ 1

0
σ2GhVhdx+

∫ 1

0
ε2Gh,xVh,xdx = 0, ∀Vh ∈ V k

h (0, 1) . (73)

A critical parameter in this formulation is

α =
σ2h2

6ε2
. (74)

To see this, consider a uniform mesh, and let GI denote the nodal value of the
approximate solution at an arbitrary interior node I . Employing piecewise linear
shape functions, i.e., k = 1, then the Ith equation derived from expression (73) is

(1− α)GI−1 − 2 (1 + 2α)GI + (1− α)GI+1 = 0. (75)

The general difference solution for this expression is of the form

GI = crI . (76)

Substituting (76) into (75) implies the following second-order equation in r,
namely

(1− α) r2 − 2 (1 + 2α) r + (1− α) = 0, (77)

with roots
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r1 =
1 + 2α+

√
(1 + 2α)2 − (1− α)2

(1− α)
, (78)

r2 =
1
r1
. (79)

We can note that both roots are positive if α < 1 and both are negative for α > 1.
Therefore, by (76) the difference solution will oscillate from one node to the next,
which demonstrates a spurious behavior of the approximate solution as compared
to the smooth exact solution in expression (67).

The main point is to check the effect of parameterα for the level set in general,
and for Dual-Level-Set in particular, even with the narrow-band approach. In
addition, if we take embedding function G as the image field itself, as in [5], we
obtain an approach that combines color anisotropic diffusion and shock filtering,
leading to a possible image flow for segmentation/simplification (see also [48]).
In this case, the narrow-band technique is not useful, and so it is not safe to apply
the method without the above discussion.

Another possibility to be investigated would be to work with generalized
solutions of the level set problem. First, we must observe that level set Eq. (34)
has the following general form:

Gt + F
(
x,G,DxG,D

2
xG
)

= 0, (80)

where DxG, D2
xG represent the gradient and Hessian of G, respectively. For the

dual model we must have

F
(
x,G,DxG,D

2
xG
) ≤ 0. (81)

Let us suppose that F has the property

F (x, r, p,X) ≤ F (x, s, p, Y ) , if r ≤ s, Y ≤ X. (82)

Let us also suppose that G is a solution of F = 0. If we take a function ϕ ∈ C2

such thatG−ϕ has a local maximum at a point x̂, then we must haveDxG (x̂) =
Dxϕ (x̂) and D2

xG (x̂) ≤ D2
xϕ (x̂). Therefore, property (82) implies

F
(
x̂, G (x̂) , Dxϕ (x̂) , D2

xϕ (x̂)
) ≤ F (x̂, G (x̂) , DxG (x̂) , D2

xG (x̂)
) ≤ 0.

(83)
It follows that G (x) ≤ G (x̂) − ϕ (x̂) + ϕ (x), and, from the Taylor series, we
know that

G (x) ≤ G (x̂) + p · (x− x̂) +
1
2
X · (x− x̂)2 +O

(
(x− x̂)2

)
, (84)

for x → x̂, where p = Dxϕ (x̂) and X = D2
xϕ (x̂). Moreover, if (84) holds for

some (p,X) and G is a twice-differentiable function at x̂, then p = DxG (x̂) and
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D2
xG (x̂) ≤ X . Thus, if condition (82) holds, we haveF (x̂, G (x̂) , p,X) ≤ F (x̂ ,

G (x̂), DxG (x̂), D2
xG (x̂)

) ≤ 0; and, therefore,

F (x̂, G (x̂) , p,X) ≤ 0, (85)

whenever (84) holds. We must observe that this expression does not depend on
the derivatives of G. Thus, it points toward a definition of generalized solutions
for Eq. (81). In fact, roughly, we can say thatG is a viscosity solution of Eq. (80)
if, for all smooth test functions ϕ

1) If G− ϕ has a local maximum at a point (x, t), then:

ϕt + F
(
x,G,Dxϕ,D

2
xϕ
) ≤ 0,

2) If G− ϕ has a local minimum at a point (x, t), then

ϕt + F
(
x,G,Dxϕ,D

2
xϕ
) ≥ 0.

Although this theory is outside the scope of this paper, we must emphasize that
viscosity solutions theory is intimately connected with numerical analysis. It
provides mathematical tools to perform convergence analysis as well as indicates
how to build discretization methods or schemes for classical and more general
boundary conditions (see [49] and the references therein).

Another interesting point is the application of relaxation models for front
propagation problems. For instance, let us consider a Cauchy problem for the
following simplified version of the Hamilton-Jacobi equation in �n:

Gt +H (∇G) = 0, (86)

G (x, 0) = G0 (x) . (87)

We can associate with this problem a system of conservation laws obtained by
differentiating expression (86):

pt +∇H (p) = 0, (88)

p (x, 0) = p0 (x) = ∇G0 (x) , (89)

where
p (x, t) =∇G (x, t) . (90)

We are now going to present the relaxation approximation for this problem
described in [50]:

pt +∇w = 0, (91)

wt + a∇ · p = −1
ε

(w −H (p)) , (92)

Gt + w = 0, (93)
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where w is an auxiliary function and ε > 0 is the relaxation time. Also, the
constant a must satisfy the stability condition:

a > |∇pH (p)|2 . (94)

By Chapman-Enskog expansion it can be shown that, if the O
(
ε2
)

terms are
ignored, expressions (91)–(93) yield

Gt +H (∇G) =ε
(
a∆G−∇pH (p)T ∇p [∇pH (p)]

)
. (95)

How do we interpret such a result in the context of front propagation? To
answer this question we shall consider a front S (t) propagating with normal ve-
locity F = −1. The Hamilton-Jacobi equation will then be given by expression
(86), and, therefore, the relaxation scheme presented yields

Gt + |∇G|=εTr
(
I −

[
∇G⊗∇G
|∇G|2

]
∆G

)
, (96)

where we choose a = 1. This equation is the level set formulation of the propa-
gation of a front S (t) with normal velocity

F = −1− εk, (97)

where k is the mean curvature given by the formula

k = ∇ · n = − 1
|∇G|Tr

(
I −

[
∇G⊗∇G
|∇G|2

]
∆G

)
. (98)

In [50] analytical comparisons are presented between models (96) and (31) as
well as numerical schemes to solve system (91)–(93). Compared to the second-
order, singular and degenerate level set Eq. (96), relaxation system (91)–(93) is a
first-order semilinear hyperbolic system without singularity. Moreover, it retains
the advantages of the level set equation, such as the ability to handle complicated
geometries and changes in topology, and it allows one to capture the curvature
dependency automatically without directly solving the singular curvature term
numerically. Once it is semilinear we can numerically solve it in a strikingly
simple way by avoiding the Riemann solvers.
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ACCURATE TRACKING OF MONOTONICALLY
ADVANCING FRONTS

M. Sabry Hassouna and A.A. Farag
Computer Vision and Image Processing Laboratory
University of Louisville, Louisville, Kentucky

A wide range of computer vision applications — such as distance field computation, shape
from shading, shape representation, skeletonization, and optimal path planning — require
an accurate solution of a particular Hamilton-Jacobi (HJ) equation, known as the eikonal
equation. Although the fast marching method (FMM) is the most stable and consistent
method among existing techniques for solving such an equation, it suffers from a large
numerical error along diagonal directions, and its computational complexity is not optimal.
In this chapter, we propose an improved version of the FMM that is both highly accurate
and computationally efficient for Cartesian domains. The new method is called the multi-
stencils fast marching (MSFM) method, which computes a solution at each grid point by
solving the eikonal equation along several stencils and then picks the solution that satisfies
the fast marching causality relationship. The stencils are centered at each grid point x and
cover its entire nearest neighbors. In a 2D space, two stencils cover the eight neighbors of
x, while in a 3D space six stencils cover its 26 neighbors. For those stencils that do not
coincide with the natural coordinate system, the eikonal equation is derived using directional
derivatives and then solved using a higher-order finite-difference scheme.

1. INTRODUCTION

The eikonal equation is a first-order nonlinear partial differential equation
(PDE) whose solution tracks the motion of a monotonically advancing front,
which is found to be very useful in a wide range of computer vision and graphics

Address all correspondence to: Dr. Aly A. Farag, Professor of Electrical and Computer Engineering,
University of Louisville, CVIP Lab, Room 412, Lutz Hall, 2301 South 3rd Street, Louisville, KY
40208, USA. Phone: (502) 852-7510, Fax: (502) 852-1580. aafara01@louisville.edu.
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applications, such as computing distance fields from one or more source points,
shape from shading, shape offsetting, optimal path planning, and skeletonization.

Several methods have been proposed to solve the eikonal equation [1–6]. The
most stable and consistent method among those techniques is the fast marching
method (FMM), which is applicable to both Cartesian [5, 7] and triangulated sur-
faces [8, 9]. The FMM combines entropy satisfying upwind schemes and a fast
sorting technique to find the solution in a one-pass algorithm. Unfortunately, the
FMM still has two limitations: (1) At each grid point x, the method employs a
4-point stencil to exploit only the information of the adjacent four neighbors to
x, thus ignoring the information provided by diagonal points. As a consequence,
the FMM suffers from a large numerical error along diagonal directions. (2) The
computational complexity of the method is high because it stores the solutions in
a narrow band that is implemented using a sorted heap data structure. The com-
plexity of maintaining the heap is O(logn), where n is the total number of grid
points. Therefore, the total complexity of the method is O(n log n).

Few methods have been proposed to improve the FMM so as to be either
computationally efficient [10, 11] or more accurate [7, 12]. In [7], The Higher
Accuracy Fast Marching Method was introduced to improve the accuracy of the
FMM by approximating the gradient by a second-order finite-difference scheme
whenever the arrival times of the neighbor points are available and to revert to
first-order approximation in other cases.

Danielsson and Lin [12] improved the accuracy of the FMM by introducing the
shifted Grid Fast Marching method, a modified version of the FMM. The main idea
of this algorithm is to sample the cost function at half-grid positions; therefore, the
cost is dependent on the marching direction. The update strategy for computing the
arrival time at a neighbor point of a known point under the new scheme is derived
from optimal control theory in a similar fashion to Tsitsiklis [13]. Therefore,
the solution cannot make use of any higher-order finite-difference scheme. They
proposed two solution models. The first uses 4-connected neighbors and gives the
same result as the FMM, while the second employs 8-connected neighbors and
gives better results than the FMM. In both models, the idea is the same, where
the neighborhood around x is divided into either 4 quadrants or 8 octants. The
known points of each quadrant/octant computes the arrival time at x, which is then
assigned the minimum value over all quadrant/octants.

The Group Marching Method (GMM) [10] is a modified version of the FMM
that advances a group of grid points simultaneously rather than sorting the solution
in a narrow band. The GMM reduces the computational complexity of the FMM
to O(n), while maintaining the same accuracy. The method works as follows: a
group of points G are extracted from the narrow band such that their travel times
do not alter each other during the update procedure. The neighbor points ofG join
the narrow band after computing their travel times, while the G points are tagged
as known.
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In [11], another method was proposed to improve the computational efficiency
of the FMM by reducing its complexity to O(n). This method implements the
narrow band by a special data structure called an untidy priority queue, whose
maintenance (insert/delete) operations cost O(1), as opposed to a sorted heap,
whose cost isO(logn). The queue is implemented using a dynamic circular array.
Each computed arrival time value is quantized and used as an index to the dynamic
array. Each entry (bucket) of the circular array contains a list of points with similar
T values. The quantization is used only to place the grid point in the queue, while
the actual T value is used to solve the eikonal equation when the grid point is
selected. Therefore, errors can only occur due to wrong selection order. The
authors have shown that the error introduced due to a wrong selection order is of
the same order of magnitude as with the FMM.

In this chapter, we propose a highly accurate method for tracking a monoton-
ically advancing front. The new method is called the multi-stencils fast marching
(MSFM) method, which builds over the FMM and computes the solution at a point
x by solving the eikonal equation along several stencils and then pick the solution
that satisfies the fast marching causality relationship. The stencils are centered at
x and cover all its neighbors. Along each stencil, the eikonal equation is derived
using directional derivatives and then solved using a higher-order finite-difference
scheme.

2. THE FAST MARCHING METHOD

Consider a closed interface Γ (e.g., boundary) that separates one region from
another. Γ can be a curve in 2D or a surface in 3D. Assume that Γ moves in its
normal direction with a known speed F (x) that is either increasing or decreasing.
The equation of motion of that front is given by

‖∇T (x)‖F (x) = 1 (1)

T (Γ0) = 0,

where T (x) is the arrival time of Γ as it crosses each point x. If the speed depends
only on the position x, then the equation reduces to a nonlinear first-order partial
differential equation, which is known in geometrical optics as the eikonal equation.
The FMM [5] solves that equation in one pass algorithm as follows. For clarity,
let’s consider the 2D version of the FMM. The numerical approximation of ‖∇T‖
that selects the physically correct vanishing viscosity weak solution is given by
Godunov [14] as

max(D−x
ij T,−D+x

ij T, 0)2 + max(D−y
ij T,−D+y

ij T, 0)2 =
1
F 2

ij

. (2)

If the gradient∇T is approximated by the first-order finite-difference scheme, Eq.
(2) can be rewritten as
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max
(
Ti,j −min(Ti−1,j , Ti+1,j)

∆x1
, 0
)2

+ (3)

max
(
Ti,j −min(Ti,j−1, Ti,j+1)

∆x2
, 0
)2

=
1
F 2

ij

,

where, ∆x1 and ∆x2 are the grid spacing in the x and y directions, respectively.
Let T1 = min(Ti−1,j , Ti+1,j), and T2 = min(Ti,j−1, Ti,j+1); then

max
(
Ti,j − T1

∆x1
, 0
)2

+ max
(
Ti,j − T2

∆x2
, 0
)2

=
1
F 2

ij

. (4)

If Ti,j > max(T1, T2), then Eq. (4) reduces to a second-order equation of the
form

2∑
k=1

(
Ti,j − Tk

∆xk

)2

=
1
F 2

ij

; (5)

otherwise,

Ti,j = min(Tk +
∆xk

Fij
) k = 1, 2. (6)

The idea behind the FMM is to introduce an order in the selection of grid points
during computing their arrival times, in a way similar to the Dijkstra shortest path
algorithm [15]. This order is based on a causality criterion, where the arrival time
T at any point depends only on the adjacent neighbors that have smaller values.
During the evolution of the front, each grid point x is assigned one of three possible
tags: (1) known, if T (x) will not be changed latter; (2) narrowband, if T (x) may
be changed later, and finally, (3) far, if T (x) is not yet computed. The FMM
algorithm can be summarized as follows. Initially, all boundary points are tagged
as known. Then, their nearest neighbors are tagged as narrowband after computing
their arrival time by solving Eq. (4). Among all narrow-band points,

1. Extract the point with minimum T and tag it as known.

2. Find its nearest neighbors (far, or narrowband).

3. Update their arrival times by solving Eq. (4).

4. Go back to first step.

As a result of the update procedure, either a far point is tagged as a narrowband, or
a narrowband point gets assigned a new arrival time that is less than its previous
value.
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Figure 1. (a) The coordinate system is rotated by an angle θ to intersect the grid at lattice
points. j

attached CD for color version.

3. METHODS

All related methods except that of [12] ignore the information provided by
diagonal points and hence suffer from a large error along diagonal directions. One
can make use of diagonal information by either: (1) using only one stencil that
always coincides with the natural coordinate system and then rotate the coordinate
system several times such that the stencil intersects the grid at diagonal points, as
shown in Figure 1a, or (2) use several stencils at x that cover the entire diagonal
information and then approximate the gradient using directional derivatives. In
both cases, the eikonal equation is solved along each stencil; then the solution at
x that satisfies the causality relationship is selected. Although both methods give
the same results, the first method is limited to isotropic grid-spacing, and so the
second method is more general.

3.1. 2D Multi-Stencils Fast Marching Method

Consider the stencil Sj that intersects the two-dimensional Cartesian domain
at lattice points p1, p2, q1, and q2, as shown in Figure 1b. Let −→r 1 = [r11 r12]T

and −→r 2 = [r21 r22]T be the unit vectors along p2p1 and q2q1, respectively, and

is centered at x and intersects the grid at lattice points. See(b) The stencil S
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Dr1 and Dr2 be the directional derivatives along −→r 1 and −→r 2, respectively:

Dr1 = ∇T (xi) · −→r 1 = r11Tx + r12Ty, (7)

Dr2 = ∇T (xi) · −→r 2 = r21Tx + r22Ty, (8)

which can be rewritten as(
Dr1

Dr2

)
=
(
r11 r12
r21 r22

)(
Tx

Ty

)
. (9)

Thus,

Dr = R ∇T (xi), (10)

∇T (xi) = R−1Dr, (11)

(∇T (xi))
T =

(
R−1Dr

)T
= Dr

T R−T . (12)

Since
‖∇T (xi)‖2 = (∇T (xi))

T ∇T (xi), (13)

then,

‖∇T (xi)‖2 = DT
r R−T R−1 Dr (14)

= DT
r

(
RRT

)−1
Dr. (15)

RRT =
( ‖−→r 1‖2 −→r 1 · −→r 2−→r 2 · −→r 1 ‖−→r 2‖2

)
=
(

1 cos(φ)
cos(φ) 1

)
, (16)

where φ is the angle between the directional vectors. By substituting Eq. (16) into
Eq. (14), the gradient of the arrival time along an arbitrary stencil is given by

‖∇T‖2 = D2
r1
− 2Dr1Dr2 cos(φ) +D2

r2
=

sin2(φ)
F 2(xi)

. (17)

The first-order approximation of the directional derivative, Drj
, that obeys the

viscosity solution given the arrival time of a known neighbor point xj is

Drj
= max

(
T (xi)− T (xj)
‖xi − xj‖ , 0

)
, j = 1, 2. (18)

Also, the second-order approximation of the directional derivative,Drj
, that obeys

the viscosity solution given the arrival times of the known neighbor points xj and
xj−1, where xj−1 ≤ xj [7] is

Drj = max
(

3 T (xi)− 4 T (xj) + T (xj−1)
2 ‖xi − xj‖ , 0

)

= max
(

3
2 ‖xi − xj‖ [T (xi)− T (vj)] , 0

)
, (19)
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version.

where

T (vj) =
4 T (xj)− T (xj−1)

3
. (20)

In 2D, we use two stencils S1 and S2. The nearest neighbors are covered by S1,
while S2 covers the diagonal ones. To simplify discussion, let’s assume isotropic
grid spacing with ∆x = ∆y = h, then φ = 90◦. Let

T1 = min (T (p1), T (p2)) , (21)

T2 = min (T (q1), T (q2)) .

The S1 stencil is aligned with the natural coordinate system as shown in Figure
2a, while the S2 stencil is aligned with the diagonal neighbor points as shown in
Figure 2b. Since φ = 90◦, then (R RT )−1 = I , and hence,

Dr
T I Dr = D2

r1
+D2

r2
=

1
F 2(xi)

. (22)

For both stencils, if

T (xi) > max (T1, T2) , (23)

or

T (xi) > max (T (v1), T (v2)) , (24)

Figure 2. The proposed stencils for a 2D Cartesian domain. See attached CD for color
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Table 1. Coefficients of the quadratic equation for
both S1 and S2 using different order approx-

imations of the directional derivatives

Stencil 1st-order 2nd-order

τj = Tj τj = T (vj)

S1 g(h) = 1/h2 g(h) = 9/4h2

S2 g(h) = 1/2h2 g(h) = 9/8h2

then, Eq. (22) is generalized to

2∑
j=1

g(h)(T (xi)− τj)2 = g(h)


 2∑

j=1

ajT
2(xi) + bjT (xi) + cj


 =

1
F 2(xi)

,

(25)

where aj = 1, bj = −2τj , and cj = τ2
j . The values of g(h) and τj are given in

Table 1. They depend on the stencil shape and the order of approximations of the
directional derivatives.

3.1.1. Upwind Condition

The solution of the quadratic equation must satisfy the FMM causality rela-
tionship, which states that T (xi) > max(τ1, τ2); and then

T (xi)− τj =
−b+

√
b2 − 4ac

2a
− τj > 0, j = 1, 2. (26)

After some algebra, it is easy to show that the following conditions must be satis-
fied:

aτ2
j + bτj + c < 0, j = 1, 2. (27)

The first- and second-order directional derivatives can be put in the form

Drj
= kjT (xi)− nj , j = 1, 2. (28)

The values of kj and nj depend on the order of approximation and the stencil’s
shape. Substituting Eq. (28) into (17), we get the coefficient values of Eq. (27):

a = k2
1 − 2k1k2 cos(φ) + k2

2, (29)

b = −2k1n1 + 2(k1n2 + k2n1) cos(φ)− 2k2n2,

c = n2
1 − 2n1n2 cos(φ) + n2

2 − sin2(φ)F−2(xi).
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Table 2. Coefficients of the upwind condition for
both S1 and S2 using different-order approx-

imations of the directional derivatives

Stencil 1st-order 2nd-order

τj = Tj τj = T (vj)

S1 f(∆x,∆y) = min (∆x,∆y) f(∆x,∆y) = 2 min (∆x,∆y)

S2 f(∆x,∆y) =
√

∆2x+ ∆2y f(∆x,∆y) = 2
√

∆2x+ ∆2y

Substituting Eq. (29) into (27), we get the following upwind condition:

|τ1 − τ2| < f(∆x,∆y) sin(φ)
F (xi)

. (30)

The values of f(∆x,∆y) and τj for different stencils are given in Table 2.

3.2. 3D Multi-Stencils Fast Marching Method

The Multi-Stencils Fast Marching Method can be extended easily to the three-
dimensional Cartesian domain. Consider the stencil Sj that intersects the grid
at lattice points l1, l2, p1, p2, q1, and q2. Let −→r 1 = [r11 r12 r13]T , −→r 2 =
[r21 r22 r23]T , and −→r 3 = [r31 r32 r33]T be the unit vectors along l2l1, p2p1, and
q2q1, respectively, α the angle between −→r 1 and −→r 2, β the angle between −→r 2
and −→r 3, and γ the angle between −→r 1 and −→r 3, and finally, Dr1 , Dr2 , and Dr3

the directional derivatives along −→r 1, −→r 2, and −→r 3, respectively. In 3D we use
six stencils Sj , where j ∈ [1, 6]. The nearest neighbor points are covered by S1,
while the rest of stencils cover the diagonal ones as shown in Figure 3. According
to the chosen stencils, −→r 1⊥−→r 2 and −→r 1⊥−→r 3; then α = γ = 90◦; therefore,

RRT =


 1 0 0

0 1 cos(β)
0 cos(β) 1


 . (31)

Again, to simplify discussion, let’s assume isotropic grid spacing with ∆x =
∆y = ∆z = h. Let

T1 = min (T (l1), T (l2)) , (32)

T2 = min (T (p1), T (p2)) ,
T3 = min (T (q1), T (q2)) .
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Figure 3. The proposed stencils for a 3D Cartesian domain. See attached CD for color
version.

Then by substituting β = 90 in Eq. (22), we get (R RT )−1 = I , and,

Dr
T I Dr = D2

r1
+D2

r2
+D2

r3
=

1
F 2(xi)

. (33)

For all stencils, if
T (xi) > max (T1, T2, T3) , (34)

or
T (xi) > max (T (v1), T (v2), T (v3)) , (35)

Eq. (33) reduces to a second-order equation of the form

3∑
j=1

gj(h)
(
ajT

2(xi) + bjT (xi) + cj
)

=
1

F 2(xi)
, (36)
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where aj = 1, bj = −2τj , and cj = τ2
j . The values of g(h) and τj are given in

Table 3. Again, they depend on the stencil shape and the order of approximations
of the directional derivatives.

Table 3.The value of gj(h) according to stencil
shape and order of approximation

Stencil 1st-order 2nd-order
τj = Tj τj = T (vj)

g1(h) g2(h) g3(h) g1(h) g2(h) g3(h)

S1 1/h2 1/h2 1/h2 9/4h2 9/4h2 9/4h2

S2 1/h2 1/2h2 1/2h2 9/4h2 9/8h2 9/8h2

S3 1/h2 1/2h2 1/2h2 9/4h2 9/8h2 9/8h2

S4 1/h2 1/2h2 1/2h2 9/4h2 9/8h2 9/8h2

S5 1/2h2 1/3h2 1/3h2 9/8h2 9/12h2 9/12h2

S6 1/2h2 1/3h2 1/3h2 9/8h2 9/12h2 9/12h2

3.2.1. Upwind Condition

Although deriving the upwind condition for 3D domains is straightforward,
it is very complicated, and its evaluation at every grid point is time consuming. A
better way is to make sure that the computed T (xi) is higher than the values of
the three adjacent neighbors (T1, T2, and T3) that participated in the solution. If
the check is true, we accept the solution; otherwise, we check if T (xi) is greater
than the two remaining values of the adjacent points. If the check is true, we
solve the eikonal equation based on their values and return the maximum solution;
otherwise, we accept the following solution:

min
(
Tj +

‖xi − xj‖
F (xi)

)
, j = 1, 2, 3. (37)

4. NUMERICAL EXPERIMENTS

4.1. Two-Dimensional Space

In this section, we conduct two experiments to study the accuracy of the pro-
posed first-order multi-stencils fast marching (MSFM1) and second-order multi-
stencils fast marching (MSFM2) methods against the first-order fast marching
method (FMM1), the second-order fast marching method (FMM2), and the shifted
grid fast marching (SGFM) method. The exact analytical solution of the eikonal
equation given a particular speed model is assumed to be the gold standard. Since
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the analytical solution is hard to find at least for complex speed models, we instead
start from a continuous and differentiable function Ti(x) as given by

T1(x) =
√

(x− x0)2 + (y − y0)2 − 1, (38)

T2(x) =
(x− x0)2

100
+

(y − y0)2
20

,

T3(x) =
x2

10
exp(

y

20
) +

y2

50
,

T4(x) = 1− cos(
x− x0

20
) cos(

y − y0
20

),

T5(x) =
√

(x− x0)2 + (y − y0)2 + (z − z0)2 − 1,

T6(x) =
(x− x0)2

100
+

(y − y0)2
20

+
(z − z0)2

20
.

The corresponding speed functions are derived as the reciprocal of ‖∇T (x)‖. The
approximated arrival time, T́ (x), by each method is computed and then compared
with T (x) using different error metrics. The iso-contours of the analytical solution
of the arrival times for 2D domains are shown in Figure 4. The first speed function
is given byF1(x), which corresponds to a moving front from a source point (x0, y0)
with a unit speed. In this case, the computed arrival time corresponds to a distance
field, which is of interest in many computer vision and graphics applications such as
shape representation, shape-based segmentation, skeletonization, and registration.
The test is performed three times from one or more source points; one source point
at the middle of the grid (high curvature solution), one source point at the corner
of the grid (smooth solution), and two source points within the grid (solution with
shock points). To measure the error between the computed arrival time, T́ (x), and
the analytical solution, Tanalytic(x), we employ the following error metrics:

L1 = average(|T́ − Tanalytic|), (39)

L2 = average(|T́ − Tanalytic|2), (40)

L∞ = max(|T́ − Tanalytic|). (41)

The numerical errors are listed in Tables 4 and 5.
In Figure 5, we show the iso-contours of the error curves when solving for the

arrival time for a wave propagating with F = 1.0 from one and two source points,
when applying FMM2 and MSFM2. Notice that the errors are small along the
horizontal and vertical directions and increase rapidly in the regions around 45◦

when using FMM2, as shown in Figure 5a,c. However, when using the proposed
method, the errors are small along all the directions that are covered by all stencils,
as shown in Figure 5(b,d). In Figure 6, we zoom on the the iso-contours of the
exact solution (solid), FMM2 (dashed dot), and MSFM2 (dashed) for two differ-
ent waves. The first wave propagates from the middle of the grid (51,51), while the
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Figure 4. Iso-contours of the analytical solution of T (x) for T1 (a–c) at different source
points. (d) T2, (e) T3, and (f) T4.
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Table 4. L1, L2, and L∞ errors of the computed arrival
time T́1(x) under unit speed from different source

points for a grid of size 101× 101

Time T (x) T1 =
√

(x − x0)2 + (y − y0)2 − 1

Source Point(s) (51,51) (1,1)

Method/Error L1 L2 L∞ L1 L2 L∞

FMM1 0.746104 0.697090 1.314846 0.859562 0.951622 1.541677

MSFM1 0.291622 0.112154 0.577841 0.350694 0.167881 0.719245

FMM2 0.352778 0.148263 0.580275 0.346720 0.148236 0.586300

MSFM2 0.069275 0.007711 0.215501 0.058817 0.004436 0.212368

The source points are located at (51,51) and (1,1).

Table 5. L1, L2, and L∞ errors of the computed arrival time
T́1(x) under unit speed for a grid of size 101× 101

Time T (x) T1 =
√

(x − x0)2 + (y − y0)2 − 1

Source Point(s) (51,35) and (51,67)

Method/Error L1 L2 L∞

FMM1 0.617013 0.496484 1.200993

MSFM1 0.274036 0.098130 0.577841

FMM2 0.300247 0.110171 0.536088

MSFM2 0.074058 0.009852 0.420539

Two source points are located at (51,35) and (51,67).

Table 6. L1, L2, and L∞ errors of the computed arrival
times T́2(x) and T́3(x) under complex speed

functions for a grid of size 101× 101

Time T (x) T2 = (x−x0)2

100 + (y−y0)2

20 T3 = x2

10 exp( y
20 ) + y2

50

Source Point(s) (51,51) (51,51)

Method/Error L1 L2 L∞ L1 L2 L∞

FMM1 1.514851 2.847438 3.000000 6.442591 120.800251 63.109117

MSFM1 1.514851 2.847438 3.000000 6.297684 120.221017 63.109040

FMM2 0.114048 0.013165 0.120108 0.388426 0.243170 1.758151

MSFM2 0.047245 0.002503 0.104651 0.160555 0.052614 1.356844
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(a) (b)

(c) (d)

(e) (f)

Figure 5. Iso-contours of the error curves when applying (a,c,e) FMM2 and (b,d,f) the
proposed method (MSFM2). See attached CD for color version.
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(a)

(b)

Figure 6. Iso-contours of the exact solution (solid), FMM2 (dashed dot), and MSFM2
(dashed) for a wave propagating from (a) one source point and (b) two source points. See
attached CD for color version.
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second one propagates from two different source points (51,35) and (51,67). It
is obvious that in both cases MSFM2 is more accurate than FMM2. Also, the
computed iso-contours by the proposed method nearly coincide with the exact
analytical solution.

In Table 6, we list the numerical errors by two complex speed models (F2 and
F3) that are functions of the spatial coordinates.

In [12], the authors have tested their method using different test functions (F1
and F4) on a grid of size 56× 56 points with ∆x = ∆y = 1. In this experiment,
we compare the proposed methods (MSFM1 and MSFM2) against their approach
under the same experimental conditions. The numerical errors are listed in Table 7.

4.2. Three-Dimensional Space

In this experiment, we compare the proposed methods (MSFM1 and MSFM2)
against FMM1 and FMM2 under different speed functions (F5 and F6). The size
of the test grid is 41× 41× 41 points with ∆x = ∆y = ∆z = 1. No 3D results
have been reported in [12]. The first speed function is given by F5(x), which
corresponds to a moving front from a source point (x0, y0, z0) with a unit speed.
Again, we performed the test twice from different source points to test the quality
of high curvature and smooth solutions.

5. DISCUSSION

The numerical error results of Tables 4–9 show that the proposed methods
(MSFM1 and MSFM2) give the most accurate results among all related tech-
niques, especially when using the second-order approximation of the directional
derivatives. Since MSFM1 is more accurate than the original FMM1, the former
method is used to initialize the points near the boundary when using second-order
derivatives.

The worst case complexity of the proposed method is still O(n log n); how-
ever, the computational time is higher. The computational complexity can be re-
duced toO(n) by implementing the narrow band as an untidy priority queue [11].

In 2D space, the computational time is nearly the same as the FMM. However,
in 3D space, the computational time is approximately 2–3 times higher than the
FMM. In 3D, each voxel x has 6 voxels that share a face (F-connected), 12 voxels
that share an edge (E-connected), and 8 voxels that share a vertex (V-connected).
According to the proposed stencils,S1 covers the F-connected,Sj , where j ∈ [1, 4]
cover both F-connected and E-connected, and Sj , where j ∈ [1, 6] cover the entire
26-connected neighbors. To strike a balance between high accuracy and minimal
computational time, our numerical experiments have shown that we can restrict
the proposed method to 18 neighbors without apparent loss in accuracy.
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Table 7. L1, L2, and L∞ errors of the computed arrival times
T́1(x) and T́4(x) by the proposed methods and SGFM under

different speed functions for a grid of size 56× 56

Time T (x) T1 =
√

(x − x0)2 + (y − y0)2 − 1 T4 = 1 − cos( x−x0
20 ) cos( y−y0

20 )

Source Points(s) (23,23) (23,23)

Method/Error L1 L2 L∞ L1 L2 L∞

SGFM n/a 0.0276 0.2754 n/a 0.0504 0.5245

MSFM1 0.235839 0.073034 0.468195 0.023620 0.000599 0.032788

MSFM2 0.063551 0.006169 0.205003 0.000737 0.000001 0.002494

Table 8. L1, L2, and L∞ errors of the computed arrival time T́5(x)
by the proposed methods and the FMMs under different

speed functions for a grid of size 41× 41× 41

Time T (x) T5 =
√

(x − x0)2 + (y − y0)2 + (z − z0)2 − 1

Source Point(s) (21,21,21) (1,1,1)

Method/Error L1 L2 L∞ L1 L2 L∞

FMM1 1.101981 1.338472 1.815051 1.141622 1.470947 1.891439

MSFM1 0.560443 0.360977 0.953934 0.621374 0.451035 1.141499

FMM2 0.517593 0.282983 0.724932 0.491958 0.259712 0.779457

MSFM2 0.275705 0.0079831 0.386620 0.170222 0.0037633 0.388761

Table 9. L1, L2, and L∞ errors of the computed arrival time T́6(x)
by the proposed methods and the FMMs under different

speed functions for a grid of size 41× 41× 41

Time T (x) T6 = (x−x0)2

100 + (y−y0)2

20 + (z−z0)2

20

Source Point(s) (1,1,21)

Method/Error L1 L2 L∞

FMM1 1.656341 3.191547 3.390000

MSFM1 1.656341 3.191547 3.390000

FMM2 0.157317 0.025071 0.165000

MSFM2 0.023103 0.000990 0.118464
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6. CONCLUSION

In this chapter, we have introduced the multi-stencils fast marching method
as an improved version of the original FMM for solving the eikonal equation for
both 2D and 3D Cartesian domains. The idea of the method is to solve the eikonal
equation at each grid point x along several stencils that cover its neighbors, and then
picks the solution that satisfies the FMM causality relationship. Unlike the FMM
and its variants, the proposed method is highly accurate, while its computation
complexity can be reduced toO(n) by implementing the narrow band as an untidy
priority queue [11].

7. APPENDIX

7.1. Implementation Details

In this appendix, we present the pseudocode of the proposed multi-stencils
fast marching (MSFM) method as shown in Algorithm 1. For clarity, we have
presented

Algorithm 1 The Proposed MSFM Algorithm

VoxelArray = IdentifyBoundaryVoxels()
for i = 1 : size(VoxelArray) do

GetNeighborDistances(VoxelArray[i])
end for
while NarrowBand.IsNotEmpty() do

Voxel v = NarrowBand.Pop()
GetNeighborDistances(v)

end while

the pseudocode for two-dimensional image space. For 3-dimensional space, the
algorithm will be modified at several parts to take into account the extra stencils.

In general, the FMM involves two NarrowBand operations: searching the
NarrowBand for the grid voxel v of minimum arrival time T , and finding the grid
neighbors of v. It has been suggested in [5] to implement the NarrowBand using
a minimum-heap data structure, which is a binary tree with the property that the
value at any given node is less than or equal to the values at its children. Therefore,
the root of the tree always contains the smallest element of the NarrowBand.
Also, whenever a new point is inserted into the heap, the data structure takes care
of resorting the tree to maintain the root as the smallest element, which can be
retrieved in time O(1). We have implemented the minimum-heap data structure
using the Multimap data structure that is part of the standard template library
(STL) [16].



 

254 M. SABRY HASSOUNA and ALY A. FARAG

(a)

Figure 7. The used data structure to achieve efficient implementing the MSFM method.

In Figure 7, we show the used data structure to achieve efficient implementa-
tion of the MSFM method. Each voxel of the object is represented by an object
oriented Voxel class. The class contains several attributes of the voxel such as its
coordinates, arrival time, state, flags, and others. All the voxels of the object are
stored in a dynamic array. Each entry of the minimum-heap structure has two
values. The first value is the minimum arrival time T , while the second value is
the id of the corresponding voxel in the dynamic array. The id helps in accessing
the associated voxel data, and hence fast localization of its neighbors. Each voxel
has a pointer pHeap that points to a heap location. If a voxel is contained in the
minimum heap, then pHeap is set to the address of that location; otherwise, it is
set to null.
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Algorithm 2 GetNeighborDistances(Voxel v)

Neighbors[8][2] = {{-1,0}, {1,0}, {0,-1}, {0,1}, {-1,-1}, {1,1}, {-1,1}, {1,-1}}
v.state = KNOWN
t = ∞
for i = 1 : 8 do

x = v.x + Neighbors[i][1]
y = v.y + Neighbors[i][2]
Voxel vn = GetVoxel(x,y)
if ((vn.state == NARROWBAND) ∨ (vn.state == FAR)) then

t = min(t, SolveEikonal(vn, S1))
t = min(t, SolveEikonal(vn, S2))
if (t == ∞) then

continue
end if
if (vn.state == FAR) then

vn.state = NARROWBAND
NarrowBand.Insert(t, vn.id)

else
NarrowBand.Update(t, vn.id)

end if
end if

end for
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Algorithm 3 SolveEikonal(Voxel v, Stencil S, SPEED F )

S1 Neighbors[4][2] = {{-1,0}, {1,0}, {0,-1}, {0,1}}
S2 Neighbors[4][2] = {{-1,-1}, {1,1}, {-1,1},{1,-1}}
a = 0, b = 0, c = 0
for j = 1 : 2 do

T1 = T2 =∞
for i = 1 : 2 do

if (S == S1) then
x = v.x + S1 Neighbors[i + 2j][1]
y = v.y + S1 Neighbors[i + 2j][2]

else
x = v.x + S2 Neighbors[i + 2j][1]
y = v.y + S2 Neighbors[i + 2j][2]

end if
Voxel vn1 = GetVoxel(x,y)
if (vn1.state == KNOWN) then

if (vn1.T < T1) then
T1 = vn1.T
if (S == S1) then

x = v.x + 2×S1 Neighbors[i + 2j][1]
y = v.y + 2×S1 Neighbors[i + 2j][2]

else
x = v.x + 2×S2 Neighbors[i + 2j][1]
y = v.y + 2×S2 Neighbors[i + 2j][2]

end if
Voxel vn2 = GetVoxel(x,y)
if ((vn2.state == KNOWN)∧ (vn2.T ≤T1)∧ (NumScheme == SecondOrder))
then

T2 = vn2.T
else

T2 =∞
end if

end if
end if

end for
GetCoefficients(S, T1, T2, a, b, c)

end for
return SolveQuadratic(v, T1, T2)
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Algorithm 4 GetCoefficients(Stencil S, T1, T2, a, b, c)

if (T2 �=∞) then
Tv = (4T1 − T2) / 3
if (S == S1) then

ratio = 9 / (4×h2)
else

ratio = 9 / (8×h2)
end if
a = a + ratio
b = b - 2× ratio × Tv

c = c + ratio×T 2
v

else
if (S == S1) then

ratio = 1 / h2

else
ratio = 1 /(2×h2)

end if
a = a + ratio
b = b - 2× ratio × T1
c = c + ratio×T 2

1
end if

Algorithm 5 SolveQuadratic(v, T1, T2)

F = ComputeSpeed(v)
c = c -

(
1/F 2

)
if ((a == 0) ∧ (b==0)) then

return∞
end if
disc = b2-4×a×c
if (disc < 0) then

return∞
else
t1 = (-b + sqrt(disc))/(2×a)
t2 = (-b - sqrt(disc))/(2×a)
return max(t1, t2)

end if
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TOWARD CONSISTENTLY BEHAVING
DEFORMABLE MODELS FOR IMPROVED

AUTOMATION IN IMAGE SEGMENTATION

Rongxin Li and Sébastien Ourselin
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New South Wales 2122, Australia

Deformable models are a powerful approach to medical image segmentation. However,
currently the behavior of a deformable model is highly dependent on its initialization and
parameter settings. This is an obstacle to robust automatic or near-automatic segmentation.
A generic approach to reducing this dependency is introduced in the present chapter based
on topographic distance transforms from manually or automatically placed markers. This
approach utilizes object and background differentiation through watershed theories. The
implementation is based on efficient numerical methods such as the Fast Marching method
and non-iterative reconstruction-by-erosion. Further extension into a multi-region coupled
segmentation approach is discussed. Validation experiments are presented to demonstrate
the capabilities of this approach. A preliminary application in pediatric dosimetry research
is described. It is believed that the more consistent behavior will enable a higher degree
of automation for segmentation employing deformable models and is particularly suited
for applications that involve segmentation-based construction of organ models from image
databases, especially in situations where the markers can be placed automatically based on
a priori knowledge.

1. INTRODUCTION

Deformable models are a powerful approach to image analysis and are used
particularly widely to segment pathological and normal anatomical structures from

Address all correspondence to: Rongxin Li, ICT Centre, Building E6B, Macquarie University Campus,
North Ryde, NSW 2113, Australia. Phone: (612) 9325 3127, Fax: (612) 9325 3200. Ron.Li@csiro.au.
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medical images. They include parametric deformable models (PDMs) [1, 2],
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geometric deformable models (GDMs) [3, 4], and statistical point distribution
models (e.g., [5, 6]). PDMs are characterized by their parameterized representa-
tion of contours or surfaces in a Lagrangian framework. In comparison, GDMs are
based on the theory of front evolution and represented implicitly as level sets em-
bedded in higher-dimensional functions. Numerical computation of the evolution
of the GDM is carried out with the Eulerian approach, that is, no parameterization
of the model on a fixed Cartesian grid is performed.

Deformable models derived from the framework of functional minimization
have become widely used. The functional to be minimized is often referred to as the
“energy,” which varies with the model’s geometry and either regional consistency,
image gradients, or both. Although some models such as the generic GDM were
developed independently of energy minimization, those derived from an energy
minimization framework have been the most fruitful in image segmentation. Since
it is generally not possible to perform global optimization for energy functionals
(except in restricted circumstances such as when the functional is inherently one
dimensional [7]), a local minimum is usually the only achievable outcome with
these energy-based models. That is, in order to make such optimization com-
putationally tractable, algorithms applicable to multivariate energy minimization
find the nearest local minimum in a functional space composed of all permissible
hypersurfaces. This local minimum depends on the initial position of the model
in the space of all permissible models. This is called initialization dependency.

Furthermore, the energy minimum and the model geometry that corresponds
to that minimum are dependent on the parameters. This is referred to as parameter
dependency. For example, in the case of GDMs, the strength of the unidirectional
propagation force and the number of iterations can play a vital role in the final
outcome. Too few iterations or a too-weak propagation force can give rise to a
partially segmented object, while too many iterations combined with a compar-
atively strong propagation term may result in so-called “leakage” (i.e., invasion
of the zero level set into the background) through the relatively weak boundary
gradients of the object, particularly if these weak parts are also close to the initial
zero level set. This is the underlying reason that it is often necessary to monitor
the progress of segmentation using a GDM. A similar problem exists with a PDM
that incorporates an inflation or deflation force (also called a balloon force).

The initialization and parameter dependencies are an obstacle to robust au-
tomatic or near-automatic segmentation as image-specific, individualized initial-
ization and parameter tuning are necessary to achieve the desired segmentation.
This sensitivity to initialization, although varying in degree for different types of
models, has in general been a significant limitation under many circumstances.

We take segmentation-based anatomical-model construction as an example.
Anatomical models derived from medical images or image databases are needed
for some medical research (e.g., [8]). For instance, our own current research is on
accurate estimation of the amount of radiation energy deposited in various tissues
within the body of a pediatric patient during a radiological procedure. Accurate



 

TOWARD CONSISTENTLY BEHAVING DEFORMABLE MODELS 261

age-specific models of children for radiation dosimetry purposes are not presently
available. It is hoped that this work will lead to a scientific basis for determining
an optimal dose for children. Due to the generally large size of the databases, a
high degree of automation is often needed in this process. The requirement for
image-specific initialization and parameter tuning would prevent such automation
from being achieved. In fact, for a gradient rich image it is usually non-trivial
to find a set of parameters that sufficiently constrain the model yet are able to
avoid over-segmentation. Further, segmentation failure can also result from poor
initialization. This can occur, for example, when the initial implicit model lies on
both sides of the object boundary.

Despite the limitations, however, the deformable models approach remains
a powerful one for image segmentation. In this chapter, we present a generic
marker-based approach aimed at reducing limitations in order to achieve a higher
degree of automation for deformable model-based segmentation, especially in
scenarios where the markers can be automatically placed, using a morphological
or a knowledge-based method. This approach is presented after a brief review of
the literature in Section 2, and can be summarized as follows.

The approach described here consists of the following steps given two auto-
matically or manually placed markers. First, a gradient magnitude image is ob-
tained after the original image is smoothed. This image is then modified through
a Swamping Transform before geodesic topographic distances (GTDs) from the
markers are computed. The background theory and computational considerations
in this step is presented in Section 3. The second step is partitioning of the im-
age based on the GTD transforms via thresholding and computation of distance
gradient vectors. This is given in Section 5. Finally, the distance gradient vectors
along with the partitioning information is used within parametric and geometric
deformable models, as described in Section 6.

After the approach is described, the results of its validation experiments are
discussed in Sections 7 and 8. An application to the determination of tissue char-
acteristics in early childhood is presented in Section 9. Finally, some discussions
and conclusions are presented.

2. BACKGROUND

Image segmentation using deformable models derived from an energy mini-
mization framework is achieved via a process of model optimization. If the energy
functional is inherently one dimensional, global optimality can be achieved via dis-
crete decision or graph search-based techniques. A classic example is the widely
used dynamic programming algorithm for parametric models first proposed by
Amini et al. [7]. Global minimization of higher-dimensional energy functionals,
however, is generally not possible. Moreover, even when the global minimum
is achievable, the corresponding model is still dependent on the parameters of
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the model, albeit to a lesser extent [7]. What is attainable, in general, is a local
minimum of the energy functional via a variational framework. As the energy
functional is usually non-convex, the local minimum achieved is likely to be dif-
ferent from the global minimum. This is the cause of parameter and initialization
dependency.

First-generation deformable models [1] were particularly sensitive to initial-
ization due to a nearby local energy minimum that corresponds to a totally collapsed
version of the model. Early attempts to improve this include a balloon model [9],
which applies either a constant or a gradient-adaptive force in the direction of the
contour or surface normal. Based on similar principles, a curvature-independent
propagation term,

g(|∇Z(x)|)|∇u|,
has been incorporated in the geodesic active contour (GAC) level set models1,
where Z(x) is the image intensity, g is a monotonically decreasing function such
that g : R+ → (0, 1], as r → ∞, and u is the level set function. The GAC
essentially requires that the deformable model be completely inside or outside the
structure of interest in order to ensure success [10], as is the case with the balloon
model. Furthermore, as observed by numerous researchers (e.g., [11]), leakage
through weak object boundaries may happen due to factors such as initialization
and inappropriate weighting and stopping parameters.

Another widely employed approach is to modify the external force in de-
formable models. The gradient vector flow (GVF) method [13, 12, 10] is perhaps
the most prominent example, which uses spatial diffusion of the gradient of an
edge-strength map derived from the original image to supply an external force.
A GVF is a vector field v(x, y) = [u(x, y), v(x, y)] that minimizes the energy
functional

E =
∫∫

µ(u2
x + u2

y + v2
x + v2

y) + |∇f |2|v−∇f |2dxdy,

where f is an edge map of the original image and µ is a blending parameter. This
technique enables gradient forces to be extended from the boundary of the object
and has an improved ability in dealing with concavities over using forces based
on distances from edges [9, 12]. A major drawback of this approach, however, is
that it does not discriminate between target and irrelevant edges. Such irrelevant
gradients are abundant in a typical medical image. Consequently, the “effective
range” of the object gradients for attracting the deformable model is only extended
to the nearest non-object gradients. If the model is initialized beyond this range,
an undesirable outcome attributable to the non-object gradients is likely to result.

A third approach is hybrid segmentation, where independent analysis such as
thresholding, seeded region growing, a watershed transform, or a Markov Ran-
dom Field or Gibbs Prior model, is employed to provide an initial segmentation,
followed by a refinement stage using a deformable model (e.g., [14–16]). In this
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approach, the deformable model may only be a secondary procedure used merely
to refine the primary segmentation in the hope to gain more robustness to noise
or other degradation. The individual components in this hybrid approach may be
repeated to form an iterative process [15].

Through simultaneous statistical modeling of background regions, a region
competition approach originated from Zhu and Yuille [17] offers a mechanism
for PDMs to overcome the leakage problem, which was briefly described in Sec-
tion 1 above. This mechanism, however, is not always suitable. The difficulties
in the statistical modeling and in controlling the number of resultant regions are
two issues in many situations. On the other hand, some subsequent efforts have
successfully extended the mechanism for use with other frameworks such as the
GDM. In [11], the authors employ posterior probability maps of the tumor and the
background derived from fitting Gaussian and Gamma distributions to the differ-
ence image obtained from a pair of pre- and post-contrast T1-weighted images.
The difference between those probabilities is used to modulate the propagation of
the GDM, so that the zero level set is more likely to expand within the area of the
tumor and contract in the background. The main disadvantages with this method
are twofold. One is that the probability maps need to be derived using ad-hoc
methods, making the application to other problems non-trivial. The other is that
the usefulness of the resultant speed term is critically dependent on the accuracy
of the probability estimation.

Various ad-hoc techniques have also been used in different deformable mod-
els. For example, problem-dependent search methods have been used in a pre-
processing stage [18]. A robust generic approach to relaxing initialization and
parameter dependencies, however, has not yet been available.

Despite its limitations, the deformable models approach provides a power-
ful means to use a priori knowledge for image segmentation. Therefore, many
other approaches have attempted to incorporate some mechanisms of deformable
models. For example, it has been found that the smoothness-imposing property of
PDMs can be used to improve segmentation results using a watershed transform
[19], although the watershed framework can be restrictive as to the kind of con-
straints or knowledge that can be used and the manner that it is used. As another
example, in the classic algorithm proposed by Tek and Kimia [20], regions start to
grow under image forces from a number of seeds, and boundaries emerge as the
growth and merging of regions are inhibited by the presence of edges.

The approach to be presented in this chapter is within the framework of de-
formable models. Its purpose is to reduce sensitivity to initialization and to para-
meters, in order to achieve more robust automatic segmentation.

We start by examining a geometric image partitioning algorithm, namely,
Skeleton by Influence Zones (SKIZ, alternatively known as a generalized Voronoi
diagram).
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3. SKELETON BY INFLUENCE ZONES BASED ON TOPOGRAPHIC
DISTANCE

Given k sets of connected voxels in a domain D

{Si ⊂ D : i ∈ I}

as the partition seeds (commonly referred to as markers in the terminology of
Mathematical Morphology), where I = {1, 2, . . ., k}, and a measure δ(x, Si) that
defines the distance in D between x ∈ D and Si, a SKIZ is defined as [21, 22]

D \ ∪
i
Zi,

where Zi is the influence zone of Si, defined as

Zi = {x ∈ D : ∀j ∈ I\{i}[δ(x,Si) < δ(x,Sj)]}.

A relationship exists between the SKIZ partitioning and the watershed trans-
form if the GTD in a gradient image is used as the basis in defining δ(x,Si)
[22, 21, 19]. Suppose that a gradient magnitude image f , obtained after smoothing
the original image Z(x) via anisotropic diffusion or using an infinite impulsional
response (IIR) filter that approximates a convolution with the derivative of the
Gaussian kernel, is a C2 real function.

The GTD d(x,Si) between x ∈ D and Si is defined as

d(x,Si) = inf
y∈Si

d′(x, y), (1)

where

d′(x, y) = inf
γ∈{Γ(x,y)}

∫
γ

|∇f(s)|ds, (2)

where Γ(x, y) is the set of all paths from x to y. Suppose that

{Si : i ∈ I}

are equal to the set of all the local minima of f . A SKIZ partition with respect to
the distance definition ∀i ∈ I ,

δ(x,Si) = f(sc
i ) + d(x,Si),

where sc
i ∈ Si, is equivalent to the classical watershed transform of f [21, 22]

using {Si : i ∈ I}.
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This has been used in the metric-based definition of the watershed transform
[22, 23], and is the basis of partial differential equation (PDE) models of the
watershed [19, 24], which have been exploited to incorporate smoothness into
watershed segmentation. As the watershed theory has established that a watershed
coincides with the greatest gradient magnitude on a GTD-based geodesic path
between two markers, so does the corresponding part of the SKIZ [19, 22].

It is critical to note that in 2D or 3D, spatially isolated disjoint gradients cannot
be on a GTD-based geodesic path; therefore, the gradients need to have spatially
consistently large magnitudes in order to be part of the SKIZ.

It follows from the above that in order to take advantage of the significant
edges corresponding to the classical definition of watersheds, the markers from
which the GTDs are calculated to derive the SKIZ must be at local minima in the
image and there must not be other minima. Homotopy modification via a swamping
transform [22, 25, 26] is usually necessary to achieve this. This transform produces
an "uphill" landscape such that when moving away from a marker the gray levels
either rise up or keep constant until the SKIZ is reached (i.e., the border of the
marker’s influence zone). Thus, local minima that are marked will be kept but
those that do not contain markers will be filled.

Defining

f1(x) =

{
−1, x ∈ ∪

i
Si

f(x), otherwise
,

and

b(x) =

{
−1, x ∈ ∪

i
Si

Mb otherwise
,

where the constant Mb = sup{f(x) : x ∈ D}, the swamping transform, which
results in a new image f2(x), is accomplished by a reconstruction-by-erosion of
f1(x) from b(x) [27]:

f2(x) = Rf1(x)[b(x)].

Traditionally the swamping transform is accomplished by the iterative geodesic
erosion (until stability) of b with f1 as the reference [28, 29], or

ε∞
f1(x)[b(x)].

This can be computed in the following way [27, 30]:

bk = ε(bk−1) ∨ f1, (3)

where ε represents an erosion (of size 1), k = 1, 2, 3, ...., k →∞, and

b0 = b ∨ f1.
Thus implemented, the iterations will finally lead to

f2(x) = b∞.
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4. COMPUTING THE GTD TRANSFORM AND SWAMPING TRANSFORM

computationally costly components. It is therefore critical to investigate efficient,
yet accurate, algorithms for those transforms.

4.1. Wave Front Propagation and GTD transform

As the GTD d(x,Si) is a path integral of the gradient magnitude in the relief
image, it is equivalent to the spatial distance weighted by the elevation rate per
spatial unit.

On the other hand, examination of Eq. (2) reveals that d(x,Si) can be viewed
as the infimal integral of time spent on a path between x and Si at a speed that is
the inverse of |∇f(x)| (or its modified version |∇f2(x)|). This minimum time is
the time taken for a propagating wavefront traveling at that speed to arrive at Si

from x [27, 31].
It has long been established that, provided that the direction of the propagation

does not change, the arrival time, T (x,Si), of a wavefront starting from Si is
governed by the following eikonal equation:

|∇T (x, Si)| = 1
q(x) , x /∈ Si,

T (x, Si) = 0, x ∈ Si,
(4)

where q(x) is the speed (assumed to be time-invariant) of the propagation. In order
to have d(x,Si) = T (x,Si), q(x) should be defined as

q(x) =
1

|∇f2(x)| . (5)

Based on the Hyperbolic Conservation Laws, Sethian et al. developed effi-
cient, entropy-satisfying numerical methods to solve the eikonal PDE when the
speed q(x) > 0 for all x ∈ D [32–34], known as the Fast Marching Method
(FMM). This has since become a standard numerical algorithm for efficiently
tracking a propagating front by progressively solving for the field of arrival times,
or the propagation map.

Compared with alternative algorithms [22, 23, 35], the advantages of FMMs
include that they result in isotropic distance propagation [31], and lead to an
accuracy that is not limited by discretization of the image [33, 34]. In fact, an
FMM can yield a solution that is close to the ideal [31]. A high level of efficiency,
with a computational time ofO(N logN) when using a binary heap data structure
and only performing calculation within a narrow band is an additional advantage.

An issue related to the GTD transform is that it is possible that not all of
an object’s boundary corresponds to the strongest gradients on a geodesic path

The computation of the GTD tranform and the swamping transform are key
elements to the proposed approach. Unfortunately, they can also be the most
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between the target marker and the background marker. For a higher-dimensional
space such as 3D, there exists a stronger possibility that this may happen if the
object of segmentation does not always contrast well with neighboring organs.
In such a case, not all of the object’s boundary coincides with SKIZ. In order to
rectify this, it may be desirable to selectively use a range of f2(x), using a mapping
such as

f̄2(x) =




Lo, f2(x) ≤ Li

Lo + f2(x)−Li

Hi−Li
(Ho − Lo), Li < f2(x) < Hi

Ho, f2(x) ≥ Hi

, (6)

where Li,Hi, Lo, andHo are constant parameters, with the range between Li and
Hi designating the desired band for f2(x).

Alternatively, the speed function for the FMM can be directly manipulated
using a combination of a band selection and a linear approximation to ensure a
significant speed reduction at the object’s boundary. For example,

q̄(x) =




Hq, |∇f2(x)| ≤ Lf

Hq − |∇f2(x)|−Lf

Hf −Lf
(Hq − Lq), Lf < |∇f2| < Hf

Lq, |∇f2(x)| ≥ Hf

(7)

may be used, where Lf , Hf , Lq, and Hq are also constant parameters. If this
formulation is used, Hf needs to be adjusted to suit different tasks and different
sources of data, while the other three can remain application independent. The
parameter Hq should be large enough to ensure a near-zero GTD on any topo-
graphically flat path of a plausible length between any two points in the image.
Conversely, Hq should be small. In our experiments, we have consistently used
0.001 for Hq and have chosen Lf = 0.

4.2. Swamping Transform

Notwithstanding the different degrees of efficiency, a distance transform can
be accomplished by choosing from among a number of different algorithms the one
best suited to the given circumstances. The same cannot be said of the swamping
transform introduced in Section 3. To date, the only algorithm used for a swamping
transform has been the iterative geodesic erosion outlined in Section 3. One
of its major drawbacks is that it is computationally expensive and would add a
considerable burden to the approach being presented. Moreover, certain types
of structures in the image can impact the speed of execution so much that no
guarantees can be given as to the processing time required in the general case [36].

Recently, an efficient method for reconstruction-by-dilation was proposed by
Robinson and Whelan [36]. Reconstruction-by-dilation is opposite to the opera-
tion required here. Two algorithms were proposed. Based on the observation that
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gray levels in images produced from reconstruction-by-dilation monotonically de-
crease with the distance from the nonzero pixels in the marker image, processing
starts from the list of pixels of the highest gray level in the marker image and pro-
ceeds toward the lowest end. Although for either algorithm there are additional
conditions that must be satisfied, those conditions are not so restrictive as to sub-
stantially limit their applicability. For example, the general-case algorithm merely
requires that the marker image be pixel-wise less than or equal to the mask image.

An adapted version of Robinson and Whelan’s method is used in our sys-

reconstruction-by-erosion by starting from the voxels of the lowest gray level in
the marker image and moving toward higher voxel values. The conditions required
of the images need to change accordingly (it is easy to observe that b0 and f1 sat-
isfy these conditions). The main advantage of this approach is its efficiency, as no
iteration is needed and no voxel is processed twice.

5. IMAGE PARTITIONING BASED ON GTD TRANSFORMS

5.1. Dual Marking Method

First, we discuss the scenario that markers are provided to identify both the
target and the background. They consist of one placed interior to the boundary of
the target organ and another more external to the target. More than one background
marker is usually not necessary but can result in more robustness where the image
is complex, as is demonstrated later. In the text below, we assume that there is only
one object marker, but that possibly more than one background marker is used.

Without loss of generality, suppose that S1 is placed within the target of
segmentation, and

{Sj : j ∈ {2, 3, . . . ,K}}
are placed outside in the background. A maximum difference image M is com-
puted as follows:

M(x) = max
j∈{2,...,k}

{δ(x,S1)− δ(x,Sj)}. (8)

This equation is designed to ensure that the background marker whose GTD to the
object marker is the least overrides any other markers. Eq. (8) can be implemented
very efficiently via the FMM. As

f2(sc
i ) = 0,∀i ∈ {2, . . . , k},

it can be rewritten as

M(x) = d(x,S1)− min
j∈{2,...,k}

{d(x,Sj)}, (9)

tem for the novel purpose of computing the swamping transform. It performs
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in which the second term on the right-hand side lends itself naturally to multiple-
front wave propagation via the FMM, where only one round of propagation is
necessary.

A binary image can be obtained by thresholding M :

B0(x) =
{

1, M(x) ≤ 0,
0, otherwise

. (10)

Due to degradation or deficiencies in the boundary gradients that are often present,
and a lack of model constraints (e.g., smoothness, shape constraints) to overcome
these deficiencies, B0 is unlikely to be an optimal segmentation of the target in
most situations. However, it can provide valuable information for deformable
models. Different possibilities exist in how this information can be exploited by
a deformable model. A transform of this information into forces or speeds would
allow full integration into a deformable model framework. Advantages of doing
so include that isolated boundary gradients near SKIZ, while not playing a role in
defining B0, can be additionally taken into account.

In order to achieve this, we compute a distance map D0 on image B0, i.e.,

D0(x) = Æ(B0),

where AE is a Euclidean distance transform. A complementary set of computation
follows, namely,

B1(x) = B0(x),

D1(x) = Æ(B1).

5.2. Single Marking Alternative

Under some circumstances it may be more desirable if a single marker is
sufficient for the segmentation task, as this would mean significantly simplified
identification requirement. This may be a crucial advantage in applications that
need fully automatic initialization. If any internal gradients present within the
target are known to be isolated (e.g., those due to imaging noise), or are significantly
weaker compared with those at the object boundary, the difference between the
GTDs on either side of the boundary should be large enough for a separating
threshold to be easily found. In such a case, a binary imageB0 can be obtained by

B0(x) =
{

1, δ0(x) ≤ η,
0, otherwise,

(11)

where η is an application-dependent constant. D0, B1, and D1 can be calculated
similarly as with the methods presented above. However, a disadvantage is that
this alternative approach introduces an additional parameter, η, which needs to be
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adjusted to suit each specific segmentation task. In addition, it should not be used
where the gradient composition interior to the target may be significant and cannot
be estimated a priori.

6. INTEGRATION INTO DEFORMABLE MODELS

6.1. Parametric Active Surface Model

For a PDM, we define the following force field, assuming that the central
differencing discretization scheme is applied to the spatial gradients |∇D0| and
|∇D1|:

F =



−c∇D0, D0 ≥ 2 and |∇D0| ≥ 1,
−c∇D1, D1 ≥ 2 and |∇D1| ≥ 1,
∇f(x), otherwise,

(12)

where f(x) is the same gradient magnitude image defined previously, and c is
a constant parameter. While |∇D0| and |∇D1| are mostly constant, the places
where they vary deserve attention. For instance, |∇D0(x)| may be zero near a
narrow and elongated part of the object; conversely, |∇D1(x)|may be zero near a
narrow concavity of the object. In such places,∇f is used as a replacement. The
conditionals in this equation deserve some further discussion. First, notice that

{x : D0(x) ≥ 2 ∧ |∇D0(x)| ≥ 1}∩

{x : D1(x) ≥ 2 ∧ |∇D1(x)| ≥ 1} = φ.

Secondly and more importantly, if ∇D0 and ∇D1 were to be applied to the two
adjacent surfaces where 1 ≤ D0 < 2 and 1 ≤ D1 < 2, they might contribute to a
potential risk of oscillation for the model, as they would define a force that reverses
its direction between neighboring voxels. We therefore use the gradient of f for
the two surfaces, where |∇f | is small [37], reducing the likelihood of oscillation.

A remaining issue is a potential lack of external force in the normal direction
of the deformable model, which may occur near major concavities. Xu et al.
[12] point out that a force based on the distance to “edgels” (i.e., edge pixels, as
defined and used in [9]) does not help in such a situation. A similar problem exists
when using ∇D0 and ∇D1, even though these are not distances to edgels. A
possible remedy is the use of a pressure force to compensate for the inadequacy
of the external force. However, a constant or magnitude-adaptive force (such as
a gradient adaptive force) is clearly unsuitable. Fortunately, due to the use of
markers, the issue can be easily addressed using a directionally adaptive pressure
force. AsM(x) is negative inside the object but positive outside, the incorporation
of the sign of M ,

sgn[M(x)],
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Figure 1. Left: The external force (solid arrows) may be deficient in the normal direc-
tion of the deformable model (vertical straight line) near significant concavities. Right:
sgn[M(x)]N(x) (empty arrows) is a pressure force that is automatically adaptive to the
need for inflation or deflation. See attached CD for color version.

into a pressure force will make the force automatically adaptive to the need for
either expansion or contraction, in accordance with whether the node of the model
is inside or outside the segmentation object. Thus, this force can compensate for
the insufficient normal component of∇D0 and∇D1 near significant concavities,
as illustrated in Figure 1.

It is worth noting, however, that it is often desirable to ignore narrow concav-
ities, as their presence is frequently due to noise or artifacts, rather than a genuine
structural feature inherent in the object. This especially tends to be true if the
concavity is shallow.

F has the potential to replace the gradient image with vectors that are globally
consistent, in contrast to the short ranging and inconsistent information in the
gradient image.2 A vector field such as Eq. (12) can be easily integrated into a
PDM, as demonstrated in existing works with the GVF model [10, 12].

In a similar fashion to the GVF model, F can help drive the deformation of a
PDM v with a surface parameterization s:

∂v
∂t

= α
∂2v
∂s2
− β ∂

4v
∂s4

+ γ(F(x) · N(x))N(x), (13)

where N is the surface normal, and α, β, and γ are the model parameters. In our
experiments, α was set to 0.

Further, as discussed above, a pressure force N(x) or sgn[M(x)]N(x) can be
used in addition when it is desirable to model narrow concavities.
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6.2. Geodesic Active Contour Level Set

Derived from an energy minimization framework, the GAC model is guar-
anteed to converge to a local minimum corresponding to a geodesic contour in a
Riemannian space. It is commonly implemented using the level set method, where
the movements of the implicit model consist of propagation, curvature (mean or
Gaussian) motion, and advection.

There are previous proposals of using a region-based speed term as well as
velocity vector fields in GAC or other level set models [10, 34, 38]. Using the
previous definitions of f and M , we propose the following adapted formulation
for the evolution of a level set function u:

∂u

∂t
= αh(f)|∇u|div ∇u|∇u| + βsgn[M(x)]|∇u|+ γP · ∇u, (14)

where h(·) : R+ → [0, 1) is a monotonically decreasing function, and α, β, and
γ are the scaling parameters. P is an advection force and will be discussed below.

In the traditional formulation, a limitation in the application of the GAC level
set model has been that in practice the model needs to be initialized completely
interior or exterior to the true object boundary [10]. Further, even when this
requirement is observed, there is still a risk of leakage through the relatively weak
boundary gradients of the object, particularly if these are also close to the initial
zero level set. This is largely due to the incorporation of unidirectional propagation.
As reviewed in Section 2, the region competition approach, initially proposed in
[17] for PDMs, has been adapted in attempts to overcome these limitations. For
example, the authors of [11] propose the use of posterior probability maps to
determine which part, if any, of the level set function is inside the object and
which part is outside. This probabilistic information is then used to expand or
contract the model accordingly.

Similarly, one of our major concerns is for the curvature-independent prop-
agation of the level set to automatically, and dynamically, adapt to the need for
either inward or outward propagation. Our formulation achieves this through the
adaptive propagation term (the second term on the right-hand side of Eq. (14)).
That is, the speed of u, ∂u

∂t , is negative for the part that is inside the object but
positive where outside.

The advection term P may be defined as

P = −F,

with F defined in Eq.(12). The advantage of this, as in the PDM case above, is the
possible incorporation of forces based on spatially disjoint gradients. As the GTD
is a geodesic distance, disjoint gradients generally play no role in the distance
calculation except for the spatial locations that those gradients occupy.
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A simpler alternative is

P = ∇D0 +∇D1.

This alternative form is similar in effect to curvature-independent directional prop-
agation, but is more appropriate if narrow concavities should be ignored, as dis-
cussed in Section 6.1.

Initialization of u can be performed by combining D0 and D1.

7. QUALITATIVE EVALUATIONS

We have conducted experiments using CT data and MR data, on segmenting
tumors, the liver, the lung, the brain, and the femoral bone. In this section we
present some qualitative evaluations first, which relied primarily on visual inspec-
tion. Within each group of experiments, the same set of parameters have always
been applied to all the images in the group.

7.1. Tests with the PDM

Tests of segmenting the liver from a CT image of the abdomen of a pediatric
patient were conducted. Two single-voxel markers were employed, one placed
randomly in the liver to identify it as the target, the other outside to designate the
background. When the background marker was appropriately placed (explained
below), the model was able to find and segment the target despite the abundant
irrelevant gradients between the initial model and the target (Figure 2), due to the
globally consistent vector field providing guidance in place of image gradients.
Our tests have revealed no restriction on the placement of the target marker, other
than that it must be interior to the boundary profile of the target structure. On the
other hand, these tests also indicate that a background marker will make a useful
contribution only if it is not completely encircled by an equally strong or stronger
edge than the target’s boundary.

7.2. Experiments with the GDM

The first set of data used in the tests with the GDM were from the SPL and NSG
Brain Tumor Segmentation Database [39], which contains 10 T1-weighted SPGR
MR images of the brain with several types of tumors (meningioma, low-grade
glioma, and astrocytoma). The image dimensions were 256 × 256 × 94, with a
voxel resolution of 0.9375× 0.9375× 1.5 mm3 [39]. Segmentation of tumors was
the objective of this experiment. Similar to the CT segmentation above, single-
voxel markers were used, one being placed randomly inside the tumor area and
the other outside.

A typical example of the segmentation, including intermediate results, is dis-
played in Figure 3. The visual inspection is exemplified in Figure 4.
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Figure 2. Experiments with a PDM on a CT image. Top: the image, the initial model
(large white circle), and the two markers (black dots) that are use to respectively identify
the target and non-target background. Bottom: The globally consistent external force field
(white arrows) and the resultant segmentation (black contour).
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Figure 3. Brain tumor segmentation using the GAC level set model on a T1-weighted MR
image. Top left: cropped original brain MR image; top right: GTD transform from the
object marker; bottom left: GTD transform from the background marker; bottom right:

attached CD for color version.
a segmentation of the brain tumor displayed as the overlay on the original image. See
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Figure 4. Example of brain tumor segmentation using the GAC level set model. Top left:
axial slice view of an original T1-weighted MR image of the brain; top right: coronal
(above) and sagittal (below) views of the original image; middle left: the segmentation
superimposed on the axial slice view; middle right: the segmentation superimposed on
coronal (above) and sagittal (below) views of the original image; bottom: a 3D view of the
segmented tumor. See attached CD for color version.
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Subsequently, we used other CT and MR images to further test the algorithm
by segmenting the liver and lungs. An example is shown in Figure 5. In all of
the tests involving tumor, liver, and lung segmentation from CT and MR images,
visual inspection revealed that good results had been achieved.

Figure 5. Example of lung and liver segmentation employing the GAC level set model on
CT images, with the results displayed using ITK-SNAP software [40]. See attached CD
for color version.

8. QUANTITATIVE VALIDATION

8.1. Accuracy

For quantitative assessment of the accuracy performance of the approach pre-
sented above, we used MR and CT databases to study the segmentations of the
brain, the liver, and the femur. As in the qualitative tests, within each group of
experiments the same set of parameters were always applied to all the images used
in the group.
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8.1.1. Experiments on Segmenting the Brain from MR Data

The first database is the SPL and NSG Brain Tumor Segmentation Database
[41], the same as that described in Section 7.2. We investigated segmentation
of the brain together with the tumors. Figure 6 demonstrates this task through
segmentation of one of the images. This is a challenging task, as some of the tumors
have strong gradients at their boundaries. These gradients are not only unhelpful
to segmentation of the whole brain (including the tumor), but may interfere with
this task. Manual segmentations by four independent experts were available on
a randomly selected 2D slice in each of the ten cases in the SPL and NSG Brain
Segmentation Database [41]. For this battery of tests, the “single marking” method
was used. Typically, two markers3, each comprising a single voxel, were placed
within the brain to identify it as the target. That is, in order to deal with the
challenge of segmenting normal tissues and tumors together despite the strong
gradients surrounding the pathology, an extra marker was typically placed inside
the tumor to signify that it was in fact part of the target to be segmented.

Smoothing of the original image was performed using an infinite impulsional
response (IIR) filter that approximates a convolution with the derivative of the
Gaussian kernel with a σ value of 1. Equation 7 was used in determining the speed
of the FMM, where a value of 5.0 was used for Hf . (The values for the other
parameters are as discussed in Section 4.)

For all the cases, our trials have indicated that the outcome was insensitive to
placement of the markers. In fact, we failed to observe any effect of the different
placements of the markers on the results.

We compared against manual segmentation of the brain (including the normal
brain tissue and the tumor), which had been performed by four medical experts
on one slice per image. The result of an analysis that compares our segmentation
with that by each of the four experts, in terms of the sensitivity and the specificity,
is shown in Table 1.

Table 1. Mean Sensitivities and Specificities and
Standard Deviations with Respect to Experts’

Segmentations of the Brain in 10 Cases

Expert sensitivity specificity

1 0.942± 0.032 0.991± 0.006
2 0.953± 0.032236 0.988± 0.006
3 0.950± 0.040 0.988± 0.006
4 0.939± 0.109 0.971± 0.017
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Figure 6. Example of brain segmentation using the GAC level set model. Top: an original
T1-weighted MR image of the brain. Middle: a slice of the segmented brain (white overlay).
Bottom: a 3D view of the segmented brain. See attached CD for color version.
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8.1.2. Experiments on Segmenting the Liver from CT Data

The next database was initially acquired by another research group (Digestive
Cancer Research Institute, IRCAD, France), who conducted an independent seg-
mentation study. This database was composed of CT images of the abdomen of
patients with a liver tumor. The images all have 512× 512 pixels in axial slices, but
with the third dimension varying. Manual delineation by independent experts was
available on axial slices at the same intra-slice resolution as the original data, but
only on slices that were 2 mm apart, irrespective of slice thickness in the original
data.

The dual marking approach was used. The database was divided into three
groups according to the apparent sources of acquisition. The six images in the first
group had a uniform slice thickness of 1 mm, although their intra-slice resolutions
varied from 0.5742 × 0.5742 mm to 0.7422 × 0.7422 mm. On the other hand,
the second group, which contained seven images, was characterized by a slice
thickness of 2 mm, with intra-slice resolutions varying from 0.6914× 0.6914 mm
to 0.8200 × 0.8200 mm.

The voxel size of the images in the third group (eight images) was the same
as that in the second.

The first two groups of images were used respectively for the first two batteries
of experiments. The first image in each group was used to optimize the parameter
Hf based on the experimenter’s visual assessment. The selected parameter was
then applied to the rest of the group without change. The performance measures
employed were the sensitivity (ratio of voxels correctly segmented as target to
those in the ground truth segmentation) and the specificity (ratio of voxels cor-
rectly identified as background by the segmentation method to those indicated in
the ground truth). The experts’ manual segmentations were used as the surrogate
ground truth. The mean sensitivities and specificities (both with standard devia-
tions) achieved are shown in Table 2. As specificity can be a poor indicator of
performance, we also calculated the Dice Similarity Coefficient (DSC) for these
batteries.

The importance of suppressing false detection and minimizing missed tissue
is not always equal. That is, in some situations it is more critical to avoid false
detection, and vice versa. In optimizing the parameters, it is possible to take this
into account. We used the third group of images to study the effect of doing so by
conducting two batteries of experiments on the same group of data. Accordingly,
the process of parameter selection was different from the previous two groups
in that all the images were used in the initial visual assessment of the effect of
parameter changes. After this selection process, the same set of parameters were
applied to all the images used in the battery. In the Battery 3a experiments, we
aimed for a specificity of approximately 0.99. The results and analysis are tabulated
in Table 3. In Battery 3b, the goal was a sensitivity of 0.95, and the results are
displayed in Figure 4.
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Table 2. Mean Sensitivities, Specificities, and DSCs with
Standard Deviations for the Liver Segmentation

Battery Sensitivity Specificity DSC

1 0.950±0.044 0.990±0.007 0.914±0.033
2 0.948±0.045 0.991±0.009 0.915±0.047

Table 3. Battery 3a: Sensitivities and Specificities of Segmen-
tation Experiments with a Target Specificity of 0.99

Case sensitivity specificity

1 0.908 0.993
2 0.917 0.995
3 0.916 0.990
4 0.936 0.992
5 0.943 0.994
6 0.99 0.994
7 0.910 0.994
8 0.898 0.991

Mean 0.920 0.993
Stdev 0.014 0.002

8.1.3. Experiments on Segmenting the Femoral Bone

A subset was selected from a database of T1-weighted MR of the knee, based
on the criterion that the same coil type, magnetic strength, pulse repetition time,
and pulse echo time had been used in acquisition of the images. The reason for
selecting such a homogeneous set is to allow the same set of parameters to be
used on all the images to be tested. This set of parameters came from manual
optimization, with visual feedback only, using the first image.

The images were acquired using an MR acquisition protocol that consists of
a single fat-suppressed 3D spoiled gradient-echo sequence in the saggital plane.
The coil used was an LGEXTPA (type 3), the magnet strength was 1.5 T, the pulse
repetition time (TR) 60 ms, the pulse echo time (TE) was 7 ms, and the flip angle
40◦. The field of view (FOV) was 90 × 90 mm, and the acquisition matrix was
512× 512 elements. The resultant images have a voxel size of 0.23× 0.23× 1.5
mm3.
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Table 4. Battery 3b: Sensitivities and Specificities of Segmen-
tation Experiments with a Target Sensitivity of 0.95

Case Sensitivity Specificity

1 0.949 0.987
2 0.960 0.987
3 0.936 0.978
4 0.988 0.988
5 0.977 0.984
6 0.958 0.979
7 0.960 0.989
8 0.951 0.986

Mean 0.960 0.985
Stdev 0.016 0.004

The target of segmentation was the distal section of the femur, comprised
mainly of the femoral condyles (lateral and medial). Manual segmentation by
an independent expert, used as the ground truth, is available for all the slices.
The resultant sensitivities and specificities are tabulated in Table 5 along with the
associated statistical analysis.

Table 5. Analysis of Sensitivities and Specificities
in the Femur Segmentation

Case Sensitivity Specificity

1 0.957 0.996
2 0.925 0.989
3 0.972 0.992
4 0.968 0.993
5 0.970 0.990
6 0.967 0.993

Mean 0.960 0.992
Stdev 0.018 0.002
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8.2. Robustness

8.2.1. Experiments with the Parametric Model

The aim of this validation study was to test the robustness of the approach to
placement of the initial seeds. The same CT image as described in Section 7.1
was used, the target remained the liver. The ground truth to be compared against
was a manual segmentation, shown in Figure 7. Two seeds were randomly placed
within the areas identified by a target mask and a background mask, respectively.
These seeds were generated as follows. A foreground mask and a background
mask were obtained, respectively, from the manual segmentation.

Denoting the binary image resulting from the manual segmentation asZb, and
a circular structuring element A of 5 pixels in radius, we use

F = S 
A

as the foreground mask. Further defining an image Y , where

Y (x) =
{

1 Z(x) > th, Zb(x) = 0,
0 otherwise,

(15)

where th is a threshold, we used

B = Y 
A

as the background mask. A randomly generated seed x is accepted as a target
marker iff F (x) > 0; or as a background marker iffB(x) > 0. Figure 7 shows the
target and background masks used in our validation experiments on the liver.

Our tests have revealed no restriction on placement of the target marker, other
than that it must be interior to the boundary profile of the target structure. On the
other hand, our tests also indicate that a background marker will make a useful
contribution only if it is not completely encircled by an equally strong or stronger
edge than the target’s boundary (such as the vertebra in this case). Examples of
where “useful” background markers can be placed for segmentation of the liver in
the image are indicated by the white dots in Figure 8.

For automatic marker placement, one possibility to ensure correct placement
of a background marker is via intensity and neighborhood tests. Another may be
to employ more restrictive thresholding, such as double thresholding.

8.2.2. Experiments with the GAC Model

A second validation study was conducted on a T1-weighted MR image from
the SPL and NSG Brain Tumor Segmentation Database, with the target being a
tumor. Since the maximum difference operation used in computing the image M
means that a single well-placed background marker is sufficient to achieve the
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Figure 7. Top: manual segmentation used as the ground truth. Bottom: background mask
in which a background identifying marker is randomly placed.
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Figure 8. Examples showing where a potential background marker should be placed in
order for it to make a useful contribution to segmentation of the liver. That is, it should be
put in one of the places indicated by the white dots.

desired outcome, we hypothesized that the likelihood of success would increase
with the number of randomly placed markers, even if no tests were performed
regarding their placement. To verify this, we used the first 3D image from the SPL
and NSG Brain Tumor Segmentation Database, with the target still being a tumor.
In Figure 9 we show the failure rates against the number background seeds used.
These seeds were accepted by a background mask after being randomly gener-
ated. The apparent anomaly when 3, 4, and 5 seeds were used can be understood
considering the fact that markers were generated independently between different
trials. Thus, the hypothesis was confirmed. As an extreme example, when 100
randomly generated background seeds were used, not a single failure was recorded
from 7900 tests.

9. APPLICATION: DETERMINATION OF TISSUE DENSITY

It has been estimated that among children under 15 years of age who undergo
a CT examination, almost 1 in a 1000 will ultimately die from a cancer attributable
to their x-ray exposure [42]. CT scanning is a high-radiation-dose procedure, and
its use in diagnosis is increasing. Accurate estimation of the amount of radiation
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Figure 9. Failure rate as a function of the number of seeds used.

energy deposited in radiosensitive organs during a CT procedure can provide es-
sential information for clinicians to determine an optimal radiation dose. This is
particularly relevant for pediatric patients. Such estimation requires knowledge of
the tissue characteristics representative of the specific age group.

Pixel values in a CT image (called CT numbers) are directly related to the linear
attenuation coefficient, µ, of the tissue being imaged. It is therefore possible to
investigate tissue characteristics, such as density and material composition, via
CT images given some additional information. µ is the probability that an x-ray
photon will interact with the material that it traverses per unit length traveled, and
is measured in units of cm−1 [43]. µ can be expressed as

µ = ρν, (16)

whereρ is the physical density of the material being imaged, andν is called the mass
attenuation coefficient. ν is dependent on the chemical composition of the medium,
and can be computed (as a weighted sum) from the mass attenuation coefficients
of the constituent elements. ν is essentially constant across the population and
age groups, as well established in the literature. It is possible to use published
elemental composition of tissues to calculate ν [44].

On the other hand, when it is possible to calibrate the CT scanner using known
attenuation materials, µ can be obtained empirically via

µ = µH2O ∗ (1 + t/K), (17)
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Table 6. Preliminary Tissue Density Analysis Based
on Our Near-Automatic Segmentation Method

and the Manual ROI Method

Density Manual Segmented Manual Segmented Manual Segmented
(g/cm3) Cortical Spine Cortical Spine Lung Lung Liver Liver

Mean 0.934 1.180 0.488 0.514 1.062 1.060
Stdev 0.011 0.007 0.118 0.96 0.001 0.000

where K is a scanner- and settings-dependent variable whose value can be de-
termined through the machine calibration, t is the CT number acquired on that
machine, and µH2O is the linear attenuation coefficient of water [44]. Thus, ρ can
be derived from the calculated ν and the empirically determined µ using Eq. (16).

In our preliminary study, 2D manual delineation of region of interest (ROI)
was performed alongside computer-based segmentation, partly for the purpose
of validating the analysis using the latter. However, for the large-scale scientific
study that would be necessary to verify any density change patterns in children,
the manual method would not be feasible or adequate, because of its labor in-
tensiveness, slow speed, and often insufficient level of consistency (both inter-
and intra-subject). A further limitation of the manual delineation is that it is only
performed in 2D.

Access to 9 sets of CT images was obtained with ethics approval for neonates
aged 2 days to 10 months. The mean pixel values of the liver, lung, and spine were
determined by either (a) manual sample measurements using an ROI or (b) by
using the GDM described above to segment the organs before statistical analysis
was performed. In Table 6, the results using the computer and manual methods
are tabulated [44]. In evaluating these results, it is worth noting that the cortical
layer of the spine is extremely thin at places, which, coupled with the partial
volume effect of the imaging and the fact that the computer-based segmentation
was performed in a higher-dimensional space than the manual method, results in a
likely inconsistency between the two methods in the extent to which the medullary
bone tissue was excluded. This may partially explain the discrepancy related to the
cortical spine. In general, however, there is good agreement between the results
obtained using the two methods. Further experiments and statistical analysis will
be carried out to quantify the extent of the agreement. Considerable variations in
densities have been found in neonates, particularly in the lungs and bony regions.

Despite their preliminary nature, our results indicate a distinct possibility that
the physical densities of some tissues may change considerably in neonates. From
these results, a larger-scale study of tissue densities seems to be warranted.
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10. DISCUSSION AND CONCLUSION

10.1. Comparison with other work

The GVF approach [13] reviewed in Section 2 bears some similarity to the
proposed approach. Through a diffusion process, the forces from image gradients
are extended. However, due to the indiscrimination between object and irrelevant
gradients, the vector force field it produces is not globally consistent. Thus, al-
though the initialization requirements can be somewhat relaxed through the use of
GVF, oftentimes they are still too restrictive to be used in a gradient-rich image
for automatic segmentation.

On the other hand, the watersnake method [19] applies snake-like motion to
watersheds, resulting in a much smoother version of the latter than a classical,
plain watershed transform. However, this approach suffers from the drawback
of being sensitive to parameters in the same way as the classical PDM does.
More importantly, the watershed framework is restrictive as to what kind of shape
preference or knowledge can be used and the manner that it is used. Thus, for
example, it is not possible to extend this approach to be based on a statistical
deformable model.

10.2. Future Work

10.2.1. Multiple Region Concurrent Coupled Segmentation

Competitive simultaneous multiple-region segmentation using deformable
models is an attractive idea that has been explored with both the PDM and the
GDM [17, 45–48]. The attractiveness is several-fold in nature. The first aspect
is the ability to take advantage of the a priori knowledge of the classes associated
with the regions. The a priori statistical knowledge derived from registered pre-
and post-contrast T1-weighted MR images, for example, has been used in [11].

Second, in this approach segmentation of one region is no longer an isolated
effort, but is constrained by similar efforts nearby, allowing more information to
be used for the segmentation of any given region. Additionally, this allows the
segmentation to be more robust to ambiguity arising from boundary deficiencies,
as globally optimized segmentation helps diminish common problems such as
leakage through weak boundaries. These are natural features of the coupled seg-
mentation paradigm, where, for example, a functional can be designed such that a
curve’s evolution guided by minimization of that functional involves not only the
curve in question but also its siblings [48]. Similarly, through the combination of
single-phase functions, the Chan-Vese multiphase level set function [47] achieves
a partition of the image using global information.

A consequence of a global approach such as [47, 48] is that the segmented
regions are consistent with each other (i.e., no vacuum or overlapping), in contrast
to the need for careful integration if the regions are segmented independently.
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coupled segmentation if the number of regions is significant. Particularly in med-
ical imaging, segmentation of one organ may be more robust and more efficient
when taking into account segmentation of nearby organs, as recently demonstrated
by Li et al. [49] using a competitive level set for automatic computer-aided dental
x-ray analysis. These are also advantages of the multiple-region coupled approach.

Initialization for multiphase level sets can be more complex than the binary
case. Furthermore, the multitude of parameters can make tuning exceedingly
difficult. These issues lead to an increased need for a reliable deformable model
framework that is insensitive to variation in initialization and parameters. This
can be a natural extension of the approach presented in this chapter. In fact, the
ingredients of this approach — the SKIZ, the FMM, and the deformable model
(in one of its extended version as reviewed above) — are all inherently capable of
handling multi-region competition.

10.3. Conclusion

We have presented a generic approach to reducing the behavioral dependences
on the initialization and parameters for deformable models. Based on topographic
distance transforms from two markers, this novel approach uses an object-versus-

computed on the gradient magnitude image in order to locate appropriate gra-
dients given the two identifying markers. This information is integrated into a
deformable model as forces or speed terms to influence its evolution. This work
takes advantage of existing theoretical research into the watershed transform, yet
it is outside the watershed framework and preserves fully the advantages of de-
formable models. The implementation is based on efficient numerical methods.
Our experiments reveal that, even when a relatively high level of accuracy is needed
to be achieved, the requirement for initialization was minimal, and that the depen-
dence on parameters was limited in that the same parameters were applicable to
an entire set of images.

The approach described in this chapter has been applied to determination of
tissue characteristics in early childhood using a CT database of neonates, and
will be used for further pediatric dosimetry studies. We believe that by relaxing
dependences on the initialization and parameters this approach will enable a degree
of automation needed for segmentation-based construction of organ models from
large image databases using deformable models, particularly when seeds can be
placed automatically based on, for example, a priori knowledge regarding anatomy
and the intensity differentiation between object and background.
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12. NOTES

1. In this chapter the term GAC refers to both the original 2D version and the subsequently extended
version into 3D (which is also called minimal surface models [4]).

2. For the inside part of the model inside the target, a consistently expanding flow from the viewpoint
of the model may promote more robustness than using Eq. (12). Therefore, we also implemented
an alternative that takes into account the direction of the normal vector if any portion of the model
is interior to the target boundary. However, it has not been our first choice of methods because of
its inseparability from the model.

3. An exception is case 9, for which a total of 15 markers were placed inside and around the tumor
in order to overcome the strong gradients present in and around the tumor. Essentially, it is a case
where the tumor and normal tissues are very difficult to be segmented together using the same
parameters applied to the other cases. Nonetheless, for the sake of completeness we present the
result for this case together with the other cases.
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Acute rejection is the most common reason for graft failure after kidney transplantation,
and early detection is crucial to survival of function in the transplanted kidney. In this study
we introduce a new framework for automatic classification of normal and acute rejection
transplants from Dynamic Contrast Enhanced Magnetic Resonance Images (DCE-MRI).
The proposed framework consists of three main steps. The first isolates the kidney from the
surrounding anatomical structures by evolving a deformable model based on two density
functions; the first function describes the distribution of the gray level inside and outside
the kidney region and the second describes the prior shape of the kidney. In the second step,
nonrigid registration algorithms are employed to account for the motion of the kidney due
to the patient’s breathing. In the third step, the perfusion curves that show transportation
of the contrast agent into the tissue are obtained from the segmented cortex of the whole
image sequence of the patient. In the final step, we collect four features from these curves
and use Bayesian classifiers to distinguish between acute rejection and normal transplants.
Applications of the proposed approach yield promising results that would, in the near future,
replace the use of current technologies such as nuclear imaging and ultrasonography, which
are not specific enough to determine the type of kidney dysfunction.
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1. INTRODUCTION

In the United States, more than 12000 renal transplantations are performed
each year [1], but the transplanted kidneys face a number of surgical and medical
complications that cause a decrease in their functionality. Although such a decrease
in functionality can be reversed by proper treatment strategies and drug therapies
[2], the currently used techniques are not specific enough to diagnose the possible
diseases. For example, measurement of creatinine levels can be affected by diet and
medications [3]. Clearances of inulin and DTPA require multiple blood and urine
tests, and they provide information on both kidneys together, but not unilateral
information [4]. On the other hand, imaging tests are favorable since they provide
information on each kidney separately. However, the most frequently used imaging
technique, scintigraphy (also called nuclear imaging), preferred for its good func-
tional information, does not provide good spatial resolution. Without good spatial
resolution, precise anatomical detail cannot be obtained, so the diseases that affect
the different parts of the kidney (such as the cortex and medulla) cannot be diag-
nosed accurately [5]. Moreover, scintigraphy exposes the patients to a small dose
of radioactivity [6]. Another traditional imaging modality, Computed Tomography
(CT), uses nephrotoxic contrast agents and exposes patients to radiation despite
its superior functional and anatomical information [7]. Ultrasonography has been
found to show normal findings despite severe renal dysfunction [8], and several
studies on color Doppler sonography and power Doppler sonography (e.g., [9–
11]) have not been able to yield significant information to evaluate renal function.
Therefore, despite all its high costs and morbidity rates, biopsy is remains the gold
standard for diagnosis after renal transplantation. Unfortunately, the downside of
biopsy is that patients are subjected to such risks as bleeding and infection; more-
over, the relatively small needle biopsies may lead to over- or underestimation
of the extent of inflammation in the entire graft [12]. Hence, a noninvasive and
repeatable technique would not only be useful but is needed to ensure survival of
transplanted kidneys. For this reason, a fairly new imaging technique, Dynamic
Contrast Enhanced Resonance Imaging (DCE-MRI), has gained considerable at-
tention due to its ability to yield superior anatomical and functional information.
With DCE-MRI it has been possible to distinguish the different structures of the
kidney (such as the cortex and medulla) in a noninvasive way, and, combined with
function information, image analysis with DCE-MRI can help in detecting diseases
that affect the different parts of renal transplants. Therefore, the CVIP Lab at the
University of Louisville and the Urology and Nephrology Center at the University
of Mansoura have begun an ongoing collaboration to detect acute rejection from
normal functioning of transplants. This study focuses on the DCE-MRI findings
of this collaboration.
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Acute rejection is the attack of the recipient’s immune system on a foreign
kidney. Therefore, prompt anti-rejection therapy can suppress the immune system
and save the transplanted kidney [13]. Moreover, acute rejection is the most impor-
tant cause of renal dysfunction [14] among the diagnostic possibilities following
renal transplantation (e.g., acute rejection, acute tubular necrosis, cyclosporin tox-
icity, and obstruction [15]). Therefore, early and noninvasive detection of acute
rejection is crucial.

Within the framework of our collaborative research, patients’ urine and blood
are tested daily at 9:00 a.m. for detection of acute rejection after transplantation.
Following these tests, the abdomen is imaged using Color Doppler Ultrasonog-
raphy during the first 2 weeks. If circumstances do not require it previously,
DCE-MRI is performed at the end of the 2-week nursing period. If in addition
to the other tests, DCE-MRI findings are normal, then no further action is taken.
However, if the findings are abnormal, a biopsy is performed to determine the type
of rejection or the type of kidney disease. Images of patients with histopathologi-
cal diagnosis of acute rejection episodes and normal transplant images are sent to
the University of Louisville to test and train the analysis software. In this study, we
focused on Dynamic Contrast Enhanced Resonance Imaging (DCE-MRI) findings.

In Dynamic Contrast Enhanced Resonance Imaging (DCE-MRI), the contrast
agent gadolinium diethylene triamine pentaacetic acid (Gd-DTPA) is injected into
the bloodstream. During its passage from the blood to the kidneys and on to the
urinary system, the kidneys are imaged rapidly and repeatedly. As the Gd-DTPA
perfuses into the kidney, it causes a change in tissue relaxation time, which creates
a contrast change (intensity increase/decrease) in the images. If the intensity is
averaged over the kidney tissue (either cortex or medulla) and plotted against time,
a signal curve (change in average intensity vs. time) is obtained. Such intensity
curves obtained from the kidney are called MR renograms [5]. The pattern of
an MR renogram is an indicator of the kidney’s degree of functionality, and it
can be used in determining the type of the rejection or dysfunction. Moreover,
since DCE-MRI provides good anatomical information, separate renograms can
be obtained for the cortical and medullary structures of the kidney, which will help
in distinguishing the diseases that affect different parts of the kidney. Hence, a
typical protocol using dynamic MRI involves the following steps: (1) collecting a
sequence of images from the kidney region as the contrast agent perfuses through
the kidney; (2) following the contrast difference in the kidney over time (image
intensity information from the cortex varies with time as the contrast agent perfuses
through the kidney); and (3) establishing a correspondence between change of
contrast in the image sequence and kidney status. Such a protocol requires some
intermediate image processing steps — namely, segmentation, registration, and
classification — explained in later sections of this chapter.
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2. RELATED WORK IN RENAL IMAGE ANALYSIS
USING DCE-MRI

Starting with examination of rats, studies to acquire functional, dynamic, and
anatomic information on the kidneys date back to the early 1980s, covering a
variety of objectives from simply understanding the normal behavior of a kid-
ney to detecting kidney diseases. The potential of DCE-MRI to help understand
kidney function has been investigated in various studies (see [7, 16–28], to cite
a few). This imaging modality has been applied to various kidney diseases in
several other studies, such as for detection of renal ischemic lesions [29], for
evaluation of renal failure [30], for acute tubular necrosis [31], for assessment
of chronic medical nephropathies [32], to differentiate obstructive from nonob-
structive hydronephrosis [33, 34], to evaluate rejection [35], to differentiate acute
tubular necrosis from transplant rejection in patients with delayed kidney function
[36], to differentiate acute tubular necrosis from acute transplant rejection [14], for
functional and morphological evaluation of live kidney donors [37], to study renal
function in nephrolithiasis and hydronephrosis [26], to observe the effect of hy-
pertension on kidney function [38], and for evaluation of normal and transplanted
rat kidneys [12].

These studies are significant, as they have ascertained DCE-MRI to be a very
promising technique not only for assessing renal blood flow and consequently
help understand kidney function, but also to evaluate several clinical disorders.
However, most of these studies were performed by radiologists who selected a
region of interest (ROI) (a small window) from the kidney and followed signal
change within this region of interest. Unfortunately, such approaches not only
require manual interaction of the operators, but also ROI selection biases the final
decision and brings up the same issue of over- or underestimating the problem
in the entire graft, just as with biopsy. Moreover, manual window selection, and
generating a function curve from this window over a time-sequence of images,
assumes that the kidneys (renal contours) remain exactly the same from scan
to scan. However, renal contours may not always exactly match due to patient
movement or breathing effects; therefore, image registration schemes should be
applied first before ROI selection. Also, to automate the algorithm and to cancel
ROI dependency, segmentation algorithms that can separate the kidney from the
surrounding structures, and that can further separate the kidney into its cortex and
medulla compartments are needed. In the remainder of this section, we discuss
the previous computerized studies that made use of image processing techniques.

To the best of our knowledge, the first computerized renal image analysis
scheme was developed by Gerig et al. [25] in 1992. In this study, the prior contour
information for each study was obtained by manually drawing the contour from
one image. For the rest of the images, image discontinuities (edges) were detected,
and the model curve was matched to these edges using a Hough transform. To
extend the algorithm to arbitrary rotation and translation, the model contour was
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rotated and translated to get the best correlation, giving the registration parameters
of the image. The rotation in this scheme was limited to ∓4 degrees in 1-degree
steps. For the cases of when the patient inadvertently moved or breathed, detection
of kidney contour was severely impeded; therefore, a 50% vote rule was defined,
that is, at least 50% of the kidney needed to be detected for registration to work.
A similar procedure with some extensions was used by Yim et al. in [22].

The handicaps of this image analysis scheme can be listed as follows: (i) the
need for manual selection of a contour for each study; (ii) the problems that can be
faced in case of a large movement by the patient, and (iii) the great computational
expense of the Hough transform (the algorithm was implemented in parallel in [25],
and one patient took about an hour to evaluate). Moreover, this registration method
is highly dependent on the edge detection filter. Although the strength of edge
detection was increased by using opposed-phase gradient echo imaging that puts
a dark line between the water-based kidney and the perirenal fatty tissue, still, the
algorithm worked better in smaller areas since increasing the field of view (FOV)
parameter caused the algorithm to match more partial contours. Following this
same procedure, healthy volunteers and hydronephrosis patients were compared
in [26], and DCE-MRI was shown to be a reliable method for kidney analysis.

Noting the lack of special protocols and the consequent problems with edge
detection in the registration process, the second image analysis study came from
Giele et al. [28] in 2001, where three movement correction methods were compared
based on image matching, phase difference movement detection (PDMD), and
cross-correlation. In all these methods, a mask is generated from the best image
manually, and its similarity to a given image is calculated. Consequently, the
(i, j) values that give the highest similarity become the translation parameters
for the given image. Among these methods, the PDMD method demonstrated
the best performance, but only with an 68% accuracy compared to the results of a
radiologist. More importantly, in all three registration algorithms only translational
motion was handled and rotational motion was not mentioned, the existence of
which has been discussed in a number of studies (see [26, 39, 40]).

For segmentation of the kidneys, Priester et al. [41] subtracted the average of
pre-contrast images from the average of early-enhancement images, and thresh-
olded the subtraction image to obtain a black-and-white mask kidney image. Fol-
lowing this step, objects smaller than a certain size were removed and the remaining
kidney object was closed with erosion operations and manual interactions to obtain
a kidney contour.

This approach was furthered by Giele et al. [5] by applying an erosion filter
to the mask image to obtain a contour via a second subtraction stage. The possible
gaps in this contour were closed by a hull function to get the boundary of the kid-
ney, then via repeated erosions applied to this contour, several rings were obtained,
which formed the basics of the segmentation of the cortex from the medulla struc-
tures. Of course, in such a segmentation the medulla structures were intermixed
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with the cortex structures, so a correlation study had to be applied to better classify
the cortical and medullary pixels.

Also in 2001, Boykov et al. [42] presented the use of graph cuts using Markov
models. In this algorithm, each voxel is described as a vector of intensity values
over time, and initially, several seed points are put on the objects and on the
background to give user-defined constraints as well as an expert sample of intensity
curves. These expert samples of intensity curves are used to compute a two-
dimensional histogram that would be used further as a data penalty function in
minimizing the energy function in the Markov model. Although the results looked
promising, this algorithm was tested only on one kidney volume, and manual
interaction was still required.

Following these studies, computerized image analysis schemes for the regis-
tration and segmentation of kidneys were introduced by Sun et al. [12, 21, 23, 24,
40, 43] in a series of studies performed on rats and human subjects. The study
on humans ([21, 40]) made use of a multistep registration approach. Initially, the
edges were aligned using an image gradient-based similarity measure consider-
ing only translational motion. Once roughly aligned, a high-contrast image was
subtracted from a pre-contrast image to obtain a kidney contour, which was then
propagated over the other frames searching for the rigid registration parameters
(rotation and translation). For segmentation of the cortex and medulla, the level
sets approach of Chan et al. [44] was used.

In most of these previous efforts, healthy transplants were used in the image
analysis, so the edge detection algorithms were applicable. However, in the case
of acute rejection patients, the uptake of contrast agent was decreased, so edge
detection algorithms generally failed in giving connected contours. Therefore, in
our approach, we avoid edge detection schemes; instead, we combine the use of
gray-level and prior shape information.

3. RELATED WORK IN SHAPE-BASED SEGMENTATION

Both active contours and level sets tend to fail in the case of noise, poor image
resolution, diffused boundaries, or occluded shapes if they do not take advantage of
the a priori models. Four of the popular segmentation algorithms that make use of
only gray-level information are shown in Figure 1 implemented with ITK Version
2.0; namely, thresholding level sets [45], fast marching level sets [46], and geodesic
active contours [47]. However, especially in the area of medical imaging, organs
have well-constrained forms within a family of shapes [48]. Thus, additional
constraints based on the shape of the objects have been greatly needed aside from
the gray-level information of these objects.

Therefore, to allow shape-driven segmentation, Leventon et al. [49] used a
shape prior whose variance was obtained thorough Principal Component Analy-
sis (PCA), and used this shape prior to evolving the level sets to the maximum a
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(a)

(b) (c)

(d) (e)

Figure 1. (a) Kidney to be segmented from the surrounding organs. The results of some
popular segmentation algorithms that depend only on gray-level and gradient information,
(b) connected thresholding, (c) fast marching level sets, (d) geodesic active contours, and
(e) thresholding level sets segmentation.
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posteriori shape. Chen et al. [50] calculated an average of a registered training
set to be a shape prior, and defined an energy functional that basically minimizes
a Euclidean distance between a given point and its shape prior. In [51] a rep-
resentation of the segmenting curve was generated based on the pose and shape
parameters of a training set, which were optimized using a region-based energy
functional. In [48, 52] a shape prior and its variance obtained from training data
were used to define a Gaussian distribution, which was then used in the external
energy component of a level sets framework. In Litvin et al.’s study [53], a shape
boundary prior was formed from the features of the boundary, and this boundary
was used within a level set framework.

Recently, Tsai et al. [54] used a deterministic model to represent the desired
shape as a linear combination of weighted signed 2D distance maps and estimated
these weights by minimizing a mutual information-based cost function. In ad-
dition, Yang et al. [55] described the shapes with a multidimensional Gaussian
probability model of these weights.

Different from previous studies, in our segmentation approach the contour
points move by comparing the energy at the neighboring points; but with different
energy terms that will be explained in Section 5. With this new energy component,
the contour moves with both the current gray-level and prior shape information;
thus, it does not get stuck in edge points, and handles intricate shapes. Also
different from previous studies, the prior shape information is a density estimation
of the signed distance map inside and outside the object of interest, not the average
image itself. This algorithm overcomes the inability of deformable models to stop
in a state of high noise or in the case of missing edges.

During the remainder of the present study, we will discuss the data acquisition
protocol in Section 4 and give an overview of the components of the framework. In
Section 5 we will introduce our segmentation approach, starting with the general
idea of the method. We will then go into the details and explain shape model
construction from a database in Section 5.1. In Section 5.2 we will offer an
introduction to our density estimation scheme; in Sections 5.3, 5.4, and 5.5 we
will explain the details of implementation of our density estimation framework.
Section 5.3 introduces a modified EM algorithm, and Section 5.4 introduces a
sequential EM algorithm to closely initialize the parameters of the EM estimation.
Section 5.5 explains classification of the Gaussian components and the stopping
conditions. Given the shape model and the density estimations for the shape
model and the gray level of an image to segment, in Section 5.6 we explain how
the deformable model evolves in an image. After the whole sequence of a patient
is segmented, we introduce a nonrigid registration algorithm in Section 6 that
deforms the kidney object on isocontours. Once all the images are aligned, the
cortex of one early-enhancement image is extracted in Section 7, and then used as
a mask to calculate the average cortex intensity signal in the rest of the sequence.
The results of classification based on these signals are presented in Section 8, and
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the study is concluded in Section 9 with speculation about future work and further
discussion.

4. METHODS AND DATA ACQUISITION

During development of this study, we observed that good selection of a DCE-
MRI imaging protocol is as important as the image analysis — if not more im-
portant. The key point in the protocol is to take the images as quickly as possible
while trying to conserve the quality. A compromise on image quality results in too
much noise and partial volume effects; on the other hand, a compromise on speed
results in fewer data points, which prevents us from being able to classify signals.
Therefore, with collaborative efforts, the protocol was modified a number of times
to acquire standard and better-quality imaging. The protocol described below has
been found to be optimal with the current MRI hardware (Signa Horizon GE 1.5T
scanner).

In our protocol, gradient-echo T1 imaging is employed by a Signa Horizon GE
1.5T scanner (Signa Horizon LX Echo speed; General Electric Medical Systems,
Milwaukee, WI, USA) with the use of a phased-array Torso surface coil; the
contrast agent (Gadolinium DTPA) is introduced via a wide-bore veno-catheter,
placed at the antecubital vein, at a rate of 3–4 ml/sec, with a dose of 0.2 ml/kg·BW.
Images are taken at 5 mm thickness with no interslice gap, the repetition time (TR)
is 34 msec, the TE minimum, the field of view (FOV) is 42 × 42 cm, and with a
600× 600 matrix. For each patient, 150 temporal sequences of coronal scans are
taken at 4-second intervals. A sample of what a DCE-MRI looks like with this
protocol is shown in Figure 2.

With this protocol, we propose the following framework [56] for image anal-
ysis, as shown in Figure 3:

1. Segmentation of the kidneys from the abdomen images.

2. Nonrigid registration for motion compensation.

3. Renogram generation.

4. Feature extraction.

5. Classification of acute rejection patients and normal transplants.

5. KIDNEY SEGMENTATION

Accurate segmentation of the kidney from DCE-MRI is a challenge, since
the gray-level distribution of the kidney and surrounding organs is not highly
distinguishable; we thus add additional constraints based on the shape of the objects
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Figure 2. Example of a DCE-MRI series. For each patient, 150 images are taken from one
cross-section with 4-second intervals. Eight of one subject (numbers 1, 4, 5, 6, 10, 15, 21,
27) are shown here to give an idea of the protocol.
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Figure 3. Block diagram of the proposed image analysis to create a CAD system for renal
transplantation. See attached CD for color version.

to control evolution of the deformable models in the segmentation process. So the
proposed deformable model takes into account not only the gray-level distribution
but also a shape model of the kidney that depends on a sign distance map.

A conventional parametric deformable 2D model, or snake, is a curve Φ =
(φ(τ) = (u(τ), v(τ); τ ∈ T ) in planar Cartesian coordinates (u, v), where τ is
the continuous or discrete index of a contour point, and T is the index range. The
deformable model moves through the spatial image domain to minimize the total
energy:

E = Eint + Eext =
∫

τ∈T

ξint
(
φ(τ)

)
+ ξext

(
φ(τ)

)
dτ, (1)

where ξint(φ(τ)) and ξext(φ(τ)) denote the internal and external forces, respec-
tively, that control the pointwise model movements. The total energy is the sum of
two terms: the internal energy keeping the deformable model as a single unit and
the external one attracting the model to the region boundary. The internal force
is typically defined as ξint(φ(τ) = ς|φ′(τ)|2 + κ|φ′′(τ)|2, where weights ς and κ
control the curve’s tension and rigidity, respectively, and φ′(τ) and φ′′(τ) are the
first and second derivatives of φ(τ) with respect to τ .

Typical external forces designed in [57] to lead an active contour toward step
edges in a grayscale image Y are:

ξext

(
φ(τ)

)
= −|∇Y(φ(τ))|2 or

−∣∣∇[G(φ(τ)) ∗Y(φ(τ))
]∣∣2 , (2)

whereG(. . .) is a 2D Gaussian kernel and∇denotes the gradient operator. But both
these and other traditional external forces (e.g., based on lines, edges, or the GVF)
fail to make the contour closely approach an intricate boundary with concavities.
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Moreover, due to high computational complexity, the deformable models with most
of such external energies are slow compared to other segmentation techniques.

As a solution to these problems, we modify the external energy component
of this energy formulation, and we formulate an energy function using the density
estimations of two distributions: the signed distance map from shape models and
the gray-level distribution [58]. The external energy component of our deformable
models is formulated as:

ξext

(
φ(τ)

)
=

{
−pg(q|k)ps(d|k) if k = k∗

pg(q|k)ps(d|k) if k �= k∗ .

In this formulation, k is the region label with k = 1, 2, with k = 1 denoting the
kidney class, k = 2 denoting the other tissue, q is the gray level, and d is the signed
distance, where ps(d|k) is the density that describes the signed distance map inside
and outside the object, and pg(q|k) is the density estimation of the gray level. With
this energy function, the stochastic external force for each control point φ(τ) of
the current deformable model evolves in a region k∗. The detailed steps of shape
model construction are explained in Section 5.1, and gray-level density estimation
is explained in Section 5.2.

5.1. Shape Model Construction

The signed distance map density, ps(d|k), in the above-mentioned external
energy is calculated using a shape model obtained from the images in the data set.
The steps to construct this shape model are as follows:

1. Manually segment the objects of interest from the database as shown in
Figure 4a,b.

2. Align the images in the training data sets using 2D affine registration (ro-
tation, translation, and scaling) using Mutual Information (MI) [59] as a
similarity measure as shown in Figure 4c.

3. Convert aligned images obtained from the previous step to binary images
as shown in Figure 4d.

4. Calculate the 2D edge V that describes the boundary of the object for all
the manually segmented M number of images obtained in Step 3.

5. From the M number of shapes calculated in Step 3, calculate the signed
distance map inside and outside each object. For m = 1, . . . ,M , the
signed distance map can be calculated as follows:

dm(i, j) =




0 (i, j) ∈ Vi

S((i, j), Vm) (i, j) ∈ RVm

−S((i, j), Vm) Otherwise
, (3)
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where RV is the region lying inside the kidney shape and S((i, j), Vm) is
the minimum Euclidean distance between image location (i, j) and curve
Vm. The results of this step are shown in Figure 4e,f.

6. Compute the empirical density of the aligned signed distance maps (Figure
4e) as shown in Figure 4g.

7. Calculate the average signed distance map of the kidney at location (i, j)
as:

d(i, j) =
1
M

M∑
m=1

dm(i, j). (4)

Then threshold the sign distance map at zero level to obtain an average
shape.

8. Average the signed distance maps to obtain an average density estimation
of the shape.

Figure 5a shows the average signed distance map for a kidney object. We get
the average shape of the kidney by thresholding the signed distance map shown
in Figure 5a at zero level, the result of which is shown in Figure 5b. In the same
way, we calculate the average empirical densities of the empirical densities shown
in Figure 4g, with the result shown in Figure 6. With this approach, all the shape
variability is gathered into one density function. Compared to the other approaches
such as that of [60], we do not need to conduct a principal component analysis,
which is difficult for a big database that contains big images (size 600× 600).

Figure 7 evaluates the quality of MI-based affine alignment, with the region
maps images being pixelwise averages of all the training maps images, m =
1, . . . ,M , before and after mutual alignment of training set M . Similar shapes
are significantly overlapped after the alignment, that is, we decrease the variability
between shapes.

5.2. Density Estimation

In this section we introduce a new statistical model that approximates an
empirical probability density function of scalar data with a linear combination
of discrete Gaussians (LCDG) with positive and negative components. Due to
both positive and negative components, the LCDG approximates interclass tran-
sitions more accurately than a conventional mixture of only positive Gaussians.
To estimate the parameters of LCDG, we modify an Expectation-Maximization
(EM) algorithm to deal with the LCDG with positive and negative components and
also propose a novel EM-based sequential technique to get a close initial LCDG
approximation with which the modified EM algorithm should start.



 

306 AYMAN EL-BAZ et al.

Figure 4. Steps of shape reconstruction. Samples of the database (a), manual segmentation
results (b), affine mutual information registration (c), binarization (d), signed distance maps

attached CD for color version.
(e), level sets functions (f), and the empirical densities of signed distance maps (g). See
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(a) (b)

Figure 5. Average signed distance map for the kidney object (a), and the average shape of
the kidney after thresholding the average signed distance map from the zero level (b). See
attached CD for color version.

Figure 6. Average empirical signed distance map density representing the shape. It is
calculated as the average empirical density of empirical densities shown in Figure 4g.
The positive distances indicate the kidney area, while the negative distances indicate the
background.

In the following we describe this model to estimate the marginal density for
the gray-level distribution pg(q) in each region. The same approach is used to
estimate the density of the signed distances ps(d) for the object and background.
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(a) (b)

Figure 7. Comparison of the shape overlaps in the training data sets before (a) and after
(b) alignment.

Let Q = {0, . . . , Q} denote sets of gray levels q in the given image. Here,
Q+ 1 is the number of gray levels in the given image. Let S = {(i, j) : 1 ≤ i ≤
I, 1 ≤ j ≤ J} be a finite arithmetic grid supporting gray level images Y : S →
Q. The discrete Gaussian (DG) is defined as the discrete probability distribution
Ψθ = (ψ(q|θ) : q ∈ Q) on Q such that ψ(q|θ) = Φθ(q + 0.5) − Φθ(q − 0.5)
for q = 1, . . . , Q− 2, ψ(0|θ) = Φθ(0.5), ψ(Q− 1|θ) = 1−Φθ(Q− 1.5) where
Φθ(q) is the cumulative Gaussian (normal) probability function with a shorthand
notation θ = (µ, σ2) for its mean, µ, and variance, σ2.

In contrast to a conventional mixture of Gaussians and/or other simple dis-
tributions, one per region, we closely approximate the empirical gray-level dis-
tribution for the given image with an LCDG having Cp positive and Cn negative
components:

pg:w,Θ(q) =
Cp∑
r=1

wp,rψ(q|θp,r)−
Cn∑
l=1

wn,lψ(q|θn,l), (5)

under the obvious restriction on the weights w = [wp,., wn,.]:

Cp∑
r=1

wp,r −
Cn∑
l=1

wn,l = 1. (6)

To estimate the parameters for the model given in Eq. (6), we modify the con-
ventional EM algorithm to take into account both positive and negative discrete
Gaussian components. The details of the algorithm are described below.
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5.3. Modified EM Algorithm for LCDG

Let F = [f(q) : q ∈ Q] be an empirical relative frequency distribution of
gray levels q collected over the whole image Y. Assuming independent signals in
the pixels (i, j) ∈ S, the empirical distribution represents an unknown probability
density ψψ(q) of gray values such that

∫∞
−∞ ψψ(q)dq ≡ ∑Q

q=0 f(q) = 1. We
assume that F is approximated by an LCDG PC:w,Θ = [pC(q) : q ∈ Q] with Cp
positive and Cn negative components ψ(q|θ):

pw,Θ(q) =
Cp∑
r=1

wp,rψ(q|θp,r)−
Cn∑
l=1

wn,lψ(q|θn,l). (7)

In line with Eq. (7), the positive weights w are restricted to unity as shown in Eq.
(6):

We also assume here that the numbers Cp and Cn of the components of each
type are known after the initialization in Section 5.4 and do not change during the
EM process. The initialization also provides the starting parameter values w[0]

and Θ[0].
The probability densities form a proper subset of the set of the LCDG due to

the additional restriction pw,Θ(q) ≥ 0, which holds automatically for probability
mixtures with no negative components only. As mentioned earlier, this special
feature is ignored because our goal is to closely approximate the empirical data
only within the limited range [0, Q]. The approximating function of Eq. (7) is
assumed strictly positive only in the points q = 0, 1, . . . , Q.

The log-likelihood of the empirical data under the assumed independent sig-
nals is as follows:

L(w,Θ) =
1
|S| log


 ∏

(i,j)∈S

f(Yi,j)




=
1
|S| log


∏

q∈Q

(pw,Θ(q))|S|f(q)




=
∑
q∈Q

f(q) log pw,Θ(q). (8)

The LCDG that provides a local maximum of the log-likelihood in Eq. (8) can
be found using the iterative block relaxation process extending the conventional
scheme in [61] that was proposed initially in [62].

Let

p
[m]
w,Θ(q) =

Cp∑
r=1

w[m]
p,rψ(q|θ[m]

p,r )−
Cn∑
l=1

w
[m]
n,l ψ(q|θ[m]

n,l )



 

310 AYMAN EL-BAZ et al.

be the LCDG at step, or iteration, m. Relative contributions of each data item
q = 0, . . . , Q into each positive and negative Gaussian at the step m are specified
by the respective conditional weights:

π[m]
p (r|q) =

w
[m]
p,rψ(q|θ[m]

p,r )

p
[m]
w,Θ(q)

; π[m]
n (l|q) =

w
[m]
n,l ψ(q|θ[m]

n,l )

p
[m]
w,Θ(q)

, (9)

such that the following condition holds:

Cp∑
r=1

π[m]
p (r|q)−

Cn∑
l=1

π[m]
n (l|q) = 1; q = 0, . . . , Q. (10)

Multiplying the right-hand side of Eq. (8) by the left-hand side of Eq. (10),
which is valid since this latter has unit value, the log-likelihood of Eq. (8) can be
rewritten in the equivalent form:

L(w[m],Θ[m]) =
Q∑

q=0

f(q)


 Cp∑

r=1

π[m]
p (r|q) log p[m]

w,Θ(q)




−
Q∑

q=0
f(q)

[
Cn∑
l=1

π[m]
n (l|q) log p[m]

w,Θ(q)

]
. (11)

The next equivalent form more convenient for specifying the block relaxation
process is obtained after replacing log p[m]

w,Θ(q) in the first and second brackets

with the equal terms: logw[m]
p,r + logψ(q|θ[m]

p,r ) − log π[m]
p (r|q) and logw[m]

n,l +

logψ(q|θ[m]
n,l )− log π[m]

n (l|q), respectively, which follow directly from Eq. (9).
The block relaxation converges to a local maximum of the likelihood func-

tion in Eq. (11) by repeating iteratively the following two steps of conditional
maximization (comprising the E-step and the M-step, respectively [61]):

1. Find the conditional weights of Eq. (9) by maximizing the log-likelihood
L(w,Θ)under the fixed parametersw[m], Θ[m] from the previous iteration
m, and

2. Find the parameters w[m+1], Θ[m+1] by maximizing L(w,Θ) under the
fixed conditional weights of Eq. (9)

until the changes of the log-likelihood and all the model parameters become small.
The first step performing the conditional Lagrange maximization of the log-

likelihood of Eq. (11) under the Q + 1 restrictions of Eq. (10) results just in the
conditional weights π[m+1]

p (r|q) and π[m+1]
n (l|q) of Eq. (9) for all r = 1, . . . , Cp;

l = 1, . . . , Cn and q = 0, . . . , Q.
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The second step performs conditional Lagrange maximization of the log-
likelihood of Eq. (11) under the restriction of Eq. (6). It results in the conditional
mathematical expectations of the model parameters involving the fixed conditional
weights of Eq. (9) as conditional probabilities. The expected weights w[m+1] at
the second step conform to:

w
[m+1]
p,r =

∑
q∈Q

f(q)π[m+1]
p (r|q)

w
[m+1]
n,l =

∑
q∈Q

f(q)π[m+1]
n (l|q) .

The expected parameters Θ[m+1] of each Gaussian have conventional forms that
follow from the unconditional maximization of the log-likelihood of Eq. (11):

µ
[m+1]
c,r = 1

w
[m+1]
c,r

∑
q∈Q

qf(q)π[m+1]
c (r|q)

(σ[m+1]
c,r )2 = 1

w
[m+1]
c,r

∑
q∈Q

(
q − µ[m+1]

c,i

)2
f(q)π[m+1]

c (r|q).

where c stands for p or n, respectively.
This modified EM algorithm is valid while the weights of Eq. (9) are strictly

positive, and the initial LCDG approximation should comply with this limitation.
The iterations have to be terminated when the log-likelihood of Eq. (11) begins to
decrease. Generally, if the initialization is incorrect, this algorithm may diverge
from the very beginning. Thus, the initial LCDG has to closely approximate the
empirical distribution.

5.4. Sequential EM-Based Initialization

We assume that the number of dominant modes is equal to the given number
of classes. To simplify the notation, let the empirical distribution have only two
separate dominant modes representing the object (kidney) and the background,
respectively, since we have only two classes for this specific problem. The algo-
rithm we present below is easily extended to the general case of K > 2 dominant
modes. We assume that each dominant mode is roughly approximated with a sin-
gle Gaussian and the deviations of the empirical density from the two-component
dominant Gaussian mixture are described by other components of the LCDG in
Eq. (5). Therefore, the model has the two dominant positive weights, say, wp,1
and wp,2 such that wp,1 + wp,2 = 1, and a number of “subordinate” weights of

smaller absolute values such that
∑Cp

r=3 wp,r −
∑Cn

l=1 wn,l = 0.
The following sequential algorithm allows for estimating both the weights and

parameters of the individual Gaussians in the previous LCDG model, including
the number of the non-dominant components:
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1. Approximate a given empirical distribution F of gray levels in the image
Y with a dominant mixture P2 of two Gaussians using the conventional
EM algorithm.

2. Find the deviations ∆ = [∆(q) = f(q) − p2(q) : q ∈ Q] between
F and P2 and split them into the positive and negative parts such that
δ(q) = δp(q)− δn(q):

∆p = [δp(q) = max{δ(q), 0} : q ∈ Q}],
∆n = [δn(q) = max{−δ(q), 0} : q ∈ Q}].

(12)

3. Compute the scaling factor for the deviations: Scale =
∞∫

−∞
δp(q)dq ≡

∞∫
−∞

δn(q)dq.

4. If the factor Scale is less than an accuracy threshold, terminate and return
the model PC = P2.

1
Scale∆p and 1

Scale∆n
as two new “empirical densities” and use iteratively the conventional EM
algorithm to find sizes Cp and Cn of the Gaussian mixtures, Pp and Pn,
respectively, approximating the best scaled-up deviations.

(a) The size of each mixture corresponds to the minimum of the integral
absolute error between the scaled-up absolute deviation ∆p (or ∆n)
and its model Pp (or Pn). The number of components is increasing
sequentially by a unit step while the error is decreasing.

(b) Due to multiple local maxima, such a search may be repeated several
times with different initial parameter values in order to select the best
approximation.

6. Scale down the subordinate modelsPp andPn (i.e., scale down the weights
of their components) and add the scaled modelPp to and subtract the scaled
model Pn from the dominant model P2 in order to form the desired model
PC of the size C = 2 + Cp + Cn.

Since the EM algorithm converges to a local maximum of the likelihood
function, it may be repeated several times with different initial parameter values for
choosing the model that yields the best approximation. In principle, this process
can be repeated iteratively in order to approximate more and more closely the
residual absolute deviations between F and PC . But because each Gaussian in the
latter model impacts all the values p(q), the iterations should be terminated when
the approximation quality begins to decrease.

5. Otherwise,consider the scaled-up absolute deviations
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We use the Levy distance [63], ρ(F,P), between the estimated model P and
the empirical distribution F to evaluate the approximation quality. The distance
is defined as the minimum positive value α such that the two-sided inequalities
p(q − α)− α ≤ f(q) ≤ p(q + α) + α hold for all q ∈ Q:

ρ(F,P) = min
α>0
{α : p(q − α)− α ≤ f(q) ≤ p(q + α) + α ∀q ∈ Q}. (13)

It has been proven [63] that modelPweakly converges toFwhenρ(F,P)→ 0.
Our experiments show that the modified EM algorithm typically decreases an ini-
tially large Levy distance between the empirical distribution and its estimated
model to a relatively small value.

5.5. Classification of the Model Components

The final mixed LCDG model P has to be split intoK LCDG submodels, one
per class, by associating each subordinate component with a particular dominant
term in such a way as to minimize the expected misclassification rate. To illustrate
the association principle, let us consider the bimodal case with the two dominant
Gaussians having the mean values µ1 and µ2; 0 < µ1 < µ2 < Q. Let all the
subordinate components be ordered by their mean values, as well. Then those with
mean values smaller than µ1 and greater than µ2 relate to the first and second class,
respectively. The components having the mean values in the range [µ1, µ2] are
associated with the classes by simple thresholding such that the means below the
threshold, t, belong to the components associated with the first class. The desired
threshold minimizes the classification error e(t):

e(t) =

t∫
−∞

p(q|2)dq +

∞∫
t

p(q|1)dq. (14)

To make our approach of density estimation clear, we will discuss step-by-
step density estimation for the mixed empirical density of the average signed
distance map of the kidney object. Figure 8a shows the initial step of the bimodal
empirical distribution of signed distance map in Figure 6. The dominant modes
represent the brighter kidney area and its background, respectively. Figure 8b
shows the deviation and absolute deviation between the two dominant modes and
the empirical density. Figure 8c–f shows the final DG mixtures; the initial mixed
LCDG model consists of the 2 dominant, 3 additive, and 4 subtractive DGs, that is,
Cp = 5 and Cn = 4. Figure 8f shows that our modified EM algorithm converges
after the 16 first iterations of the refinement before the process terminates and
increases the log-likelihood from −6.18 for the initial LCDG to −5.10.
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(a) (b)

(c) (d)

(e) (f)

Figure 8. Estimated two dominant modes that present the kidney area and its background
(a); the scaled-up absolute deviation of the approximation and its LCDG model (b); ap-
proximation error for the scaled absolute deviation as a function of number of subordinate
Gaussians (c); density estimation of the scaled-up absolute deviation (d); final LCDG model
(e); and log-likelihood changes at the EM iterations (f).
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(a) (b)

Figure 9. Final two-class LCDG approximation of the mixed density (a); and final LCDG
models for each class (b).

Figure 9 presents the final estimated density using the LCDG model for both
mixed density and the marginal density for each class. In Figure 9a the Levy
distance between the empirical density and the estimated density is 0.008, which
indicates a good match between the empirical distribution and the estimated one.

It is important to note that this shape density is calculated only once; then it
is used as it is during kidney segmentation of all other given abdomen images.

5.6. Stepwise Deformable ModelAlgorithm and Segmentation Results

For any given image, the proposed algorithm of segmenting the region k∗ is
as follows:

1. Register the given image to one of the aligned images in the database using
2D affine registration based on using mutual information as a similarity
measure. This step makes the algorithm invariant to scaling, rotation, or
translation.

2. Use the modified EM algorithm to estimate the parameters of the LCDG
density model for signed distance mapps(d|k) inside and outside the object
of interest from the average shape which was calculated a priori.

3. Calculate the normalized histogram for the given image.

4. Use the modified EM algorithm to estimate the parameters of the LCDG
density model for each class pg(q|k), k being the class number k = 1...K.

5. Initialize the control points φ(τ) for the deformable model, and for each
control point φ(τ) on the current deformable model, calculate sign dis-
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Figure 10. Greedy propagation of the deformable model (a). The deformable model in (a)
is initialized in the given kidney to be segmented (b). See attached CD for color version.

tances indicating exterior (−) or interior (+) positions of each of the eight
nearest neighbors w.r.t. the contour as shown in Figure 10.

6. Check the label k for each control point:

(a) If the point is assigned to the region k = k∗, then

i. Estimate the region labels for its neighbors using a Bayesian
classifier such that they have the (−) distance.

ii. If some of these sites are also assigned to the class k∗, then
move the control point to the neighboring position ensuring the
minimum total energy (i.e., expand the contour).

iii. Otherwise, do not move this point (the steady state).

(b) If the point is assigned to the region k �= k∗, then

i. Estimate the region labels for its neighbors using a Bayesian
classifier such that they have the (+) distance.

ii. Move the control point to the neighboring position ensuring the
minimum total energy (i.e., contract the contour).

7. If the iteration adds new control points, use the bicubic interpolation of the
whole contour and then smooth all its control points with a lowpass filter.

8. Repeat steps 6 and 7 until no positional changes in the control points occur.

The first step of our approach is to estimate the density from the given image
for both the kidney object and its background. Unlike the shape density estimation,
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the gray-level density estimation step will be repeated for every image we need to
segment; so that our approach is adaptable for all data.

Figure 11 shows the initial approximation of the bimodal empirical distribution
of Q = 256 gray levels over a typical DCE-MRI (Dynamic Contrast-Enhanced
Magnetic Resonance Imaging) slice of human abdomen. The dominant modes
represent the brighter kidney area and its darker background, respectively. After
the additive and subtractive parts of the absolute deviation are approximated with
the DG mixtures, the initial mixed LCDG model consists of the 2 dominant, 4
additive, and 4 subtractive DGs, that is, Cp = 6 and Cn = 4. The LCDG models
of each class are obtained with t = 78, ensuring the best class separation.

Figure 12 presents the final LCDG model obtained by refining the above
initial one using the modified EM algorithm introduced in Section 5.3. The first
37 iterations of the algorithm increase the log-likelihood of Eq. (11) from −6.90
to−4.49. Also, the Levy distance between the empirical density and the estimated
density is 0.007, which indicates a good match between the empirical distribution
and the estimated one.

The second step of the proposed approach is the alignment step. Figure
13a demonstrates one of our aligned databases. Figure 13b shows one kidney
image that we need to segment. Figure 13c shows the result of the registration of
(a) and (b) using MI. Figure 14 shows the final steps of the proposed approach.
The resulting segmentation in Figure 14c has an error of 0.23% with respect to
radiologist segmentation (ground truth). Figure 15 shows another example of
kidney segmentation using the proposed approach. To highlight the accuracy
of the proposed approach, we compared the proposed approach with the more
conventional geometric deformable model presented in [60], where the level set-
based shape prior gives an error of 4.9% (Figure 15g). Similar results for four
other kidney images in Figure 16 suggest that the latter approach fails to detect
sizeable fractions of the goal objects.

In the above examples, the abdominal images were from different patients to
show the applicability of our approach, and also to demonstrate the difficulty of
the problem. From here on, we will be using the images of only one patient to
illustrate the steps of our approach. The segmentation results of one patient are
given in Figure 17, a part of whose sequence was given in Figure 2.

6. MODEL FOR THE LOCAL DEFORMATION

In DCE-MRI sequences, the registration problem arises because of patient
movement and breathing. To overcome this problem, we proposed a new ap-
proach to handle kidney motion. The proposed approach is based on deforming
the segmented kidney over closed equispaced contours (i.e., isocontours) to closely
match the prototype. We did not use a free-form deformation based on a B-spline
on a square lattice because that requires additional smoothing constraints that lead
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(a) (b)

(c) (d)

Figure 11. Initial LCDG model of the bimodal empirical gray-level distribution: the DMRI
slice (a), its empirical gray-level distribution approximated with the dominant mixture of
the DGs (b), the scaled-up absolute deviation of the approximation and its LCDG model
(c), and the LCDG model of each class (d) for the best separating threshold t = 78. See
attached CD for color version.

to very time-consuming computations. Instead we used evolution of the isocon-
tours guided with an exponential speed function in the directions that minimize
the distances between corresponding pixel pairs on the isocontours of both the
objects. The normalized cross-correlation is used as an image similarity measure
insensitive to intensity changes (e.g., due to tissue motion in medical imagery and
the contrast agent).

The first step of the proposed approach is to use the fast marching level set
methods [46] to generate the distance map inside the kidney regions, as shown in
Figure 18a,b. The second step is to use this distance map to generate equally spaced
separated contours (isocontours) as shown in Figure 18c,d. Note that the number
of isocontours depends on the accuracy and speed that the user needs to achieve.
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(a) (b)

(c) (d)

Figure 12. Final 2-class LCDG model (a), log-likelihood changes at the EM iterations (b),

separating threshold t = 85 (d). See attached CD for color version.

(a) (b) (c)

Figure 13. Kidney from the aligned database (a); a kidney to segment (b); alignment of (a)
and (b) using affine mutual information registration (c).

ten components of the final LCDG (c), the final LCDG model of each class for the best
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(a) (b)

(c) (d)

Figure 14. Initialization of deformable model (a); final segmentation of the aligned image
(b); final segmentation (c) after multiplying the aligned image by inverse transformation
(error = 0.23%); and radiologist segmentation (d). See attached CD for color version.

The third step of the proposed approach is to use normalized cross-correlation to
find the correspondence between isocontours. Since we start with aligned images,
we limit our searching space to a small window (e.g., 10 × 10) to improve the
speed of the proposed approach. The final step is evolution of the isocontours.
Here our goal is to deform the isocontours in the first (target) image to match the
isocontours in the second (source) image. Before we discuss the details of the
evolution algorithm, let us define the following terminology:
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 15. Chosen training kidney prototype (a); an image to be segmented (b); its align-
ment to the prototype (c); the contour of the training prototype superimposed on the aligned
test image (d); the segmentation result (e); the same result (f) after its inverse affine trans-
form to the initial image (b) (total error 0.63% in comparison to ground truth (h); the final
boundary and the ground truth are in red and green, respectively), and the segmentation (g)

attached CD for color version.
with the algorithm in [60] (the total error 4.9% in comparison to ground truth (h)). See
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Error 0.67% Error 4.1%

Error 1.5% Error 7.4%

Error 1.5% Error 6.4%

Error 1.3% Error 5.9%

Figure 16. Segmentation of four other kidney DCE-MR images: the left column — our
final boundaries and the ground truth (in red and green, respectively); the right column
— the segmentation with the algorithm in [60] vs. the ground truth (in red and green,
respectively). See attached CD for color version.
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Figure 17. Segmentation results of a DCE-MRI series, a part of which was shown in Figure 2.
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(a) (b)

(c) (d)

Figure 18. Distance map of two kidneys (a, b) and the samples of isocontours (c, d). See
attached CD for color version.

φA
niso

(h, ν) are the isocontours in the target image, where h = 1, . . . ,H is
the index of the control points in the given contour, niso = 1, . . . Niso is
the index of the isocontours, and ν is the iteration step.

φB
miso

(γ) are the isocontours in the source image, where γ = 1, . . . ,Γ is
the index of control points in the given contour, and miso = 1, . . . ,Miso
is the index of the isocontours.

S is the Euclidean distance between corresponding points located on both
isocontours of both images.

SA
niso,niso−1 is the Euclidian distance between φA

niso
(l, ν) and φA

n−1(l, ν).

V is the propagation speed function.
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(a) (b)

Figure 19.
version.

The most important step in model propagation is selection of propagation
speed function V. Selection of the speed function must satisfy the following
conditions:

1. V = 0 if S = 0.

2. V ≤ min(S, SA
niso,niso−1, S

A
niso,niso+1) if S > 0; is the smoothness con-

straint, which prevents the current point from passing the closest neighbor
contour, as shown in Figure 19.

A speed function of the following form satisfies the above conditions:

V = eβS − 1, (15)

where β is the propagation constant with the upper bound

β �
ln
(

min(S, SA
niso,niso−1, S

A
niso,niso+1) + 1

)
S

.

Based on the speed function shown in Eq. (15) we can deform the isocontours
using the following equation, as shown in Figure 19b:

φA(h, ν + 1) = V
S φ

B
miso

(γ) + S−V
S φA

niso
(h, ν) (16)

for h = 1, . . . ,H, miso = 1, . . . ,Miso, niso = 1, . . . , Niso.
To show the quality of the proposed approach, we fused the two kidney images

by means of the checkerboard visualization in Figure 20. It is clear from Figure 20b
that the connectivity between the two images at the edges and inside the kidney
region are improved after applying the proposed deformation model.

Model constraints (a), and model evolution (b). See attached CD for color
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Figure 20. Example of a DCE-MRI series after nonrigid registration.
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7. CORTEX SEGMENTATION

Strake et al. [64] have shown that the most important signal characteristics
come from the cortex of the kidney during acute rejection. Therefore, the final
step of our approach is to segment the cortex from the segmented kidney. To
achieve this task, we use the same approach but based now only on intensity. At
this step, since all the kidneys are aligned together, we select seed points from
the medulla regions, and evolve our deformable model based only on intensity.
After we extract the medullary regions, the rest is cortex, which is used as a mask
and propagated over the whole sequence to plot the average cortex intensity. In
Figure 21 we show the cortex segmentation results. In Figure 21a we manually
initialize several deformable models inside the medullar regions, and we allow our
deformable model evolve in these regions with gray-level information as shown
in Figure 21b. The cortex mask is applied to the rest of the sequence as shown in
Figure 21c–h.

8. RESULTS

The ultimate goal of the proposed algorithms is to successfully construct a
renogram (mean signals) from DCE-MRI sequences, showing the behavior of the
kidney as the contrast agent perfuses through the transplanted organ. In acute
rejection patients, the DCE-MRI images show a delayed perfusion pattern and
reduced cortical enhancement. We tested the above algorithms on thirty patients,
four of which are shown in Figure 22. The normal patient shows the expected
abrupt increase to higher signal intensities and the dip with a small slope. The
acute rejection patients show a delay in reaching peak signal intensities. From
these observations we have been able to conclude that the relative peak signal
intensity, the time to peak signal intensity, the slope between the peak and the
first minimum, and the slope between the peak and the signal measured from the
last image in the sequence are the four major features in the renograms of the
segmented kidney undergoing classification.

To distinguish between normal and acute rejection, we used a Bayesian super-
vised classifier, learning statistical characteristics from a training set for normal

performed for each feature by using a linear combination of Gaussians (LCDG)
with positive and negative components, and their parameters are estimated using
a modified EM algorithm that appeared in [65]. In our approach we used 50%
of the data for training and the other 50% for testing. For testing data the Bayes
classifier succeeded in classifying 13 of 15 correctly (86.67%). For the training
data the Bayes classifier classified all of them correctly, so the overall accuracy of
the proposed approach is 93.3%. All these values were calculated with respect to
biopsy results.

and acute rejection. The density estimation required in the Bayes classifier is
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(a) (b) (c)

(d) (e) (f)

(g) (h)

Figure 21. Segmentation of the cortex from kidney images. Several medullary seeds
are initialized (a), and the deformable model grows from these seed points (b). After the
medulla is extracted from the kidney, the cortex is propagated over the whole sequence of
images, as shown in (c)-(h). See attached CD for color version.
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Figure 22. Cortex intensity vs. scan number from 4 subjects. There are 4 seconds between
each scan. Subjects 1 and 2 have acute rejection, subject 3 is normal, and subject 4 is
chronic glomerulopathy proved by biopsy. In these cortical renograms the normal patient
shows the expected abrupt increase in intensity along with a fast decrease, followed by a
constant valley and a slow decrease. On the other hand, these abrupt patterns are not seen
in acute rejection patients; there is no definite peak, and the time to reach peak intensity is
delayed. Subject 4 shows that DCE-MRI is also powerful in distinguishing other diseases.
See attached CD for color version.

9. CONCLUSION

In this chapter we presented a framework for the detection of acute renal rejec-
tion from Dynamic Contrast Enhanced Magnetic Resonance Images that includes
segmentation of kidneys from abdomen images, nonrigid registration, and Bayes
classification. For segmentation of kidneys from the abdomen images, we intro-
duced a new deformable model that evolves with both the gray-level information
of a given abdomen image, and the shape information obtained from a database
of manually segmented kidneys. The energy function of this deformable model
is a combination of (i) the gray-level density and (ii) the prior shape information
as a 1D density function. For these density estimations we introduced a modified
EM algorithm that closely approximates the densities. Following segmentation,
we introduced a nonrigid registration algorithm that deforms the kidney object on
isocontours instead of a square lattice, which provides more degrees of freedom to
obtain accurate deformation. After nonrigid registration, the kidney is segmented
into cortex and medulla, and the average gray-level value of the cortex for the
whole sequence of a patient is plotted. The features extracted from these signal
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plots (renograms) undergo Bayesian classification to understand if the transplanted
kidney is undergoing acute rejection or if it is functioning normally.

Our future work will include testing more patients, and testing the robustness
of our approach. In addition, we will try to classify other possible diseases that
occur after transplantation, and even try to understand the severity of rejection.
With such developments we believe that analysis of DCE-MRI imagery has a
high potential for replacing the current nuclear imaging tests or invasive biopsy
techniques.

10. REFERENCES

1. 2000 annual report of the U.S. scientific registry of transplant recipients and the organ procure-
ment and transplantation network: transplant data 1990–1999. 2001. Richmond, VA: United
Network for Organ Sharing, Richmond, VA.

2. Sharma RK, Gupta RK, Poptani H, Pandey CM, Gujral RB, Bhandari M. 1995. The magnetic
resonance renogram in renal transplant evaluation using dynamic contrast-enhanced MR imaging.
Radiology 59:1405–1409.

3. Kasiske BL, Keane WF. 1996. Laboratory assessment of renal disease: clearance, urinalysis, and
renal biopsy. In The kidney, 5th ed., pp. 1137–1173. Ed BM Brenner, FC Rector. Philadelphia:
Saunders.

4. Bennett HF, Li D. 1997. MR imaging of renal function. Magn Reson Imaging Clin North Am
5(1):107–126.

5. Giele ELW. 2002. Computer methods for semi-automatic MR renogram determination. PhD
dissertation. Department of Electrical Engineering, University of Technology, Eindhoven.

6. TaylorA, Nally JV. 1995. Clinical applications of renal scintigraphy. Am J Roentgenol 164:31–41.
7. Katzberg RW, Buonocore MH, Ivanovic M, Pellot-Barakat C, Ryan RM, Whang K, Brock JM,

Jones CD. 2001. Functional, dynamic and anatomic MR urography: feasibility and preliminary
findings. Acad Radiol 8:1083–1099.

8. Tublin ME, Bude RO, Platt JF. 2003. The resistive index in renal Doppler sonography: where do
we stand? Am J Roentgenol 180(4):885–892.

9. Huang J, Chow L, Sommer FG, Li KCP. 2001. Power Doppler imaging and resistance index
measurement in the evaluation of acute renal transplant rejection. J Clin Ultrasound 29:483–490.

10. Turetschek K, Nasel C, Wunderbaldinger P, Diem K, Hittmair K, Mostbeck GH. 1996. Power
Doppler versus color Doppler imaging in renal allograft evaluation. J Ultrasound Med 15(7):517–
522.

11. Trillaud H, Merville P, Tran Le Linh P, Palussiere J, Potaux L, Grenier N. 1998. Color Doppler
sonography in early renal transplantation follow-up: resistive index measurements versus power
Doppler sonography. Am J Roentgenol 171(6):1611–16115.

12. Yang D, Ye Q, Williams M, Sun Y, Hu TCC, Williams DS, Moura JMF, Ho C. 2001. USPIO
enhanced dynamic MRI: evaluation of normal and transplanted rat kidneys. Magn Reson Med
46:1152–1163.

13. Chan L. 1999. Transplant rejection and its treatment. In Atlas of diseases of the kidney, Vol. 5,
chap. 9. Series Ed RW Schrier. Philadelphia: Current Medicine Inc.

14. Szolar DH, Preidler K, Ebner F, Kammerhuber F, Horn S, Ratschek M, Ranner G, Petritsch P,
Horina JH. 1997. Functional magnetic resonance imaging of the human renal allografts during
the post-transplant period: preliminary observations. Magn Reson Imaging 15(7):727–735.

15. Lorraine KS, Racusen C. 1999. Acute tubular necrosis in an allograft. Atlas of diseases of the
kidney, Vol. 1, chap. 10. Series Ed RW Schrier. Philadelphia: Current Medicine Inc.



 

DEFORMABLE MODELS FOR THE DETECTION OF ACUTE RENAL REJECTION 331

16. Krestin GP, Friedmann G, Steinbrich W. 1988. Gd-DTPA enhanced fast dynamic MRI of the
kidneys and adrenals. Diagn Imaging Int 4:40–44.

17. Krestin GP, Friedmann G, Steinbrich W. 1988. Quantitative evaluation of renal function with
rapid dynamic gadolinium-DTPA enhanced MRI. In Proceedings of the international society for
magnetic resonance in medicine, Book of Abstracts. Los Angeles: MRSTS.

18. Frank JA, Choyke PL, Girton M. 1989. Gadolinium-DTPA enhanced dynamic MR imaging in
the evaluation of cisplatinum nephrotoxicity. J Comput Assist Tomogr 13:448–459.

19. Knesplova L, Krestin GP. 1998. Magnetic resonance in the assessment of renal function. Eur
Radiol 8:201–211.

20. Choyke PL, Frank JA, Girton ME, Inscoe SW, Carvlin MJ, Black JL, Austin HA, Dwyer AJ.
1989. Dynamic Gd–DTPA-enhanced MR imaging of the kidney: experimental results. Radiology
170:713–720.

21. Sun Y, Jolly M, Moura JMF. 2004. Integrated registration of dynamic renal perfusion MR im-
ages. In Proceedings of the IEEE international conference on image processing, pp. 1923–1926.
Washington, DC: IEEE

22. Yim PJ, Marcos HB, McAuliffe M, McGarry D, Heaton I, Choyke PL. 2001. Registration of
time-series contrast enhanced magnetic resonance images for renography. In Proceedings of the
14th IEEE symposium on computer-based medical systems, pp. 516–520. Washington, DC: IEEE.

23. Sun Y, Moura JMF, Ho C. 2004. Subpixel registration in renal perfusion MR image sequence. In
Proceedings of an IEEE international symposium on biomedical imaging, pp. 700–703, Wash-
ington, DC: IEEE.

24. Sun Y, Moura JMF, Yang D, Ye Q, Ho C. 2002. Kidney segmentation in MRI sequences using
temporal dynamics. In Proceedings of an IEEE international symposium on biomedical imaging,
pp. 98–101. Washington, DC: IEEE.

25. Gerig G, Kikinis R, Kuoni W, van Schulthess GK, Kubler O. 1992. Semiautomated ROI analysis in
dynamic MRI studies, part I: image analysis tools for automatic correction of organ displacements.
IEEE Trans Image Process 11:(2):221–232.

26. von Schulthess GK, Kuoni W, Gerig G, Duewell S, Krestin G. 1991. Semiautomated ROI analysis
in dynamic MRI studies, part II: application to renal function examination, first experiences.

27. Liang Z, Lauterbur PC. 1994. An efficient method for dynamic magnetic resonance imaging.
IEEE Trans Med Imaging 13(4):677–686.

28. Giele ELW, de Priester JA, Blom JA, den Boer JA, van Engelshoven JMA, Hasman A, Geerlings
M. 2001. Movement correction of the kidney in dynamic MRI scans using FFT phase difference
movement detection. J Magn Reson Imaging 14(6):741–749.

29. Vosshenrich R, Kallerhoff M, Grone HJ, Fischer U, Funke M, Kopka L, Siebert G, Ringert RH,
Grabbe E. 1996. Detection of renal ischemic lesions using Gd-DTPA enhanced turbo flash MRI:
experimental and clinical results. J Comput Assist Tomogr 20(2):236–243.

30. Munechika H, Sullivan DC, Hedlund LW, Beam CA, Sostman HD, Herfkens RJ, Pelc NJ. 1991.
Evaluation of acute renal failure with magnetic resonance imaging using gradient-echo and Gd-
DTPA. Invest Radiol 26(1):22–27.

31. Carvlin MJ, Arger PH, Kundel HL, Axel L, Dougherty L, Kassab EA, Moore B. 1987. Acute
tubular necrosis: use of gadolinium-DTPA and fast MR imaging to evaluate renal function in the
rabbit. J Comput Assist Tomogr 11(3):488–95.

32. Dalla-Palma L, Panzetta G, Pozzi-Mucelli RS, Galli G, Cova M, Meduri S. 2000. Dynamic
magnetic resonance imaging in the assessment of chronic medical nephropathies with impaired
renal function. Eur Radiol 10(2):280–286.

33. Kikinis R, von Schulthess GK, Jager P, Durr R, Bino M, Kuoni W, Kubler O. 1987. Normal
and hydronephrotic kidney: evaluation of renal function with contrast-enhanced MR imaging.
Radiology 165(3):837–842.

34. Semelka RC, Hricak H, Tomei E, Floth A, Stoller M. 1990. Obstructive nephropathy: evaluation
with dynamic Gd-DTPA-enhanced MR imaging. Radiology 175:797–803.

J Comput Assist Tomogr 2:733–741.



 

332 AYMAN EL-BAZ et al.

35. Beckmann N, Joergensen J, Bruttel K, Rudin M, Schuurman HJ. 1996. Magnetic resonance
imaging for the evaluation of rejection of a kidney allograft in the rat. Transpl Int 9(3):175–83.

36. Preidler KW, Szolar D, Schreyer H, Ebner F, Kern R, Holzer H, Horina JH. 1996. Differentiation
of delayed kidney graft function with gadolinium-DTPA-enhanced magnetic resonance imaging
and Doppler ultrasound. Invest Radiol 31(6):364–371.

37. El-Diasty T, Mansour O, Farouk A. 2003. Diuretic contrast enhanced mru versus ivu for depiction
of non-dilated urinary tract. Abd Imaging 28:135–145.

38. Laurent D, Poirier K, Wasvary J, Rudin M. 2002. Effect of essential hypertension on kidney
function as measured in rat by dynamic MRI. Magn Reson Med 47(1):127–131.

39. Krestin GP. 1994. Magnetic resonance imaging of the kidneys: current status. Magn Reson Q
10:2–21.

40. Sun Y. 2004. Registration and segmentation in perfusion MRI: kidneys and hearts. PhD disserta-
tion, Department of Electrical and Computer Engineering, Carnegie Mellon University, Pittsburg.

41. de Priester JA, KesselsAG, Giele EL, den Boer JA, Christiaans MHL, HasmanA, van Engelshoven
JMA. 2001. MR renography by semiautomated image analysis: performance in renal transplant
recipients. J Magn Reson Imaging 14(2):134–140.

42. BoykovY, Lee VS, Rusinek H, Bansal R. 2001. Segmentation of dynamic N–D data sets via graph
cuts using Markov models. In Proceedings of the 4th international conference on medical image
computing and computer-assisted intervention (MICCAI). Lecture Notes in Computer Science,
Vol. 2208, pp. 1058–1066. Utrecht: Springer.

43. Sun Y, Yang D, Ye Q, Williams M, Moura JMF, Boada F, Liang Z, Ho C. 2003. Improving
spatiotemporal resolution of USPIO-enhanced dynamic imaging of rat kidneys. Magn Reson
Imaging 21:593–598.

44. Chan TF, Vese LA. 2001. Active contours without edges. IEEE Trans Image Process 10(2):266–
277.

45. Ibanez L, Schroeder W, Ng L, Cates J, and the Insight Software Consortium. 2005. The ITK
software guide. Clifton Park, NY: Kitware Inc.

46. Sethian JA. 1996. Level set methods and fast marching methods. Cambridge: Cambridge UP.
47. Caselles V, Kimmel R, Sapiro G. 1997. Geodesic active contours. Int J Comput Vision 22(1):61–

79.
48. Rousson M, Paragios N. 2002. Shape priors for level set representations. In Proceedings of the

7th European conference on computer vision, part II (ECCV’02). Lecture Notes in Computer
Science, Vol. 2751, pp. 78–92. Berlin: Springer.

49. Leventon M, Grimson WL, Faugeras O. 2000. Statistical shape influence in geodesic active
contours. In Proceedings of the IEEE conference on computer vision and pattern recognition, pp.
1316–1324. Washington, DC: IEEE Computer Society.

50. Chen Y, Thiruvenkadam S, Tagare H, Huang F, Wilson D. 2001. On the incorporation of shape
priors into geometric active contours. In IEEE workshop on variational and level set methods,
pp. 145–152, Washington, DC: IEEE.

51. Tsai A, Yezzi AJ, Wells WM, Tempany C, Tucker D, Fan A, Eric W, Grimson L, Willsky AS.
2001. Model-based curve evolution technique for image segmentation. In Proceedings of the
IEEE conference on computer vision and pattern recognition, pp. 463–468, Washington, DC:
IEEE Computer Society.

52. Paragios N. 2003. A level set approach for shape-driven segmentation and tracking of the left
ventricle. IEEE Trans Med Imaging 22:773–776.

53. Litvin A, Karl WC. 2003. Level set-based segmentation using data driven shape prior on feature
histograms. In IEEE workshop on statistical signal processing, pp. 166–169. Washington, DC:
IEEE.

54. Tsai A, Wells W, Warfield SK, Willsky AS. 2004. Level set methods in an em framework for shape
classification and estimation. In Proceedings of the international conference on medical image
computing and computer-assisted intervention (MICCAI). Lecture Notes in Computer Science,
Vol. 2211, pp. 1–9. Utrecht: Springer.



 

DEFORMABLE MODELS FOR THE DETECTION OF ACUTE RENAL REJECTION 333

55. Yang J, Duncan J. 2004. 3d image segmentation of deformable objects with joint shape-intensity
prior models using level sets. Med Image Anal 8:285–294.

56. Yuksel SE, El-Baz A, Shi H, Farag AA, El-Ghar MEA, Eldiasty TA, Ghoneim MA. 2005. Auto-
matic detection of renal rejection after kidney transplantation. In Proceedings of the conference
on computer assisted radiology and surgery (CARS), pp. 773–778. Berlin: Springer.

57. Witkin A, Kass M, Terzopoulos D. 1987. Snakes: Active contour models. Int J Comput Vision
1:321–331.

58. El-Baz A, Yuksel SE, Shi H, Farag AA, El-Ghar MA, Eldiasty T, Ghoneim MA. 2005. 2d and 3d
shape-based segmentation using deformable models. In Proceedings of the international confer-
ence on medical image computing and computer-assisted intervention (MICCAI). Lecture Notes
in Computer Science, Vol. 2212,pp. 821–829. Utrecht: Springer.

59. Viola P, Wells WM. 1995. Alignment by maximization of mutual information. In Proceedings of
the 5th international conference on computer vision, pp. 16–23. Washington, DC: IEEE Computer
Society.

60. Tsai A, Yezzi A, Wells W, Tempany C, Tucker D, Fan A, Grimson E, Willsky A. 2003. A shape-
based approach to curve evolution for segmentation of medical imagery. IEEE Trans Med Imaging
22(2):137–154.

61. Webb A. 2002. Statistical pattern recognition. 2nd. ed. Chichester: J. Wiley & Sons.
62. Schlesinger MI. 1968. A connection between supervised and unsupervised learning in pattern

recognition. Kibernetika 2:81–88.
63. Lamperti JW. 1996. Probability. New York: J. Wiley & Sons.
64. te Strake L, Kool LJS, Paul LC, Tegzess AM, Weening JJ, Hermans J, Doornbos J, Bluemm RG,

Bloem JL. 1988. Magnetic resonance imaging of renal transplants: its value in the differentiation
of acute rejection and cyclosporin A nephrotoxicity. Clin Radiol 39(3):220–228.

65. Farag, AA, El-Baz A, Gimel’farb G. 2004. Density estimation using modified expectation-
maximization for a linear combination of gaussians. In Proceding of the IEEE international
conference on image processing, Vol. 3, pp. 1871–1874. Washington, DC: IEEE Computer
Society.



 

11

PHYSICALLY AND STATISTICALLY
BASED DEFORMABLE MODELS FOR

MEDICAL IMAGE ANALYSIS

Ghassan Hamarneh and Chris McIntosh
School of Computing Science, Simon Fraser University
Burnaby, British Columbia, Canada

Medical imaging continues to permeate the practice of medicine, but automated yet accurate
segmentation and labeling of anatomical structures continues to be a major obstacle to
computerized medical image analysis. Deformable models, with their roots in estimation
theory, optimization, and physics-based dynamical systems, represent a powerful approach
to the general problem of medical image segmentation. This chapter presents an introduction
to deformable models, beginning with the classical Active Contour Models (ACMs), or
snakes, and focusing on explicit, physics-based methods. Snakes are useful for segmenting
amorphous shapes when little or no prior knowledge about shape and motion is available.
Many extensions of snakes incorporate such additional knowledge. An example presented
in this chapter is the use of optical flow forces to incorporate knowledge of shape dynamics
and guide the snake deformations to track the leading edge of an injected contrast agent in
an echocardiographic image sequence. Active Shape Models (ASMs), or smart snakes, is a
powerful method for incorporating statistical models of shape variability in the segmentation
process. ASMs and ACMs offer different advantages, and, as such, a method combining
both is presented. Statistical knowledge about shape dynamics is useful for segmenting and
tracking objects with distinctive motion patterns (such as a beating heart). An extension of
the ASM to model knowledge of spatiotemporal constraints is presented.

1. ENERGY-MINIMIZING DEFORMABLE MODELS

1.1. Introduction

The classical deformable model, the Active Contour Model or snakes [1, 2],
gained wide acceptance as a segmentation tool due to its robustness to image
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University, 8888 University Drive, Burnaby, BC, V5A 1S6, Canada. Phone: +1.604.291.3007, Fax:
+1.604.291.3045, hamarneh@cs.sfu.ca.
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noise and boundary gaps. Ideas related to snakes date back to the early 1970s
[3, 4]. In short, an ACM is an energy-minimizing contour with smoothness con-
straints, deformed according to image data. They integrate boundary elements
into a single, inherently connected, smooth, mathematically well-defined struc-
ture, which can be implemented on the continuum achieving sub-pixel accuracy.
ACMs were originally designed to be semiautomatic tools supporting intuitive
interaction mechanisms for guiding the segmentation process. In active contour
models, a contour is initialized on the image and left to deform in a way that, first,
moves it toward features of interest in the image and, second, maintains a certain
degree of smoothness in the contour. Consequently, an energy term is associated
with the contour and is designed to be inversely proportional to both the contour’s
smoothness and its fit to the image data, in order to segment the desired image
features. Deformation of the contour in the image will change its energy; thus, one
can imagine an energy surface on top of which the contour moves (in a way that
resembles the slithering of a snake, and hence the name) while seeking valleys of
low energy [5].

1.2. Classical Snakes

A 2D snake in a continuous spatial domain is represented as a 2D parametric
contour v (s) = (x (s) , y (s)), where s ∈ [0, 1]. In order to fit the snake model
to the image data we associate energy terms with the snake and aim to deform
the snake in a way that minimizes its total energy. The energy of the snake, ξ,
depends on both the shape of the contour and the image data I(x, y) reflected via
the internal and external energy terms, α (v (s)) and β (v (s)), respectively. The
total snake energy is written as

ξ (v (s)) = α (v (s)) + β (v (s)) . (1)

The internal energy term is given by

α (v (s)) =

1∫
0

w1 (s)
∣∣∣∣∂v (s)
∂s

∣∣∣∣
2

+ w2 (s)
∣∣∣∣∂2v (s)
∂s2

∣∣∣∣
2

ds, (2)

whereas the external energy term is given as

β (v (s)) =

1∫
0

w3 (s)P (v (s)) ds. (3)

Weighting functions w1 and w2 control the tension and flexibility of the contour,
respectively, and w3 controls the influence of the image data. wi can depend on
s but are typically set to different constants. For the contour to be attracted to
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image features, function P (v (s)) is designed such that it has minima where the
features have maxima. For example, for the contour to be attracted to high-intensity
changes (high gradients), we can choose

P (v (s)) = P (x (s) , y (s)) = −‖∇ [Gσ ∗ I (x, y)]‖ , (4)

where Gσ ∗ I denotes the image convolved with a smoothing (e.g., Gaussian)
filter with a parameter σ controlling the extent of the smoothing (e.g., variance of
Gaussian).

The contour v that minimizes energy ξ must, according to the calculus of vari-
ations [6], satisfy the vector-valued partial differential (Euler-Lagrange) equation:

− ∂

∂s

(
w1
∂v
∂s

)
+

∂2

∂s2

(
w2
∂2v
∂s2

)
+ w3∇P (v (s)) = 0. (5)

1.3. Dynamic Deformable Models

In order to attack the problem of tracking non-rigid time-varying objects,
deformable models were extended to dynamic deformable models. These describe
the shape changes in a single model that evolves through time to reach a state of
equilibrium where internal forces representing constraints on shape smoothness
balance the external image forces and the contour comes to rest [7]. In this case the
time-varying (dynamic) contour is written as v (s, t) = (x (s, t) , y (s, t)), where
s ∈ [0, 1] and the corresponding constraint equation becomes

µ (s)
∂2v
∂t2

+γ (s)
∂v
∂t
− ∂

∂s

(
w1
∂v
∂s

)
+
∂2

∂s2

(
w2
∂2v
∂s2

)
+w3∇P (v (s, t)) = 0,

(6)
where µ (s) and γ (s) are the mass and damping densities, respectively.

1.4. Snakes Drawbacks

Snakes do not, however, solve the entire problem of finding contours in im-
ages. This is mainly because they lack high-level control and depend on other
mechanisms, such as interaction with the user or some higher-level image under-
standing process, and information from image data adjacent in time or space [8].
Snakes are sensitive to initialization and parameter selection (e.g., wi in (2) and
(3), or σ in (4)) and therefore rely on human guidance to specify approximate
shape and starting position for the snake somewhere near the desired contour as
well as suitable values of the snake’s parameters (see Figures 1 and 2). Without
such guidance snakes can leak or latch onto erroneous edges. In addition to user
interaction, other approaches have been proven useful to deal with the snakes’
limited capture range problem and difficulties in progressing into boundary con-
cavities. These include the incorporation of inflation forces [9], multi-resolution
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search [10], an initial step to optimize for rigid parameters, distance transform-
based potential functions, and Gradient Vector Flow Fields (see Section 1.6.5). In
the next chapter, deformable organisms are introduced as an attempt to provide a
simple model of the human expert’s cognitive abilities in order to guide the model’s
deformations.

Figure 1. Sample frames (progressing left to right, top to bottom) showing incorrect
progress of a deformable model (snake) for segmenting the corpus callosum (CC) in a
midsagittal brain magnetic resonance image (MRI), due to the wrong choice of parameters.
See attached CD for color version.

Figure 2. Sample frames (progressing left to right, top to bottom) showing incorrect
progress of a snake segmenting the CC in an MRI image. Leaking of the snake occurs

attached CD for color version.
because of the weak edge strength (lower left) and incorrect parameter setting. See
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1.5. Discretization and Numerical Simulation

For a polygonal snake contour the discrete version of (6) can be written as

µiv̈i (t) + γiv̇i (t)− w1v′′
i (t) + w2v′′

i
′′ (t) + w3∇P (vi (t)) = 0, (7)

where {vi (t) = (xi (t) , yi (t))}i=1,2,...,N are the nodes of the snake polygon, t is
used as the discrete time variable, and i is the snake node index. v̇ and v̈ are the first
and second derivates of v with respect to t. v′′ and v′′ ′′ are the second and fourth
derivates of v with respect to i. Setting the mass density to zero1 (µi = µ = 0)
and the damping density to a constant (γi = γ), we rewrite Eq. (7) for simulating
the deformations of the discrete snake as

γv̇i − w1Ftensile
i (t) + w2Fflexural

i (t) = w3Fexternal
i (t) . (8)

Ftensile
i (t) is a tensile force (resisting stretching) acting on node i at time t and is

given by
Ftensile

i (t) = 2vi (t)− vi−1 (t)− vi+1 (t) . (9)

Fflexural
i (t) is a flexural force (resisting bending) and is given by

Fflexural
i (t) = 2Ftensile

i (t)− Ftensile
i−1 (t)− Ftensile

i+1 (t) . (10)

Fexternal
i (t) is an external (image-derived) force. It is derived in a way that causes

the snake node to move toward regions of higher intensity gradient in the image
and is given by

Fexternal
i (t) = ∇P (xi (t) , yi (t)) , (11)

where P (xi (t) , yi (t)) is given in (4).
The equation used for updating the position of any snake node i can be

obtained from (8) by using a finite-difference derivative approximation v̇i =
(vi (t+ ∆t)− vi (t))/∆t, where ∆t is a finite time step, yielding

vi (t+ ∆t) = vi (t)− ∆t
γ

(w1Ftensile
i (t)− w2Fflexural

i (t) + w3Fexternal
i (t)).

(12)

1.6. Extensions

1.6.1. Inflation Force

In addition to the above forces, an inflation force, Finflation
i (t), can be uti-

lized to allow for initializing the snake farther away from the target boundary.

1 In static shape recovery problems not involving time-varying data, the mass density is often set to
zero, resulting in simplified equations of motion and a snake that comes to rest as soon as the internal
forces balance the external forces [11].
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Finflation
i (t) is given by

Finflation
i (t) = F (Is (xi, yi))ni (t) , (13)

where Is is a smoothed version of I , ni (t) is the unit vector in the direction normal
to the contour at node i and the binary function

F (I (x, y)) =
{

+1 if I (x, y) ≥ T
−1 otherwise. (14)

links the inflation force to the image data, where T is an image intensity threshold.
More elaborate rules can be used (e.g., using region-based image intensity statistics
[12]). Consequently, Eq. (8) becomes

γv̇i −w1Ftensile
i (t) +w2Fflexural

i (t) = w3Fexternal
i (t) + qFinflation

i (t) , (15)

where q is a scalar weighting the inflation force. Subsequently, (12) becomes

vi (t+ ∆t) = vi (t)− ∆t
γ

(w1Ftensile
i (t)− w2Fflexural

i (t)

+w3Fexternal
i (t) + qFinflation

i (t)). (16)

1.6.2. Adaptive Inflation

In order to dampen the inflation force when the snake nodes reach the target
boundary, a node-specific inflation weight qi can be used, where i is the snake
node number. Having only a single value for the inflation force for all the nodes
is insufficient, since this causes the nodes that reach the target boundary earlier
than others to pass over it and cause the snake to leak. If a node reaches the target
boundary the inflation direction is reversed (inflation becomes deflation and vice
versa), and if a certain number of inflation reversals occur within a limited number
of past iterations, then the inflation force is dampened (qi is replaced byαqi,α <1)
for that particular node only. This updated Eq. (16) becomes

vi (t+ ∆t) = vi (t)− ∆t
γ

(w1Ftensile
i (t)− w2Fflexural

i (t)

+w3Fexternal
i (t) + qiFinflation

i (t)). (17)

1.6.3. Adaptive Subdivision Scheme

Different subdivision schemes can be applied, where the number of snake
nodes is adapted based on the distance between nodes and the curvature along the
snake. A polygonal snake can start with only a few nodes and then increase the
number of nodes as it deforms to accommodate for a longer, concavity seeking
snake. Figure 3 presents one possible implementation, while Figure 4 shows a
snake segmentation example that utilizes adaptive inflation and subdivision.
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Figure 3. Adaptive resampling of a polygonal snake. (Left) Adding a node if the distance
between consecutive nodes is large or curvature is high. (Right) Removing a node if the
distance between nodes is small or the curvature is small (appropriate distance and curvature
thresholds must be chosen). See attached CD for color version.

Figure 4. Sample frames (progressing left to right, top to bottom) showing progress of
correct snake segmentation of the corpus callosum. The segmentation utilizes adaptive
inflation and subdivision and an appropriate choice of weights. See attached CD for color
version.

1.6.4. User Interaction

User interaction is typically employed to assist the snake in latching onto the
desired structure, though its implementation often varies. A user can click a point
on the image through which they believe the snake must pass, and the snake node
closest to the mouse-click position is found and its position reset to the location of
the user-supplied point. A force vector field can also be designed in the vicinity of
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the user point that attracts the snake to that location. Alternatively, a force resulting
from a virtual spring connecting the mouse-click position with the closest snake
contour node can be applied. See examples of user-assisted snake segmentation
using the first method in Figures 5 and 6.

1.6.5. Gradient Vector Flow Snakes

Traditional snakes require initialization near their targets and consequently
are unable to push into concavities. Gradient vector flow (GVF) snakes use a new
external force that enables initialization in areas with little gradient information,
thus enabling far coarser snake initialization and segmentation of concave objects
[13]. The GVF field, denoted by Fgvf (x, y) = (u (x, y) , v (x, y)), is obtained by
minimizing the energy functional Egvf with respect to Fgvf :

Egvf =
∫∫

(µ(u2
x + u2

y + v2
x + v2

y) + |∇f |2|Fgvf −∇f |2) dx dy. (18)

This minimization diffuses the image gradient such that it smoothly declines in
lower-valued regions and directly approximates the gradient in high-magnitude
areas, reflected by the first and second terms of (18), respectively (Figure 7).
The relative weighting of these two terms is governed by the scalar µ. f(x, y) =
−Eext(x, y), whereEext(x, y) is an image edge map (for example, obtained using
a Sobel or Canny filter). ux, uy , vx, and vy are the derivates of the components of
Fgvf , u (x, y), and v (x, y), with respect to x and y. Fgvf is then used in place of
the external forces, Fexternal, in Eq. (12), to obtain

vi (t+ ∆t) = vi (t)− ∆t
γ

(w1Ftensile
i (t)− w2Fflexural

i (t) + w3F
gvf
i (vi(t))).

(19)

1.6.6. Color Images

2D color images map a two-dimensional (n = 2) spatial space (x, y) into a
three-dimensional (m = 3) color space with coordinates (u, v, w) (e.g., R, G, B).
In order to apply snakes to segmenting structures in color images, without first
converting the color image to a single band, external forces must be redefined to
make use of the color gradient. Let the channel derivative matrix D be defined as

D (x, y) =


 ∂u/∂x ∂u/∂y
∂v/∂x ∂v/∂y
∂w/∂x ∂w/∂y


 . (20)

Then, the gradient magnitude and the gradient direction are taken as the square
root of the largest eigenvalue,

√
λmax, of the matrix DT D and its corresponding
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Figure 5. Sample frames showing progress of user-assisted snake segmentation of brain
cerebellum. The small green circles are locations of mouse-clicks by the user. See attached
CD for color version.

(a) (b)

Figure 6. Segmentation of an oral lesion example using the green band of a digital color
image. (a) Initial snake nodes. (b) Final segmentation result (snake nodes shown as white
dots and forced points as white circles). Reprinted with permission from [61]. Copyright
c©2000, IEEE.

eigenvectors, respectively. In order to apply snakes to segment structures in color
images, the external image force becomes Fexternal

i (t) = ∇P (xi (t) , yi (t)),
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(a) (b) (c)

Figure 7. Gradient Vector Flow Field: (a) original image depicting a corpus callosum in a
midsagittal brain MRI, (b) gradient vector field, (c) GVF field. Note how in (c) the field is
less sparse than in (b) and smoothly extends outward into homogenous regions.

where now (compare with (4))

P (xi (t) , yi (t)) = −c
√
λmax(xi (t) , yi (t))), (21)

and λmax(xi (t) , yi (t))) is calculated at the location of snake node xi (t) , yi (t)
at iteration time t. For more details the reader is referred to [14].

1.6.7. Deformable Spring–Mass Mesh Models

Spring mass meshes can also be used to simulate deformable models that
are fitted to object shapes in images. A mesh is made up of nodes (masses or
particles) and springs (elastic links or connecting segments). A mass mi, position
xi, velocity vi, and acceleration ai are associated with each nodeni. Two terminal
nodes ni and nj , Hooke’s spring constant ks, damping constant kd, and rest length
rij are associated with each spring sij . By applying Newton’s second law of
motion and simulating the dynamics by time integration, the mesh nodes move,
deforming the object’s shape. Newton’s second law of motion for node ni states
that ai = Fi/mi, where Fi is the total force acting on ni:

Fi = FHooke
i + Fviscous

i + Fuser
i + Fexternal

i . (22)

A spring sij will cause

FHooke
i = −ks (‖xi − xj‖ − rij) xi − xj

‖xi − xj‖ −
(
kd (vi − vj)

T xi − xj

‖xi − xj‖
)

uij

‖uij‖ where uij = xi− xj (23)

to be exerted at ni and −FHooke
i on nj . Viscous drag at ni is given by

Fviscous
i = −kvvi. (24)
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A single user-applied force Fuser
i is implemented as the dynamic force resulting

from a spring connecting a mesh node to the (varying) position of the user’s point
of application. Image forces can be implemented as

Fexternal
i (t) ∝ ∇‖∇ [Gσ ∗ I (xi)]‖ , (25)

where I (xi) is the intensity of a pixel at the location of node ni (see Eq. (4)).
Image forces that attract the model to an image boundary are calculated only for
boundary mesh nodes (similarly, image forces that attract medial model nodes to
medial features can also be applied). Following the calculation of the node forces
we compute the new acceleration, velocity, and position of each node given the
old velocity and position values, as follows (explicit Euler solution with time step
∆t):

ai = Fi/mi,

vi = vold
i + ai∆t.

xi = xold
i + vi∆t.

(26)

1.6.8. General Shape Parameters

A vector of shape parameters u can also be used to represent the continuous
geometric contour model v(s). These shape parameters are generally associated
with some local-support basis functions (such as splines and finite elements) or
global-support basis functions (such as Fourier bases) [7]. In this case the discrete
form of ξ(v) may be written as

E(u) =
1
2
uT Ku + P(u), (27)

where K is called the stiffness matrix and P(u) is the discrete version of external
potential P (v(s)). The contour parameters that minimize the energy function can
now be obtained by solving the set of algebraic equations

Ku = −∇P. (28)

The motion equation for the contour (represented by u) can be written as

Mü + Nu̇ + Ku = −∇P, (29)

where M and N are mass and damping matrices, respectively [7].

1.6.9. A Probabilistic Formulation

An alternative view of deformable models is a probabilistic formulation. The
deformable model can be fitted to the image data by finding the model shape
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parameters u that maximize the posterior probability (maximum a posteriori or
MAP solution) expressed using Bayes’ theorem as

p(u|I) =
p(I|u)p(u)

p(I)
, (30)

where p(u) is the prior probability density of the model shape parameters: a
mechanism for probabilistic regularization. p(I|u) is the probability of producing
an image I given the parameters u: an imaging (sensor) model. p(u) and p(I|u)
can be written (in the form of Gibbs distribution) as

p(u) = k1 exp(−A(u)), (31)

p(I|u) = k2 exp(−P(u)), (32)

where k1 and k2 are normalizing constants and A(u) is the discrete version of
the internal energy α(v) and P(u) is the discrete version of external potential
P (v(s)).

1.6.10. Deformable Surface Models

For segmenting 3D objects in volumetric medical images, one could resort
to slice-by-slice segmentation, where in each slice a 2D deformable model is ini-
tialized using the results from a neighboring slice. However, this approach does
not inherently integrate 3D information. The following steps are generally per-
formed in 3D deformable models. A geometrical 3D shape representation of the
deformable model is decided upon; the model is initialized (including initial pa-
rameter setting) in the image space, and the model is left to deform to minimize
internal and external energy terms by using internal and external forces, for exam-
ple. Some example implementations of 3D deformable models include Simplex
Meshes [15] and finite-element methods [16]. Another implementation is the 3D
spring–mass mesh model, which is similar to the 2D spring mass mesh system but
now masses are positioned in 3D space so the position, velocity, and acceleration
(x, v, and a) become 3-vectors and new positions are calculated as in Eq. (26),
where only the dimensionality of the position, force, velocity, and acceleration
vectors has changed.

1.7. Optical Flow Snake Forces

In this section we present a detailed look into an extension of the formulation
of Active Contour Models (snakes) that includes an additional contour-deforming
force [17, 18]. The new force is derived from the optical flow field calculated
between two time-consecutive frames in an image sequence. Addition of the new
force assists the snake in tracking desired dynamics while the traditional snake
forces guarantee the contour’s smoothness and attraction to edges. The method is
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applied to the problem of tracking the leading edge of an injected contrast agent
in an echocardiographic image sequence and is shown to improve the tracking
performance. A clinical motivation and previous work on echocardiography and
video densitometry are initially presented.

1.7.1. Clinical Motivation

The assessment of human right-ventricular (RV) function is of great impor-
tance in the study of many diseases afflicting the heart. For example, disturbances
in filling and elimination patterns of RV hemodynamics can be interpreted as signs
of abnormal RV function. Arrhythmogenic Right-Ventricular Dysplasia (ARVD)
is a rare but clinically important disease that afflicts young adults and may play a
role in the etiology of sudden death among the young [19]. Impairments in RV
function in this group of patients can be described in terms of wall motion abnor-
malities, or as localized bulging and sacculations. These abnormalities are mainly
located at the inflow, outflow, or apical regions. To study these abnormalities we
use sequences of contrast echocardiographic images. Automated medical image
analysis techniques are needed to extract clinically relevant information from this
of data.

1.7.2. Medical Imaging Procedure

Thirty patients with biopsy-verified ARVD and 18 healthy volunteers (control
group) were investigated by use of contrast echocardiography. The investigations
were performed with an Acuson XP128 computer system or a Sequoia system
equipped with multi-Hertz transducers. As a contrast agent, 2 ml of Haemaccel r©
(Hoechst) was injected intravenously. Transthoracic apical four-chamber view
with focus on the right ventricle was used and continuously recorded during and
after injection. The video sequence (Figure 8) of the filling and elimination of the
contrast agent was then digitized using a PC with a frame grabber (Matrox, Meteor
II), giving about 600 images for each sequence.

1.7.3. Tracking the Contrast Front

In order to characterize the RV flow patterns, we track the front (the leading
edge) of the contrast agent during RV filling. Examining the flow of the contrast
agent in a typical echocardiographic image sequence (Figure 9) reveals weak ul-
trasound echoes, echo dropouts, and high levels of noise. Application of simple
edge detectors to locate the front of the contrast would therefore result in detecting
erroneous edges and gaps.

The strength of active contour models in integrating low-level image infor-
mation and guaranteeing a smoothly connected contour makes them suitable for
this purpose. For tracking the contrast front in a sequence we make use of the
motion field obtained by Optical Flow (OF) computation as an additional contour
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Figure 8. Sample frames from a digitized image sequence. In frame #1, #59, #124, and
#422 the contrast agent has not, reached, just reached, totally filled, and washed out from
the RV, respectively. Reprinted with permission from [18]. Copyright c©2000, IEEE.

deforming force, in order to speed up tracking and influence the snake nodes to
match corresponding contrast front regions between frames.

Other authors have investigated similar approaches. In [20] a method for
segmenting and tracking cardiac structures in ultrasound image sequences was
presented. In integrating the contour’s equation of motion, the method sets the
initial velocities of the contour vertices to OF estimates, and sets their positions
relative to the final position from the preceding frame. Peterfreund [21] used
Kalman filter-based active contours that calculate OF along the contour as system

Figure 9. Successive frames of contrast agent entering the right ventricle of the heart.
Reprinted with permission from [17]. Copyright c©2000, IEEE.
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measurement to detect and reject measurement that may belong to other objects.
Akgul et al. presented an application of tracking 2D contours of tongue surfaces
from digital ultrasound image sequences [22]. The method makes use of OF to
reduce the computational complexity involved when searching for optimal snake
node locations in a dynamic programming setting. This is done by considering
only a subset of pixels in a search window. The subset is chosen on the basis of
the first OF constraint, namely that the intensity of an object’s point in a dynamic
image does not change with time.

1.7.4. Optical Flow

Optical flow [23] is a well-established method for calculating the velocity
field (u (x, y) , v (x, y)) of the apparent 2D motion of pixels in a dynamic image,
I (x, y, t), due to the 3D motion of imaged objects. The OF velocity field is ob-
tained by examining the spatial and temporal changes in intensity values. Classical
OF is based on two main constraints. The first states that the brightness of any
object point is constant over time. This can be written as

I(x+ dx, y + dy, t+ dt) = I(x, y, t). (33)

Using Taylor series expansion and neglecting higher-order terms gives the first OF
constraint equation:

Ixu+ Iyv + It = 0, (34)

where u = dx/dt, and v = dx/dt are the desired velocity field components, Ix
and Iy are the spatial image derivatives, and It is the temporal image derivative.
Equation (33) by itself is insufficient to calculate (u, v); hence a second constraint,
the velocity field smoothness constraint, is introduced. The velocity field can
now be calculated as that which best satisfies both constraints by minimizing the
following square error function:

ξ2 (x, y) = (Ixu+ Iyv + It)2 + λ(u2
x + u2

y + v2
x + v2

y), (35)

where λ is a Lagrange multiplier. The following iterative algorithm detailed in
[23] is used to find the velocity field (Figure 10):

Initialize: u (x, y) = v (x, y) = 0 for all x, y,

do: u = ū− Ix P
D , v = v̄ − Iy P

D while ξ2 (x, y) > ε,
(36)

where P = Ixū+ Iy v̄ + It, D = λ2 + I2
x + I2

y , and ε is a small number.

1.7.5. Optical Flow Snake Forces

In order to track the contrast agent front in an echocardiographic image se-
quence, we need to accomplish two tasks. The first is to locate the region where
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Figure 10. Optical flow (velocity) field shown on two consecutive frames.

the contrast front has moved from one frame to the next, and the second is to detect
this front as a smooth and connected boundary. We use the optical flow to address
the first task and snakes to address the second. To combine the two techniques we
include an additional force term Fflow

i (t) proportional to the calculated velocity
field at the current snake node position vi(t) = (xi(t), yi(t)), yielding

vi(t) = vi(t−1)+w1Ftensile
i (t)+w2Fflexural

i (t)+w3Fexternal
i (t)+w4Fflow

i (t),
(37)

where wi are weighting factors,

Fflow
i (t) ∝ (u(xi(t− 1), yi(t− 1)), v(xi(t− 1), yi(t− 1))), (38)

and u (xi, yi), v (xi, yi) are obtained using algorithm (36) in Section 1.7.4.

1.8. Results

We tracked the leading edge of a contrast agent filling the RV in real ultrasonic
image sequences. Images were first smoothed using nonlinear diffusion filtering
[24]. The front of the contrast agent was tracked in eight sequences during the RV
filling process, five from the ARVD group and three from the control group. In
each sequence, the front was tracked, on average, in about eight images. In the
example depicted in Figure 11, the snake without OF forces needed 19, 20, 23,
22, 22, and 16 iterations (Figure 11a), whereas the snake with OF forces needed
5, 8, 10, 10, 6 and 10 iterations (Figure 11b). We also show an example of both
snakes, with and without OF forces, deforming toward the leading edge of the
contrast agent in a single frame (Figure 12). The OF snake (with larger nodes in
the figure) progresses faster toward the edge and locates it in only 10 iterations
compared to 23 iterations needed for the snake without OF forces. Histograms
of the number of iterations needed for the contour to find the edge for all tested
frames are also calculated (Figure 13). The mean number of iterations needed with
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and without the use of information about the OF was 6.3 and 12.3, respectively.
Figure 14 shows the snake contour tracking the leading edge of the contrast front
and providing clinically relevant RV hemodynamics measurements.

(a)

(b)

Figure 11. Results of tracking a real sequence. Upper frames: without using optical flow
forces obtained after 19, 20, 23, 22, 22, and 16 iterations. Lower frames: with optical flow
forces obtained after 5, 8, 10, 10, 6, and 10 iterations. Reprinted with permission from [17].
Copyright c©2000, IEEE.

2. SMART SNAKES: INCORPORATING KNOWLEDGE ABOUT SHAPE

2.1. Introduction

Active shape models (ASMs) or smart snakes are deformable shape modeling
techniques for segmentation of objects in images. ASMs ensure that the deformed
shape is consistent with a statistical model of shape variability calculated before-

Figure 12. The snake with optical flow forces (large nodes) progresses faster toward the
contrast front compared to the snake without optical flow forces. The snake nodes are shown
after 1 (left-most), 2, 6, 10, 15, and 23 (right-most) iterations. Reprinted with permission
from [17]. Copyright c©2000, IEEE.
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(a) (b)

Figure 13. Histogram of the total number of iterations needed for the contour to latch onto
the contrast front (a) with optical flow forces and (b) without optical flow forces. Reprinted
with permission from [18]. Copyright c©2000, IEEE.

hand in a training stage. In an ASM, an initial shape model estimate is deformed to
fit the image data. The deformations are chosen such that they minimize a certain
cost function and are consistent with the a priori knowledge about the shape of
the target object to be segmented. The cost function is inversely proportional to
the fit of the model to certain image features. Although incorporating a priori
shape knowledge into an ASM generally improves the segmentation results, the
technique requires training, becomes less general, and is not suitable on its own
for detecting shapes that are dissimilar to those in the training set, which is prob-
lematic in cases where unpredictable changes in shape due to pathology may be
observed in new cases. In the following sections we describe the training and ap-
plication stages of an ASM. Further details are provided in Section 4 that describe
the extension of 2D ASM to include temporal variations.

2.1.1. Modeling the a priori Knowledge of Shape Variation

A representative training set of images depicting the shape variations we wish
to model is collected. A training set of shapes described by corresponding land-
marks (distinctive coordinates) is extracted from the training set of images. Given
N training example shapes, each represented by L landmarks, each landmark be-
ing an (x, y) coordinate, the next step is to obtain a set of aligned shapes, viewed
as a collection of N points in a 2L-dimensional space. The alignment is done
by changing the pose (scaling, rotation, and translation) of the shapes such that
the sum of distances between corresponding landmarks is minimized. Principal
Component Analysis (PCA) is then applied in order to capture the main modes
of shape variations of the aligned training set of shapes. Using the result from
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Figure 14. The result of tracking the leading edge in one of the sequences from the ARVD
group. Each contour represents the contrast agent front at different times, indicated beside
each contour. The contrast front enters the RV (t = 0) until the RV is totally filled (t = 2960
ms). Note how the contrast front in the initial phase of filling (t = 0 to 480 ms) moves faster
than the final phase (t =480 to 2960 ms). This is indicative of the inhomogeneous operation
of the RV, identified via contrast front tracking. Reprinted with permission from [18].
Copyright c©2000, IEEE.
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PCA, we can approximate each shape by the sum of a mean shape and a linear
combination of, say t, principal components, as follows:

x = x̄ + Pb, (39)

where

x is the vector of landmark coordinates,

x̄ is the mean shape,

P is the matrix of principal components,

b is a vector of weighting parameters, also called shape parameters, and

x and x̄ are each of length 2L. P is 2L× t and b is a vector of length t.

Equation (39) can be used to generate new shapes by choosing different values
for b. Constraints on these weighting parameters are used to ensure that only
allowable shapes are produced. The allowable shapes are those shapes belonging
to a region called the Allowable Shape Domain (ASD), which is inferred from the
region that the aligned training set occupies. Aside from generating new similar
shapes, this model is used to examine the plausibility of other shapes by checking
whether or not they lie in the ASD. The above model of the distribution of points
(or variation of shapes) is referred to as a Point Distribution Model (PDM).

2.1.2. Modeling the Gray-Level Appearance

During image search or the segmentation procedure, there is a need to find
the desired movement of the landmarks of a current shape estimate to new and
better locations. The gray-level information (image data) is essential to finding
such suggested movements. This implies that we need to model the gray level
information and make such a model available during image search. This may
be done by examining the intensity profiles at each landmark and normal to the
boundary created by the landmark and its neighbors. The intensity profiles are
then used to derive a normalized intensity difference (gradient, or derivative) pro-
file giving invariance to the offsets and uniform scaling of the gray levels [25].
With L landmarks for each shape and N shapes in the training set along with N
training images, we derive N profiles for each landmark, one from each image,
and calculate the mean profile for each landmark using

ȳj =
1
N

N∑
i=1

yij , (40)

where yij is the normalized derivative profile for the jth landmark in the ith image,
and ȳj is the mean normalized derivative profile for the jth landmark.
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2.1.3. Model Deformation and Attraction to Image Features

To locate an instance of an object in a new image, we start with an initial shape
estimate and then examine the neighborhood of the landmarks of our estimate
aiming at finding better locations for the landmarks. We then change the shape
and pose of our estimate to better fit the new locations of the landmarks while
producing in the process a new acceptable or allowable shape.

An instance of an object is described as the sum of the mean shape obtained
from the training and a weighted sum of the principal components, with the possi-
bility of this shape being translated, rotated, or scaled. The weights of the principal
components are called the shape parameters and the values for the rotation angle
and the scaling factor, and the translation values in the x and y directions are called
the pose parameters.

Starting with an initial shape, we extract a perpendicular intensity profile for
each landmark and use it to derive a normalized derivative search profile in the
same way as described in Section 2.1.2. Within this search profile, we seek a
subprofile that matches the mean or expected profile obtained in the training. This
can be done by defining the following square-error function, which decreases as the
match improves, and minimizing it with respect to the location of this subprofile, d:

f(d) = (h(d)− ȳj)T (h(d)− ȳj), (41)

where ȳj is the mean normalized derivative profile for the jth landmark, and
h(d) is a subprofile along the search profile having a length equal to that of ȳj

and centered around the point on the search profile that is offset by d from the
landmark.

Finding d that minimizes the above function for all the landmarks, we arrive
at L new locations for the landmark positions. We may choose to control the
suggested movement by, for example, changing a small suggested movement to
no movement or large suggested movements to only half what is suggested.

The next step is to update the pose and shape parameters in order to move as
closely as possible to the new proposed positions with the restriction that the new
produced shape is an allowable shape. A practical, though not optimal, solution
is to first find only the pose parameters that move the shape estimate as close as
possible to the new proposed positions. Then there will remain residual adjust-
ments that can only be satisfied by deforming the shape and hence changing the
shape parameters. Finding the pose parameters is done by aligning the current
estimate to the new proposed shape. Alignment details are presented in the section
for the spatio-temporal case. The remaining landmark position modifications are
in general 2L-dimensional, whereas the shape variations obtained from the model
are only t-dimensional. A least-squares solution can be used to solve the follow-
ing equation for the changes in shape parameters db (with an orthonormal matrix
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column of P we have PT P = I)

dx = Pdb⇒ db = (PT P)−1PT dx = PT dx, (42)

where dx is a vector containing the remaining landmark position modifications,
db is a vector of changes in the shape parameters, and P is the matrix of principal
components.

Finally, we limit the shape variations to obtain an acceptable or allowable
shape within the ASD by applying the constraints on the shape parameters. With
this step we complete a single iteration. In a similar fashion, we obtain new
estimates and re-iterate until we assume convergence, defined when the parameter
changes are insignificant.

2.1.4. Improvements and Extensions to ASMs

In this section we present several enhancements and additions to the basic
ASM method. We start by presenting an automatic landmark generation algorithm
followed by a multi-resolution implementation of the ASM. Active Appearance
Models (AAMs) are then discussed. The use of genetic algorithms and the appli-
cation of Kalman filtering for tracking using ASMs are also presented here. We
then show how vibrational modes can be added to the original variation modes of
PDMs. A method for estimating the shape distribution is briefly discussed, and
finally some comments on classification using ASMs are presented.

2.2. Automatic Landmark Generation for PDMs

In order to obtain the (PDM) when the shapes are represented by landmarks,
it is required that all the landmarks in all the training set of images are individually
specified. This is typically done by hand, clicking a mouse on the locations of the
landmarks on an image. This is obviously time-consuming and affected by inter-
and intra-operator variability. It is also particularly difficult to place the land-
marks appropriately when building a 3D model from volume images. A method
for automatically generating PDMs is proposed in [26]. The suggested method
comprises two main stages. First, a pairwise corresponder is used to establish an
approximate set of landmarks on each of the example boundaries. The pairwise
corresponder identifies corresponding points on different examples of the object,
by using the curvature of the boundary of the objects as a basis for a dynamic pro-
gramming matching algorithm. The dynamic programming algorithm attempts
to match points of high curvature on the two boundaries so as to minimize the
discrepancy in the curvature over the length of the boundary. Then, the land-
marks are refined using an iterative nonlinear optimization scheme to generate a
more compact PDM. The refinement is done iteratively by varying the pose and
the shape of the landmarks associated with a given member of the training set in
order to minimize a cost function. One term of the cost function decreases as the
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shape becomes more similar to the mean shape, thus compacting the PDM model,
while another term increases when the landmarks move away from a given bound-
ary. More recently this line of work has been formalized through the concept of
Minimum Description Length.

Multi-Resolution Image Search An important issue that affects the image search
considerably in the ASM is choice of the length of the search profile. In choosing
the length of the search profile we are faced with two contradicting requirements:
on one hand, the search profile should be long enough to contain within it the
target point (the point that we need the landmark point to move to); on the other,
we require the search profile to be short for two reasons: first, to reduce the com-
putations required, and second, if the search profile is long and the target point
is close to the current position of the landmark, then it will be more probable to
move to a farther away noisy point and miss the target. In [27] a multi-resolution
approach is suggested where at first the search looks for faraway points and makes
large jumps, and as the search homes in on a target structure, it should restrict the
search only to close points.

In order to achieve such multi-resolution search, we generate a pyramid of
images. This pyramid of images contains the same image but with different reso-
lutions. At the base of the pyramid, Level 0, we have the original image. On the
next level we have a lower-resolution version of the image with half the number
of pixels along each dimension, and so on, until we reach the highest level of the
pyramid. Low pass filtering (smoothing), for example using Gaussian filtering,
should always precede image sub-sampling.

The search will begin at the top level of the pyramid (i.e., image with the
lowest resolution). The search is then initiated one level below using the search
output of the previous level, and so on, until the lowest level of the pyramid (the
original image) is reached. In order to be able to perform such a search in each
level, we should be equipped with information about the gray-level profiles in each
of these levels. This demands that during the training stage we obtain the mean
normalized derivative profile for each landmark at all levels of the pyramid.

The criterion utilized in order to change the level of search within the pyramid
is as follows. Move to a lower level when a certain percentage of landmarks do not
change considerably, for example, when 95% of the landmarks move only within
the central 50% of the search profile. A maximum number of iterations can also
be devised to prevent getting stuck at a higher level.

Active Appearance Models (AAMs) ASMs are statistical models of the shape
variations of an object that are used along with additional information about the
gray level values to segment new objects. AAMs are an extension of ASMs that
combine information about the shape and intensity of an object into one model
describing the appearance [28]. The model parameters are changed to locate new
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instances of the object in new images. The changes are found by measuring a
residual error between the appearance of the model and the data. The relationship
between the changes in the model parameters and the residual error is found in the
training stage. More details follow.

A shape model and a gray-level model are produced in similar fashion to
ASMs then combined to obtain an appearance model. The shape model is given
by

x = x̄ + Psbs. (43)

The gray level model is obtained by first warping the examples to the mean shape;
then the gray-level values are sampled from the shape-normalized image. In order
to reduce the effects of global lighting variation, the sampled values are normalized.
The gray level model is written as

g = ḡ + Pgbg. (44)

The complete appearance parameters are the shape and the gray level parameters,
bs and bg , combined with the four pose which perform scaling by s, rotation by
θ, and translation by tx and ty .

In the AAM search process, the task is to minimize the difference between
a new image and one synthesized by the appearance model. The relationship
between the difference and the model parameters is approximated linearly. The
coefficients of this linear transformation are obtained in a training stage by varying
the model parameters and observing the change in the image intensities.

Active Blobs (ABs) [29] constitute an approach similar toAAMs. This method
uses the image difference to drive tracking by learning the relationship between im-
age error and parameter offset in an off-line processing stage. The main difference
is that ABs are derived from a single example with low-energy mesh deformations
(derived using a Finite-Element Method), whereas AAMs use a training set of
examples.

GeneticAlgorithms Genetic algorithms employ mechanisms analogous to those
involved in natural selection to conduct a search through a given parameter space
for an extreme value of some objective function. This concept can be employed
in ASMs, where the parameter space consists of possible ranges of values for the
pose and shape parameters of the model. The objective function to be maximized
reflects the similarity between the gray levels related to the object in the search
stage and those found from training. In [30] the use of GA for model-based image
interpretation is presented and can be used to fit the formulation of ASMs. The use
of GA for finding the model parameters that fit a model to image data is presented
below.

A point in the search space is encoded as a chromosome and a population
of chromosomes is maintained. Combining existing points generates new points
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in the search space. Solutions are obtained by iteratively generating new gener-
ations of chromosomes by selective breeding based on the relative values of the
objective function for different members of the population. The set of shape and
pose parameters is encoded as a string of genes to form a chromosome. Each
gene can take one of several values called alleles. It has been shown that long
chromosomes with few alleles are preferable to shorter chromosomes with many
alleles. Consequently, chromosomes usually contain parameters encoded as bit
strings. Mutation and crossover are applied to chromosomes to produce children.
Crossover is when the two parent chromosomes are cut at a certain position and
the opposing sections combined to produce two children. Mutation is done by
selecting a gene and changing its value. In the case of binary representation, the
bit is complemented. In the iterative search process, the fitter an individual, i.e.,
the higher the value of the objective function obtained from the parameters of the
chromosome of the individual, the more this individual will be used to produce
children. Moreover, certain regions in the search space will be allocated more
trials due to the existence of some evidence that these regions are fitter.

Tracking Using ASMs and Kalman Filtering A simple implementation of
tracking was mentioned in [31], where the investigators simply set the initial
approximation of model parameters in a certain frame to the solution from the
previous frame in an image sequence. Here we describe the use of Kalman filter-
ing for tracking using an ASM as described by [32].

The state space vector is composed of the shape parameters, the origin of the
shape, the velocity of the origin, and alignment terms. The shape parameters are
modeled as a simple discrete stochastic process, where the current shape parameter
is equal to the previous parameter plus an additive random noise term. The shape
parameters are assumed to vary independently, and the variance of the noise is
set to be proportional to the variance of the shape parameter (the corresponding
eigenvalue obtained in the PCA). The origin is assumed to undergo a uniform 2D
motion with a randomly varying force represented by an additive random noise.
The alignment parameters (two parameters incorporating rotation and scaling) are
assumed constant with additive random noise.

The observations (observed features) are obtained at each new frame and rep-
resented by the points of maximum contrast. Measurements are made by searching
along the normal to the estimated contour at the boundary points. The measure-
ment model is formulated according to the fact that the curve points are related
to the state space parameters as a rotated, scaled, and translated version of the
mean shape plus the principal components weighted by the shape parameters.
This measurement model is nonlinear; hence the extended Kalman filter can be
used. Another approach that simplifies the problem is suggested. The change in
origin is first estimated with the assumptions that the shape and alignment param-
eters are fixed. Then the effect of the origin shift is removed and the alignment
parameters are estimated. Finally, the effect of change in alignment is removed
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and the shape parameters updated. Following the above assumptions, the standard
discrete Kalman filter is used to update the state estimates and covariance.

is presented for combining two approaches to modeling flexible objects. Modal
analysis using Finite-Element Methods (FEMs) generates a set of vibrational
modes for a single shape. Point Distribution Models (PDMs) generate a statistical
model of shape variation from a set of training example shapes. The proposed
method combines the two and generates vibrational modes when few example
shapes are available and changes gradually to using more statistical modes of
variation when a large set is presented.

Finite-Element Methods take a single shape and treat it as if it were made
of a flexible material. The techniques of Modal Analysis give a set of linear
deformations of the shape equivalent to the modes of vibration of the original
shape. Although a flexible model of a shape with these vibrational modes can be
used in image search, the resulting shapes may not represent the real variations
that occur in a class of shapes.

Similar to previous discussions, a shape here is represented by a set of land-
marks (coordinate points); the landmarks are considered nodes with certain masses
that are mutually interconnected by springs with constant stiffness and rest lengths
equal to the distance between the points.

In an FEM, new shapes can be generated using

x = x̂ + Φu, (45)

where x̂ is a vector of the original points of the shape include this here, Φ is a matrix
of eigenvectors representing the vibrational modes, and u is a set of parameters.

Matrix Φ can be found by solving the following generalized eigensystem:

KΦ = MΦΩ2, (46)

where K is the stiffness matrix and M is the mass matrix.
Matrix Ω2 = diag

(
ω2

1 ω2
2 . . . ω2

2L

)
is a diagonal matrix of eigen-

values associated with the eigenvectors of Φ, and ω2
i is the frequency of the ith

vibrational mode.
For a shape of L landmarks Φ, M, and K are 2L × 2L matrices. Vectors x̂

and x are both of length 2L. Matrix M is set to the identity matrix, and K can be
calculated as

K =
(

Kxx Kyx

Kxy Kyy

)
, (47)

Augmenting the StatisticalVariations withVibrational Modes In [33] a method
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where Kxx, Kyx = KT
xy , and Kyy are L × L with off-diagonal elements given

by
kxxij = d2

xij

/
d2

ij

kyyij = d2
yij

/
d2

ij

kxyij = dxijdyij

/
d2

ij


 , (48)

and diagonal elements kyyii = kxxii = 1.0 and kxyii = 0, where

dxij = xi − xj

dyij = yi − yj

d2
ij = d2

xij + d2
xij


 (x, y are from the vector x). (49)

One suggestion for combining the FEM and PDM is by using an equation of the
form

x = x̂ + Φu + Pb, (50)

where x̂ is a mean shape, P is a matrix representing the statistical variations,
and b is a vector of parameters. Since the statistical modes of variation and the
vibrational modes are not independent, this approach is unsatisfactory due to the
redundancy in the model.

An alternative approach for combining the models is as follows. If only one
shape example exists, then we are left with only the FEM model. Given two shape
examples, we calculate the vibrational modes for each shape, and use them to
generate more shapes by randomly selecting the parameters u. We then train a
PDM on this new set of examples. If more than two shapes exist, then we need to
reduce the effect of the vibrational modes and increase the effect of the statistical
modes of variation because, as mentioned earlier, the vibrational modes may not
represent real shape variations of a certain class of objects.

This idea can be realized by first choosing the distribution of u to have a
zero mean and a diagonal covariance matrix Su = αΛ, with (Su)ii = αω−2

i (this
gives more variations in the low-frequency vibrational modes, and less variation in
the high-frequency vibrational modes), and then calculating the eigenvectors and
eigenvalues of the “combined-model” covariance matrix of the generated example
shapes. Now, the derivation of this covariance matrix is presented.

Starting with m original example shapes: xi for 1 ≤ i ≤ m, with a mean

x̄ =
1
m

m∑
i=1

xi. (51)

The PDM is obtained by finding the eigenvectors of the covariance matrix:

S =
1

m− 1

m∑
i=1

(xi − x̄)T (xi − x̄). (52)
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One example shape xi can be used to produce other shapes from its vibrational
modes as

xgi = xi + Φiu, (53)

where xgi is a shape generated from the vibrational modes of xi.
The covariance matrix of xgi is given by

Sgi = S + cov(Φiu) = S + ΦiSuΦT
i .

Using (Su = αΛ), we obtain

Sgi = S + αΦiΛΦT
i . (54)

The “combined-model” covariance, Sc, of the shapes (xgi, 1 ≤ i ≤ m) generated
from the original shapes (xi, 1 ≤ i ≤ m) can be estimated by averaging the
individual covariances as

Sc =
1
m

m∑
i=1

Sgi =
1
m

m∑
i=1

S + αΦiΛΦT
i .

This gives

Sc = S + α

(
1
m

m∑
i=1

ΦiΛΦT
i

)
. (55)

Now we find the eigenvectors and eigenvalues of Sc and proceed as with the normal
PDM.

If we have only one example, then from (51) we get x̄ = x1, and from (52)
we get S = 0, and thus we have only the effects of the FEM model in (55). If
the number of samples is very large, then we wish to ignore the effects of the
vibrational modes. This can be done by setting α to zero, and then Sc = S, and
thus we obtain the PDM for the original example shapes. In the intermediate
cases, we wish to have a large value for α when there are few original examples
and smaller values as more examples become available. This may be achieved by
setting α ∝ 1/m.

Extension to 3D Data The mathematical foundation formulation of PDMs can
be directly extended to 3D. What remains is the specific implementation details
of the representation of 3D surfaces and the search algorithm used. In [30] the
surfaces are represented by a set of 3D landmarks. A vector of length 3L is used
to represent a surface with L landmarks and can be written as

x =
[
x1, y1, z1 x2, y2, z2 . . . xL, yL, zL

]T
.

In the training stage of the 2D PDM as well as in 3D, we need to provide the
coordinates of the landmarks for each shape or surface in the training set. The
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problem is solved in 2D, by providing a human expert with a utility to “point and
click” landmarks on a 2D image. In 3D it is not trivial to build a utility that allows
the operator to navigate in a 3D space of intensity values and locate the landmarks.
In the currently discussed work, the segmentation is generated by hand in a slice-
by-slice fashion and the aligning procedure allowed for rotation only in the slice
plane, in addition to scaling and translation. In the search stage, the strongest edge
or a representative profile is sought along a search profile normal to the 3D surface.

Kernel-Based Estimation of the Shape Density Distribution In Section 2.1.1
we represented the training set of shapes as a cloud of points in a 2L-dimensional
space. The ASD was defined to be a hyper-ellipsoid of some reduced dimen-
sionality (given by the main mode of variation obtained by PCA). An alternative
approach to model the allowable shape domain and utilize it in image search is as
follows. As before, we are first presented with a set of example shapes represented
by a vector in a multidimensional space that we align to a common coordinate
frame. Now we estimate the shape probability density function (PDF) using a
certain kernel, for example, convolving the shape points with a multidimensional
Gaussian. In the search process, the gradient of the PDF can be used to lead us to
a more plausible (or in this case, more probable) shape. The reader is referred to
[27] for more practical details.

Classification Using ASMs The idea of using an ASM for classification can be
explained by summarizing the work done in [34] on recognizing human faces. The
shape model and the local gray level profile model are augmented with a model
for the appearance of a shape-free face obtained by deforming each face to have
the same shape as the mean face (using thin plate splines as described in [35]). In
the training stage a number of training faces of the same and different individuals
were outlined. In the application stage, an ASM is used to segment a face, and
then the shape, shape-free, and local gray-level parameters are extracted and used
as features for classification.

3. STATISTICALLY CONSTRAINED SNAKES: COMBINING ACMS
AND ASMS

In this section we present a method for constraining the deformations of snakes
in a way that is consistent with a training set of images. The described methodology
is demonstrated by locating the left-ventricular boundary in echocardiographic
images.
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3.1. Introduction

Ultrasound echocardiography is a valuable noninvasive and relatively inex-
pensive tool for clinical diagnosis and analysis of heart functions including ven-
tricular wall motion. An important step toward this analysis is segmentation of
endocardial boundaries of the left ventricle (LV) [20, 36–40]. Although segment-
ing anatomical objects in high-SNR images can be done with simple techniques,
problems do arise when the images are corrupted with noise and the object itself
is not clearly or completely visible in the image. This is clearly the case in heart
images obtained by ultrasonography, which are characterized by weak echoes,
echo dropouts, and high levels of speckle noise. These image artifacts often result
in detecting erroneous object boundaries or failing to detect true ones. Snakes [2]
and its variants [11, 41–43] overcome parts of these limitations by considering
the boundary as a single, inherently connected, and smooth structure, and also
by supporting intuitive, interactive mechanisms for guiding the segmentation. In
our application of locating the human LV boundary in echocardiography, human
guidance is often needed to guarantee acceptable results. A potential remedy is to
present the snake with a priori information about the typical shape of the LV. Sta-
tistical knowledge about shape variation can be obtained using PDMs, which are
central to the ASMs segmentation technique [33]. PDMs, which are obtained by
performing PCA on landmark coordinates labeled on many example images, have
been applied to the analysis of echocardiograms [37]. However, this procedure is
problematic since manual labeling of corresponding landmark points is required.
In our application it is tedious to obtain a training data set delineated by experts
with point correspondence, let alone the fact that defining a sufficient number of
landmarks on the LV boundary is a challenging task in and of itself.

The method described in this section is similar to both ASMs, but without the
landmark identification and correspondence requirement, and ACMs, but enforced
with a priori information about shape variation. We adopt an approach similar to
PDMs for capturing the main modes of ventricular shape variation. However,
in our method, rather than representing the object boundaries by spatially cor-
responding landmarks, we employ a frequency-based boundary representation,
namely Discrete Cosine Transform (DCT) coefficients. These new shape descrip-
tors eliminate the need for spatial point correspondence. PCA, which is central
to ASMs, is applied to this set of shape descriptors. An average object shape is
extracted along with a set of significant shape variational modes. Armed with this
model of shape variation, we find the boundaries in unknown images by placing
an initial ACM and allowing it to deform only according to the examined shape
variations. A similar approach using Fourier descriptors and applied to locating
the corpus callosum in 2D MRI was reported in [60]. Results of segmenting the
human LV in real echocardiographic data using the discussed methodology are
also presented.
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3.2. Methods

3.2.1. Overview

This section presents a general overview of the method (see Figure 15). We
used snakes as the underlying segmentation technique. In order to arm the snake
model with a priori information about the typical shape variations of the LV that
may be encountered during the segmentation stage, a training set of images is pro-
vided. This set is manually delineated by medical experts without the requirement
of complete landmark correspondence between different images. The entire set
of manually traced contours is then studied to model the typical ventricular shape
variations. This is done by first applying a re-parametrization of the contours,
which gives a set of DCT coefficients replacing the spatial coordinates. We then
apply PCA to find the strongest modes of shape variation. The result is an average
ventricular shape, represented by a set of average DCT coefficients, in addition
to the principal components, along with the fraction of variation each component
explains. To segment a new image of the LV, we initialize a snake and, unlike
classical snakes, do not allow it to freely deform according to internal and external
energy terms, but instead we constrain its deformations in such a way that the
resulting contour is similar to the training set. To attain the constrained deforma-
tions we obtain the vector of DCT coefficients for the active contour coordinates,
project it onto an allowable snake space defined by the main principal compo-
nents, and then perform an Inverse DCT (IDCT), which converts the constrained
DCT coefficients back to spatial coordinates. This is repeated until convergence,
which is reached when the majority of snake nodes do not change their locations
significantly. The shape models generated are normalized with respect to the simi-
larity transformation parameters: rotation angle, scaling factor, and two translation
parameters.

Figure 15. Flowchart depicting the main steps involved in the use of a statistically con-
strained snake for image segmentation. Reprinted with permission from [62]. Copyright
c©2000, IEEE.
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3.2.2. Representing Contours by DCT Coefficients

We use snakes as the underlying segmentation technique. A snake contour
is originally represented by a set of N nodes {vi (t) = (xi (t) , yi (t))}, i = 1, 2,
. . ., N , and is deformed according to internal and external forces. Snake contour
re-parametrization is obtained via the use of the one-dimensional Discrete Cosine
Transform (DCT) of the snake coordinates. The 1D DCT of sequence xi of snake
contour coordinates is defined as

X (k) = w (k)
N∑

i=1

xi cos
π (2i− 1) (k − 1)

2N
, k = 1, . . . , N, (56)

and the inverse DCT is given as

xi =
N∑

k=1

w (k)X (k) cos
π (2i− 1) (k − 1)

2N
, i = 1, . . . , N, (57)

where

w (k) =




1√
N
, k = 1,√

2
N , 2 ≤ k ≤ N,

(58)

and X (k) are the DCT coefficients. Similar equations are used for the yi coordi-
nates and the Y (k) DCT coefficients. The DCT was favored as the new frequency
domain shape parametrization because it produces real coefficients, has excellent
energy compaction properties, and the correspondence between the coefficients
(when transforming contours with no point correspondence) is readily available.
The latter property stems from the fact that corresponding DCT coefficients capture
specific spatial contour frequencies.

3.2.3. Principal Component Analysis

In order to identify the main modes of shape variation found in the training
contours, we perform PCA on the DCT coefficients representing them. The same
number, say M , of DCT coefficients is obtained for the set of x and y coordinates
that represent each shape in the training set. This is done either by interpolating the
spatial coordinates or truncating the DCT coefficients. PCA yields the principal
components (PCs) or main variation modes, aj , and the variance explained by
each mode, λj . The first t PCs, sufficient to explain most of the variance, are used,
i.e., j = 1, 2, . . . , t. The average of the coefficient vectors, X̄ , is also calculated.
The same procedure is performed for the y coordinates.

3.2.4. Constraining Contour Deformation

Subsequent to providing a set of images containing the object of interest,
the training set of tracings is obtained (contours represented by coordinate-vectors
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of varying length with no point correspondence). DCT coefficients (X) are then
obtained followed by PCA. Presented with a new image, a snake contour is first
initialized by specifying the starting and endpoints of the contour, and then allowed
it to deform by applying forces that minimize traditional energy terms. In order to
guarantee a snake contour resembling an acceptable shape (similar to those in the
training set), we constrain the resulting deformed contour, {vi (t) , i = 1, . . . , N},
by projecting vector X (consisting of M DCT coefficients) onto the subspace of
principal components (the allowable shape space) according to

Xproj = X̄ + Ab, (59)

where b is a vector of scalars weighting the main variation modes in A and is
calculated as

b =
(
AT A

)−1
AT

(
X − X̄) , (60)

and A =
[

a1 a2 . . . at

]
. Prior to performing the IDCT, we restrict the

projected coefficients (Xproj) to lie within ±3
√
λj , since in this application the

population typically lies within three standard deviations from the mean. Again,
the same procedure is performed for the y coordinates. The statistical constraints
can be applied after each snake deformation step or only when the resulting DCT
coefficients of the snake contour are different (using some norm and threshold)
from the mean coefficients. Note that the DCT coefficients are obtained and con-
strained for shapes normalized with respect to similarity transformation parameters
utilizing corresponding starting and ending contour points.

3.3. Results

The described methodology was applied for segmenting the LV ventricle in
real echocardiographic images. We collected 105 images of the human LV. The
ventricular boundaries were manually traced by a medical expert. There was no
point correspondence between the frames, with the number of traced points varying
between 28 and 312 (Figures 16 and 17). The DCT of the manual tracings was
then obtained.

Figure 18 shows an example of the manual tracings and the resulting contour
after IDCT of the truncated DCT coefficients. The ratio “energy of truncated con-
tour”/“energy of the original contour” for increasing numbers of DCT coefficients
was examined in order to determine how many DCT coefficients to use. This was
followed by a PCA of the truncated DCT coefficients. Five variation modes of
56 possible were enough to explain 95% of the total variation, 12 were enough
for 99%, and 24 for 99.9%. Figure 19 depicts the first and second shape variation
modes found in the training set.

To illustrate applying shape constraints we used test examples. We began with
one of the manual tracings, added Gaussian noise, performed DCT, truncated cer-
tain DCT coefficients, projected the remaining coefficients on the allowable shape
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Figure 16. Sample of the echocardiographic training image set.

Figure 17. Manual tracings of the LV boundary in the training images.
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Figure 18. Ultrasound image with manual tracing (continuous) and the contour after IDCT
of truncated DCT coefficients (dots). Reprinted with permission from [62]. Copyright
c©2000, IEEE.

Figure 19. Mean contour and the first and second variation modes (weighted by ±1 std).
Reprinted with permission from [62]. Copyright c©2000, IEEE.



 

370 GHASSAN HAMARNEH and CHRIS MCINTOSH

space, and then performed the IDCT. It was visually obvious how the constrained
contour resembles a much more plausible boundary of the LV than the noisy one
(Figure 20).

Figure 20. (a) Manual tracing. (b) Noisy version of (a). (c) IDCT of truncated DCT
coefficients of (b). (d) Projection of (c) on the allowable shape space (note the similarity to
(a)). Reprinted with permission from [62]. Copyright c©2000, IEEE.

More importantly, results on real echocardiographic data were obtained by ini-
tializing the snake on an image that was not included in the training set (i.e., cross-
validation was used) and then allowing it to deform under forces that minimize
its energy. This was followed by a DCT–Truncation–Projection–IDCT procedure.
The outcome of the snake segmentation alone, due to noise and echo dropouts in
the image, often gave unreasonable and unacceptable LV shapes. Conversely, em-
ploying constrained deformations resulted in acceptable LV boundaries (Figures
21 and 22).
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Figure 21. Snake contours (dashed) and constrained contours (continuous) with increasing
number of iterations (left to right, top to bottom). Reprinted with permission from [62].
Copyright c©2000, IEEE.

Figure 22. Progress ((a)–(d)) of a snake overlain on an ultrasound image of the left ventricle
(dashed), and the result of DCT–Truncation–Projection–IDCT (continuous). Reprinted with
permission from [62]. Copyright c©2000, IEEE.
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3.4. Summary

We presented a method for constraining the deformations of an active contour
according to training examples and applied it to segmenting the human left ventricle
in echocardiographic (ultrasound) images. To capture the typical shape variations
of the training set, principal component analysis was performed on frequency-
domain shape descriptors in order to avoid the drawbacks associated with labeling
corresponding landmarks (only the start and endpoints of the contours correspond).
The method utilizes the strength of ACMs in producing smooth and connected
boundaries along with the strength of ASMs in producing shapes similar to those
in a training set. More plausible LV shapes resulted when employing the new
method compared to classical snakes.

4. DEFORMABLE SPATIOTEMPORAL SHAPE MODELS: EXTENDING
ACTIVE SHAPE MODELS TO 2D+TIME

In this section we extend 2D ASMs to 2D+time by presenting a method for
modeling and segmenting spatiotemporal shapes (ST shapes). The modeling part
consists of constructing a statistical model of ST shape parameters. This model
describes the principal modes of variation of the ST shape in addition to constraints
on the allowed variations. An active approach is used in segmentation where
an initial ST shape is deformed to better fit the data, and the optimal proposed
deformation is calculated using dynamic programming. Segmentation results on
both synthetic and real data are presented.

4.1. Introduction

Much work has been done on tracking rigid objects in 2D sequences. In many
image analysis applications, however, there is a need for modeling and locating
non-rigid time-varying object shapes. One approach for dealing with such objects
is the use of deformable models. Deformable models [59] such as snakes [2] and
its variants [16, 42–45], have attracted considerable attention and are widely used
for segmenting non-rigid objects in 2D and 3D (volume) images. However there
are several well-known problems associated with snakes. They were designed as
interactive models and therefore rely on a user to overcome initialization sensi-
tivity. They were also designed as general models showing no preference among
a set of equally smooth shapes. This generality can cause unacceptable results
when snakes are used to segment objects with shape abnormalities arising from
occlusion, closely located but irrelevant structures, or noise. Thus, techniques
that incorporate a priori knowledge of object shape were introduced [46, 47]. In
ASMs [46] the statistical variation of shapes is modeled beforehand in accordance
with a training set of known examples. In order to attack the problem of tracking
non-rigid time-varying objects, deformable models were extended to dynamic
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in a single model that evolves through time to reach a state of equilibrium where
internal forces, representing constraints on shape smoothness, balance the exter-
nal image forces and the contour comes to rest. Deformable models have been
constructed by applying a probabilistic framework and lead to techniques such as
“Kalman snakes” [52]. Motion tracking using deformable models has been used
for tracking non-rigid structures such as blood cells [48], and much attention has
been given to the human heart and tracking of the left ventricle in both 2D and 3D
[16, 49, 50, 53]. In addition to tracking rigid objects, previous work has focused
on arbitrary non-rigid motion and gave little attention to tracking objects moving
in specific motion patterns, without incorporation of statistical prior knowledge in
both 2D and time [54].

We present a method for locating ST shapes in image sequences. We extend
ASMs [46] to include knowledge of temporal shape variations and present a new
ST shape modeling and segmentation technique. The method is well suited to
model and segment objects with specific motion patterns, as in echocardiography.

4.2. Method

In order to model a certain class of ST shapes, a representative training set
of known shapes is collected. The set should be large enough to include most of
the shape variations we need to model. Next, all the ST shapes in the training
set are parametrized. A data dimensionality reduction stage is then performed by
capturing only the main modes of ST shape variations. In addition to constructing
the ST shape model, the training stage also includes the modeling of gray-level
information. The task is then to locate an ST shape given a new unknown image
sequence. An average ST shape is first initialized, “optimal” deformations are
then proposed, and the deformations are constrained to agree with the training
data. The proposed changes minimize a cost function that takes into account
both the temporal shape smoothness constraints and the gray-level appearance
constraints. The search for the optimum proposed change is done using dynamic
programming. The following sections present the various steps involved in detail.

4.2.1. Statistical ST Shape Variation

The Training Set We collect N training frame sequences each with F frames.
The training set, ΦV = [V1, V2, . . . , VN

], displays similar objects and similar
object motion patterns. ΦV (i) = Vi = [f

i1 , fi2 , . . . , fiF
] is the ith frame sequence

containing F frames, and Vi(j) ≡ ΦV (i, j) = fij is the jth frame of the ith frame
sequence containing the intensity value fij(r, c) ≡ ΦV (i, j, r, c) at the rth row
and cth column of the frame.

deformable models [16, 29, 48–51]. These describe the shape changes (over time)
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The ST Shape Parameters We introduce Si to denote the parameter vector
representing the ith ST shape. Parametrization is done using landmarks (other
shape parametrization methods may be utilized, e.g., Fourier descriptors [55] or
B-Splines [51]). Landmarks are labeled either manually, as when a cardiologist
labels the heart chamber boundaries [30, 46], or (semi-)automatically [26]. Each
landmark point is represented by its coordinate. Using L landmarks per frame
and F frames per sequence, we can write the training set of ST shapes as ΦS =
[S1, S2, . . . , SN

], where ΦS(i) = Si = [ri1 , ri2 , . . . , riF
] is the ith ST shape

containing F shapes and Si(j) ≡ ΦS(i, j) = rij is the jth shape of the ith ST
shape. rij can be written as rij = [xij1, yij1, xij2, yij2, . . . , xijL, yijL], where
xijk = rij(k, 1) ≡ ΦS(i, j, k, 1) and yijk = rij(k, 2) ≡ ΦS(i, j, k, 2) are the
coordinates of the kth landmark of the shape rij .

ST Shape Alignment Next, the ST shapes are aligned in order to allow compar-
ing equivalent points from different ST shapes. This is done by rotating, scaling,
and translating the shape in each frame of the ST shape by an amount that is fixed
within one ST shape. A weighted least-squares approach is used for aligning two
sequences and an iterative algorithm is used to align all the ST shapes. Given two
ST shapes,

S1 = [x111, y111, . . . , x11L, y11L, x121, y121, . . . , x12L, y12L, . . . . . . ,

x1F1, y1F1, . . . , x1FL, y1FL]

and

S2 = [x211, y211, . . . , x21L, y21L, x221, y221, . . . , x22L, y22L, . . . . . . ,

x2F1, y2F1, . . . , x2FL, y2FL] ,

we need to find rotation angle θ, scaling factor s, and the value of translation
(tx, ty) that will align S2 to S1. To align S2 to S1, S2 is mapped to

Ŝ2 = [x̂211, ŷ211, . . . , x̂21L, ŷ21L, x̂221, ŷ221, . . . , x̂22L, ŷ22L, . . . . . . ,

x̂2F1, ŷ2F1, . . . , x̂2FL, ŷ2FL] ,

using Ŝ2 = M (s, θ) [S2]+t, whereM (s, θ) [S2] is a rotated then scaled version of
each coordinate of S2 (by θ and s, respectively), and t = [tx, ty, tx, ty, ..., tx, ty]T

is a translation vector of length 2FL. The weighted distance between S1 and Ŝ2
in the 2FL-dimensional space is given by

d2
12̂ = (Ŝ2 − S1)T WT W(Ŝ2 − S1),

where

W = diag(w11x, w11y, . . . , w1Lx, w1Ly, w21x, w21y, . . . , w2Lx, w2Ly, . . . . . . ,

wF1x, wF1y, . . . , wFLx, wFLy).
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The elements of W reflect our trust in each coordinate and are chosen to be
proportional to the “stability” of the different landmarks over the training set [46].

To rotate, scale, and translate a single coordinate, (x2kl, y2kl), we use

[
x̂2kl

ŷ2kl

]

=
[
ax −ay

ay ax

]
.

[
x2kl

y2kl

]
+
[
tx
ty

]
, where ax = s cos(θ) and ay = s sin(θ).

Ŝ2 can now be rewritten as Ŝ2 = Az, where z = [ax, ay, tx, ty]T and

AT =

[
x211 y211 . . .x21L y21Lx221 y221 . . .x22L y22L . . .. . .x2F1 y2F1 . . .x2F L y2F L

−y211x211. . .−y21Lx21L−y221x221. . .−y22Lx22L. . .. . .−y2F1x2F1. . .−y2F Lx2F L

1 0 . . .1 0 1 0 . . .1 0 . . .. . .1 0 . . .1 0
0 1 . . .0 1 0 1 . . .0 1 . . .. . .0 1 . . .0 1

]
.

Distance d2
12̂

can now be rewritten as d2
12̂

= (Az− S1)T WT W(Az− S1), and
we can solve for z (least-squares solution) that minimizes d2

12̂
according to z =

((WA)T (WA))−1(WA)T WS1) = (AT WT WA)−1AT WT WS1. Once z =
[ax, ay, tx, ty]T is calculated, s θ can be found using θ = arctan(ay

ax
) and s =

ax/ cos(arctan(ay

ax
)). We note that when the observed motion patterns in the

training sequences span different time intervals, temporal resampling or aligning
that incorporates temporal scaling is performed.

Main ST Shape Variation Modes The N aligned ST shapes, each of length
2FL and represented by {S1, S2, . . . , SN}, map to a “cloud” of N points in a
2FL-dimensional space. It is assumed that these N points are contained within a
hyper-ellipsoid of this 2FL-dimensional space. We call this region the Allowable
ST Shape Domain (ASTSD). We then apply PCA to the aligned training set of
ST shapes in order to find the main modes of ST shape variation. The resulting
principal components (PCs) are the eigenvectors pk (1 ≤ k ≤ 2FL) of the
covariance matrix of the observations, CS , found from CSpk = λkpk. λk is the
kth eigenvalue of CS (λk ≥ λk+1) and is equal to the variance along the kth PC.

The mean ST shape is calculated as S̄ = 1
N

N∑
i=1

Si. The PCs are normalized to

unit length and are mutually orthogonal.

Model Representation We now express each ST shape, Si, as the sum of the
mean ST shape, S̄, and a linear combination of the principal modes of variation,
Pbi. This gives Si = S̄ + Pbi, where bi = [bi,1, bi,2, ..., bi,2FL]T and P =
[p1,p2, ...,p2FL]. We constrain bl to bl min ≤ bl ≤ bl max with bl min = −bl max
and 1 ≤ l ≤ 2FL. bl max is chosen to be proportional to

√
λl (−3

√
λl ≤ bl ≤

3
√
λl is typically used). In practice, only the first t (out of 2FL) PCs explaining a

sufficiently high percentage of the total variance of the original data are used, and
the fundamental equation becomes

S = S̄ + Ptb, (61)
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where b = [b1, b2, ..., bt]
T , Pt = [p1,p2, ...,pt], and the constraints on b become

bl min ≤ bl ≤ bl max, where 1 ≤ l ≤ t.

4.2.2. Gray-Level Training

The information contained in the ST shape model alone is typically not enough
for spatiotemporal segmentation. Therefore, additional representative information
about the intensities or gray levels relating to the object is also desired and collected
in the gray-level training stage. In the search stage, new estimates of the ST shape
are sought that will better match the gray-level prior knowledge. Different gray-
level representative information can be used, e.g., gathering the intensity values
in the entire patch contained within the object [28] or parametrizing the profiles
or patches around the landmark. In this implementation we follow [46] and use
a mean normalized derivative (difference) profile, passing through each landmark
and perpendicular to the boundary created by the neighboring ones. For the kth
landmark this profile is given by

ȳk =
1
FN

F∑
j=1

N∑
i=1

yijk, (62)

where yijk is the representative profile for the kth landmark in the jth shape of
the ith ST shape. Using gray-level information, temporal and shape constraints,
the model is guided to a better estimate of the dynamic object hidden in the new
frame sequence.

4.2.3. ST Shape Segmentation Algorithm

Given a new frame sequence, the task is to locate the object in all the frames
or equivalently locate the ST shape. An initial estimate of the ST shape parameters
is chosen at first, and then changes to the parameters are proposed. The pose of the
current estimate is then changed and suitable weights for the modes of variation
chosen in order to fit the model to the proposed changes. This is done with the
restriction that the changes can only be made in accordance with the model (with
reduced dimensionality) and the training set. New changes are then proposed, and
so on. Here we present a detailed discussion of these steps.

Initial estimate. The search starts by guessing an initial ST shape:

Ŝ〈0〉 = M
(
s〈0〉, θ〈0〉

) [
S̄ + Ptb〈0〉

]
+ t〈0〉, (63)

where t = [tx, ty, tx, ty, ..., tx, ty]T is of length 2FL. M (s, θ) [S] + t scales,
rotates, and translates S by s, θ, and t, respectively. Both S̄ and Pt are obtained
from the training stage. A typical initialization would set b〈0〉 to zero and set s〈0〉,
θ〈0〉, and t〈0〉 to values that place the initial sequence in the vicinity of the target.
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Proposing a new sequence. For each landmark, say the kth landmark in
the jth frame, we define a search profile hjk = [hjk1, hjk2, ..., hjkH ] that is
differentiated and normalized as done with the training profiles. This gives HF

possibilities for the proposed positions of the kth landmarks in the F frames (see
Figure 23).

Since locating the new positions (1 out of HF possible) is computationally
demanding, we formulate the problem as a multistage decision process and use
dynamic programming [41] to find the optimum proposed landmark positions by
minimizing a cost function. The cost function comprises two terms: one due to
large temporal landmark position changes, and another reflecting the mismatch
between the gray-level values surrounding the current landmarks and those ex-
pected values found in the gray-level training stage. In the following paragraphs,
we detail our implementation of dynamic programming.

We calculate a gray-level mismatch value Mk(j, l) for each point along each
search profile in all the frames according to

Mk(j, l) = (hjk(l)− ȳk)T WT W(hjk(l)− ȳk), (64)

where 1 ≤ k ≤ L, 1 ≤ j ≤ F , 1 ≤ l ≤ H , hjk(l) is a subprofile of length G− 1
anchored at the lth location of the search profilehjk, andW is a diagonal weighting
matrix (W = I was used). Additionally, we calculate a temporal discontinuity
value, djk (lj , lj−1), corresponding to moving the kth landmark in frame j − 1
to location lj−1, and the kth landmark in frame j to location lj , each along its
respective search profile, according to

d2
jk(lj , lj−1) = (cjkx(lj)− cj−1kx(lj−1))

2 + (cjky(lj)− cj−1ky(lj−1))
2
,

(65)
where cjkx = [xjk1, xjk2, ..., xjkH ] and cjky = [yjk1, yjk2, ..., yjkH ] are the
search profile coordinates of the kth landmark in the jth frame. We compare the
accumulated costs of moving the kth landmark to the lth position in the jth frame,
2 ≤ j ≤ F , from any of the H positions in frame j − 1 and assign the least value
to Ak(j, l), i.e.,

Ak(j, l) = min {tjkl1, tjkl2, . . . , tjklH} (66)

tjklm = wddjk(l,m) + wmMk(j, l) +Ak(j − 1,m), (67)

wd and wm satisfy wd + wm = 1, control the relative importance of temporal
discontinuity and gray-level mismatch. We also assign an index or a pointer,
Pk(j, l), to the location of the best landmark in the previous frames. Applying the
same procedure to the kth landmark in all the F frames yields F ×H accumulated
values and F ×H pointers (no temporal discontinuity cost is associated with the
first frame).

To find the proposed positions of the kth landmark in all the frames we find the
location, call it mF , of the minimum accumulated cost along the search profile of
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(a)

(b)

Figure 23. Proposing a new ST shape. (a) An illustration of an ST shape overlain on an
image sequence. The search profiles of one landmark in two frames are shown in white.
Examples of proposed landmark positions are shown as black squares. (b) The different
choices of the new positions of landmark i in all frames. Reprinted with permission from
[63]. Copyright c©2004, Elsevier.
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the landmark in the last frame, frameF . Then we usemF to find the proposed land-
mark position in the second-to-last frame, frameF−1, asmF−1 = Pk(F,mF ). Its
coordinates will be (cF−1kx(mF−1), cF−1ky(mF−1)). In general the proposed
coordinates of the kth landmark of the jth frame will be

(x, y) : (cjkx(mj), cjky(mj)) , (68)

mj = Pk(j + 1,mj+1). (69)

Tracking back to the first frame, we acquire the coordinates of the proposed posi-
tions of the kth landmark in all frames. Similarly, we obtain the proposed positions
for all the landmarks (1 ≤ k ≤ L), which define the ST shape changes dŜ〈0〉

proposed.

Limiting the proposed sequence. Since the proposed ST shape (Ŝ〈0〉 +
dŜ

〈0〉
proposed) will generally not conform to our model of reduced dimensionality

and will not lie in the ASTSD, it cannot be accepted as an ST shape estimate.
Therefore, we need to find an acceptable ST shape that is closest to the proposed
one. This is done by first finding the pose parameters (s〈1〉, θ〈1〉, and t〈1〉) that will
align S̄ to Ŝ〈0〉 + dŜ

〈0〉
proposed by mapping S̄ to M

(
s〈1〉, θ〈1〉) [S̄]+ t〈1〉, and then

finding the extra ST shape modifications dS〈1〉 that, when combined with the pose
parameters, will map exactly to Ŝ〈0〉 + dŜ

〈0〉
proposed. The latter is done by solving

the following equation for dS〈1〉:

M
(
s〈1〉, θ〈1〉

) [
S̄ + dS〈1〉

]
+ t〈1〉 = Ŝ〈0〉 + dŜ

〈0〉
proposed ⇒ (70)

dS〈1〉 = M
(
s〈1〉, θ〈1〉

)−1 [
Ŝ〈0〉 + dŜ

〈0〉
proposed − t〈1〉

]
− S̄, (71)

where M
(
s〈1〉, θ〈1〉)−1

= M
(
(s〈1〉)−1,−θ〈1〉). In order to find the new shape

parameters, b〈1〉, we need to solve dS〈1〉 = Ptb〈1〉, which, in general, has no
solution since dS〈1〉 lies in a 2FL-dimensional space, whereas Pt spans only a
t-dimensional space. The best least-squares solution is obtained as

b〈1〉 = PT
t dS

〈1〉. (72)

Finally, using the constraints discussed earlier, bl min ≤ bl ≤ bl max, where 1 ≤
l ≤ t, we limit these ST shape variations and obtain an acceptable or allowable
shape within the ASTSD. By updating b〈0〉 to b〈1〉, we have the new values for all
the parameters s〈1〉, θ〈1〉, b〈1〉, and t〈1〉.

Updating the estimate and reiterating. Similarly, new ST shape estimates
can be obtained:

Ŝ〈i〉 = M
(
s〈i〉, θ〈i〉) [S̄ + Ptb〈i〉]+ t〈i〉 →

Ŝ〈i+1〉 = M
(
s〈i+1〉, θ〈i+1〉) [S̄ + Ptb〈i+1〉]+ t〈i+1〉 (73)
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for i = 1, 2, 3, . . .. Checking for convergence can be done by examining the
changes, i.e., if the new estimate is not much different (according to some prede-
fined threshold), then the search is completed; otherwise we reiterate.

4.3. Results

We present results of locating the spatiotemporal shape of the left ventricle in
real echocardiographic image sequences. The training data set consisted of 6 frame
sequences, each sequence including 21 frames, and each frame of size 255× 254
pixels (i.e., the size of ΦV = 6× 21× 255× 254). The number of (x, y) landmark
coordinates in each frame was 25 (size of ΦS = 6× 21× 25× 2). Three ST shape
parameters were used to explain 94.2% of the total ST shape variations. The gray-
level search was conducted on a profile of length 60 pixels, and the training profile
was of length 26 pixels. Figure 24 illustrates how statistical spatiotemporal prior
knowledge is used to constrain the proposed segmentation and produce the final
left-ventricular segmentation. Figure 25 shows additional segmentation results.

We applied this method to segmenting astrocyte cells in a 3D fluorescence
image, where the spatial z-axis replaces time. The training data set consisted of 8
volumes (out of 9, leave-one-out validation), and each included 11 image slices,
each image being of size 128×128 pixels (i.e., the size of ΦV = 8×11×128×128).
The number of (x, y) landmark coordinates in each slice was 40 (size of ΦS =
8 × 11 × 40 × 2). Seven shape parameters were used to explain 99.5% of the
total shape variations. The gray-level search was conducted on a profile of length
40 pixels, and the training profile was of length 12 pixels. Figure 26 illustrates
example segmentation results.

4.4. Summary

Motivated by the fact that many image analysis applications require robust
methods for representing, locating, and analyzing non-rigid time-varying shapes,
we presented an extension of a 2D ASM to 2D+time. This method models the
gray-level information and the spatiotemporal variations of a time-varying object
in a training set. The model was then used for locating similar moving objects in
a new image sequence. The segmentation technique was based on deforming a
spatiotemporal shape to better fit the image sequence data only in ways consistent
with the training set. The proposed deformations were calculated by minimizing
an energy function using dynamic programming. The energy function included
terms reflecting temporal smoothness and gray-level information constraints.
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(a)

(b)

(c)

(d)

Figure 24. Left-ventricular segmentation result from two echocardiographic image se-
quences. Ultrasound frames are shown with the ST shape overlain (a,c) before and (b,d) af-
ter projection onto the ASTSD (frames progress from left to right, top to bottom). Reprinted
with permission from [63]. Copyright c©2004, Elsevier.
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(a)

(b)

Figure 25. Additional left-ventricular segmentation results from an echocardiographic im-
age sequence (frames progress from left to right, top to bottom). Reprinted with permission
from [63]. Copyright c©2004, Elsevier.
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(a)

(b)

Figure 26. Segmenting a 3D astrocyte cell (spatial z-axis replaces time): (a) initial shape
model and (b) segmentation result overlain in white on a fluorescence 3D image. Reprinted
with permission from [63]. Copyright c©2004, Elsevier.
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In medical image analysis strategies based on deformable models, controlling the de-
formations of models is a desirable goal in order to produce proper segmentations. In

teraction, global-to-local deformations, shape statistics, setting low-level parameters, and
incorporating new forces or energy terms. However, incorporating expert knowledge to
automatically guide deformations can not be easily and elegantly achieved using the clas-
sical deformable model low-level energy-based fitting mechanisms. In this chapter we
review Deformable Organisms, a decision-making framework for medical image analysis
that complements bottom–up, data-driven deformable models with top–down, knowledge-
driven mode-fitting strategies in a layered fashion inspired by artificial life modeling con-
cepts. Intuitive and controlled geometrically and physically based deformations are carried
out through behaviors. Sensory input from image data and contextual knowledge about
the analysis problem govern these different behaviors. Different deformable organisms for
segmentation and labeling of various anatomical structures from medical images are also
presented in this chapter.

1. INTRODUCTION AND MOTIVATION

Due to the important role of medical imaging in the understanding, diagnosis,
and treatment of disease, potentially overwhelming amounts of medical image data
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Chapter 11—“Physically and Statistically Based Deformable Models for Medical Image
Analysis”—a number of extension were demonstrated to achieve this, including user in-
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are continuously being acquired. This is creating an increasing demand for medical
image analysis (MIA) tools that are not only robust and highly automated, but also
intuitive for the user and flexible to adapt to different applications. Medical image
segmentation in particular remains one of the key tasks indispensable to a wide
array of subsequent quantification and visualization goals in medicine, including
computer-aided diagnosis and statistical shape analysis applications. However, the
automatic segmentation and labeling of anatomical structures in medical images
is a persistent problem that continues to defy solution. Several classifications of
segmentation techniques exist, including edge, pixel, and region-based techniques,
clustering, graph theoretic, and model correlation approaches [1–5]. However, no
one method can yet handle the most general case with sufficient accuracy.

It is important to note that a substantial amount of knowledge is often available
about anatomical structures of interest — shape, position, orientation, symmetry,
relationship to neighboring structures, landmarks, etc. — as well as about the
associated image intensity characteristics. However, medical image analysis re-
searchers have struggled to develop segmentation techniques that can take full
advantage of such knowledge.

The development of general-purpose automatic segmentation algorithms will
require not only powerful bottom–up, data-driven processes, but also equally
powerful top–down, knowledge-driven processes within a robust decision-making
framework that operates across multiple levels of abstraction. A flexible framework
is needed that can operate at the appropriate level of abstraction and is capable of
incorporating and applying all available knowledge effectively (i.e., at the correct
time and location during image analysis). A critical element in any such viable
highly automated solution is the decision-making framework itself. Top–down, hi-
erarchically organized models that shift their focus from structures associated with
stable image features to those associated with less stable features are promising ex-
amples [6, 7]. Although Knowledge-based [8–14] and agent-based segmentation
techniques [15–19] have been proposed in the past, their use of high-level con-
textual knowledge remains largely ineffective because it is intertwined much too
closely with the low-level optimization-based mechanisms. We revisit ideas for
incorporating knowledge that were explored in earlier systems and develop a new
frameworks that focuses on top–down reasoning strategies that may best leverage
the powerful bottom–up feature detection and integration abilities of deformable
models and other modern model-based medical image analysis techniques.

Deformable models, one of the most actively researched model-based seg-
mentation techniques [20], feature a potent bottom–up component founded in
estimation theory, optimization, and physics-based dynamical systems, but their
top–down processes have traditionally relied on interactive initialization and guid-
ance by knowledgeable users (see Section 1.4, Snakes Drawbacks, in Chapter
11). Since their introduction by Terzopoulos et al. [83, 84], deformable models
for medical image segmentation have gained increasing popularity. In addition
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to physics-based explicit deformable models [20, 21], geometry-based implicit
implementations have also attracted attention [22–24].

Although most deformable shape models are capable of deforming into a va-
riety of shapes, they lack the ability to undergo intuitive deformations such as
bending, stretching, and other global motions such as sliding and backing up. The
reason is that at the geometric level deformable models are typically boundary-
based and are not designed with intuitive, multiscale, multi-location deformation
controllers or deformation handles. Their inability to perform controlled and intu-
itive deformations makes it difficult to develop reasoning and planning knowledge-
driven strategies for model-to-data fitting at the appropriate level of abstraction.

In more sophisticated deformable models, prior information in the form of
measured statistical variation is used to constrain model shape and appearance
[25–27]. However, these models have no explicit awareness of where they or their
neighbors are, and the effectiveness of these constraints is consequently depen-
dent upon model initialization conditions. The lack of awareness also prevents
the models from taking proper advantage of neighborhood information via model
interaction and prevents them from knowing when to trust the image feature in-
formation and ignore the constraint information and vice versa. The constraint
information is therefore applied arbitrarily. Furthermore, because there is no ac-
tive, explicit search for stable image features, the models are prone to latching onto
incorrect features [26], simply due to their myopic decision-making abilities and
the proximity of spurious features. Once this latching occurs, the lack of explicit
control of the fitting procedure prevents the model from correcting such missteps.
The result is that the local decisions that are made do not add up to intelligent
global behavior.

For example, when segmenting the corpus callosum (CC) in 2D midsagittal
images1, the vocabulary that one uses should preferably contain words that describe
principal anatomical features of the CC, such as the genu, splenium, rostrum,
fornix, and body (Figure 1), rather than pixels and edges. The deformable model
should match this natural descriptiveness by grouping intuitive model parameters
at different scales and locations within it, rather than providing localized boundary-
based parameters only.

Attempts to fully automate deformable model segmentation methods have so
far been less than successful at coping with the enormous variation in anatomical
structures of interest, the significant variability of image data, the need for intel-
ligent initialization conditions, etc. It is difficult to obtain intelligent, global (i.e.,
over the whole image) model behavior throughout the segmentation process from
fundamentally local decisions. In essence, current deformable models have no
explicit awareness of where they are in the image, how their parts are arranged, or
what they or any neighboring deformable models are seeking at any time during
the optimization process.

An explicit search for anatomical landmarks requires powerful, flexible, and
intuitive model deformation control coupled with appropriate feature detection
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Figure 1. Corpus callosum anatomy overlain on a midsagittal MRI brain slice.

capabilities. Consequently, controlling the deformations of an object’s shape in
a way that is based on the natural geometry of the object is highly desirable in
medical image segmentation and interpretation. This intuitive deformation ability
reflects the flexibility of clay to be shaped in a sculptor’s hands and naturally lends
itself to guidance by high-level controllers. Furthermore, the performance of the
controllers can be greatly enhanced by keeping the deformations consistent with
prior knowledge about the possible object shape variations. Several techniques
exist that provide some control of model deformations by incorporating new energy
terms [29, 30] or by allowing only feasible deformations to be produced through
the incorporation of prior shape knowledge [25, 31–34]. However, the deformation
control these earlier methods provide is tightly linked to low-level cost or energy
terms, in which high-level anatomical knowledge is difficult to encode.

We facilitate the merger of higher-level control mechanisms with powerful
controlled deformations through a layered architecture, where the high-level rea-
soning layer has knowledge about and control over the low-level model (or models)
at all times. The reasoning layer should apply an active, explicit search strategy
that first looks for the most stable image features before proceeding to less sta-
ble image features, and so on. It should utilize contextual knowledge to resolve
ambiguity in regions where there is a deficiency of image feature information.
By constructing the framework in a layered fashion, we are able to separate and
complement the data-driven, local image feature integration functionality with the
knowledge-driven, model-fitting control functionality, exploiting both for maxi-
mal effectiveness. This separation allows us to construct a model-fitting controller
from an extensible set of standardized subroutines. The subroutines are defined
in terms of deformation maneuvers and high-level anatomical landmark detec-



 

DEFORMABLE ORGANISMS FOR MEDICAL IMAGE ANALYSIS 391

tors rather than low-level image features. Different subroutines are invoked based
on high-level model-fitting decisions by integrating image features, prior contex-
tual anatomical knowledge, and a pre-stored segmentation plan. Furthermore,
by combining a layered architecture with a set of standard subroutines, powerful
and flexible “custom-tailored” models can be rapidly constructed, thus providing
general-purpose tools for automated medical image segmentation and labeling.

2. DEFORMABLE ORGANISMS: AN ARTIFICIAL LIFE MODELING
PARADIGM FOR MEDICAL IMAGE ANALYSIS

To realize the ideas and achieve the goals mentioned above in Section 1,
we introduced a new paradigm for automatic medical image analysis that adopts
concepts from the emerging field of artificial life (AL)2. In particular, we developed
deformable organisms, autonomous agents whose objective is the segmentation
and analysis of anatomical structures in medical images [38]. The AL modeling-
based approach provides us with the required flexibility to adhere to an active,
explicit search strategy that takes advantage of contextual and prior knowledge of
anatomy. The organisms are aware of the progress of the segmentation process
and of each other, allowing them to effectively and selectively apply knowledge
of the target objects throughout their development.

Viewed in the context of the AL modeling hierarchy (Figure 2a), current au-
tomatic deformable model-based approaches to medical image analysis utilize ge-
ometric and physical modeling layers only (Figure 2b). In interactive deformable
models, such as snakes, the human operator is relied upon to provide suitable be-
havioral and cognitive level support (Figure 2c). At the physical level, deformable
models interpret image data by simulating dynamics or minimizing energy terms,
but the models themselves do not monitor or control this optimization process
except in a most primitive way.

To overcome the aforementioned deficiencies while retaining the core strengths
of the deformable model approach, we add high-level controller layers (a “brain”)
on top of the geometric and physical layers to produce an autonomous deformable
organism (Figure 2d). The planned activation of these lower deformation layers
allows us to control the fitting or optimization procedure. The layered architec-
ture approach allows the deformable organism to make deformation decisions at
the correct level of abstraction utilizing prior knowledge, memorized information,
sensed image features, and inter-organism interaction.

whose “behaviors” are controlled by a “brain” (Figure 3) that makes decisions
based on perceived image data and extraneous knowledge. The brain is the organ-
ism’s cognitive layer, which activates behavior routines (e.g., for a CC organism:
find-splenium, find-genu, find-upper-boundary, etc. (Figure 1)) according to a
plan or schedule (Figure 3).

Specifically, a deformable organism is structured as a “muscle”-actuated “body”
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(a) (b) (c) (d)

Figure 2. AL, Deformable Models, and Deformable Organisms. (a) AL modeling pyramid.
Adapted with permission from [39]. Copyright c©1999, ACM. (b) Automatic deformable
models (incorporating geometry and physics layers only). (c) Deformable models guided
by an expert human operator. (d) Intelligent deformable models (deformable organisms)
provide a model of the cognitive abilities of human operators (by including higher cognitive
layers).

Figure 3. A Deformable Organism. The brain issues “muscle” actuation and perceptual at-
tention commands. The organism deforms and senses image features, whose characteristics
are conveyed to the brain. The brain makes decisions based on sensory input, memorized
information and prior knowledge, and a pre-stored plan, which may involve interaction with
other organisms. Reprinted with permission from [85]. Copyright c©2002, Elsevier.
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Carrying out a behavior routine requires image information in order for the
proper shape deformation to take place toward achieving the goal of the current
behavior. The deformable organism perception system is responsible for gathering
image information and comprises a set of sensors that are adaptively tuned to
specific image features (edge strength, texture, color, etc) in a task-specific way.
Hence, the organism can disregard sensory information superfluous to its current
behavioral needs.

The organism carries out a sequence of active, explicit searches for stable
anatomical features, beginning with the most stable anatomical feature and then
proceeding to the next best feature. This allows the organism to be “self-aware”
(i.e., knows where it and its parts are and what it is seeking at every stage) and is
therefore able to perform these searches intelligently and effectively by utilizing a
conflux of contextual knowledge, perceived sensory data, an internal mental state,
memorized knowledge, and a cognitive plan. For example, it need not be satisfied
with the nearest matching feature, but can look further within a region to find the
best match, thereby avoiding globally suboptimal solutions. The plan (or plans)
can be generated with the aid of a human expert, since the behavior routines are
defined using familiar anatomical terminology.

An organism may “interact” with other organisms to determine optimal initial
conditions. Once stable features are found and labeled, an organism can selectively
use prior knowledge or information from the neighbor organisms to determine the
object boundary in regions known to offer little or no feature information. Inter-
action among organisms may be as simple as collision detection and avoidance, or
one or several organisms supplying intelligent initial conditions to another, or the
use of inter-organism statistical shape/image appearance constraint information.

Furthermore, by carrying out explicit searches for features, correct correspon-
dences between the organism and the data are more readily assured. If a feature
cannot be found, an organism may “flag” this situation (Figure 4b). If multiple
plans exist, another plan can be selected and/or the search for the missing feature
postponed until further information is available (e.g., from a neighboring organ-
ism). Alternatively, the organism can retrace its steps and return to a known state
and then inform the user of the failure. A human expert can intervene and put
the organism back on course by manually identifying the feature. This strategy
is possible because of the sequential and spatially localized nature of the model
fitting process.

Customized behavioral routines and explicit feature search requires powerful,
flexible and intuitive model deformation control. The behavior routines activate
“motor” (i.e., deformation) controller routines or growth controller routines, en-
abling the organism to fulfill its goal of object segmentation. An organism may
begin in an “embryonic” state with a simple proto-shape, and then undergo con-
trolled growth as it develops into an “adult,” proceeding from one stable object
feature to the next. Alternatively, an organism may begin in a fully developed
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(a) (b)

Figure 4. (a) Procedural representation of a fragment of a deformable organism’s plan or
schedule. The organism goes through several behavior subroutines (bold path in (a)). (b)
Generic example of a behavior routine. Reprinted with permission from [85]. Copyright
c©2002, Elsevier.

state and undergo controlled deformations as it carries out its model-fitting plan.
The type of organism to use, or whether to use, some sort of hybrid organism, is
dependent on the image and shape characteristics of the target anatomical structure
(different examples are presented in Section 4).

Deformation controllers are parametrized procedures dedicated to carrying
out a complex deformation function, such as successively bending a portion of
the organism over some range of angle or stretching part of the organism forward
some distance. They translate natural control parameters such as <bend angle,
location, scale> or <stretch length, location, scale> into detailed deformations.

To summarize, the AL layered architecture provides the needed framework to
complement the geometrical and physical layers of classical deformable organisms
(the model shape, topology, and deformations) with behavioral and cognitive layers
(the high-level controllers that activate the routines) utilizing a perception system
(the source of the image data) and contextual-knowledge (knowledge about the
anatomy’s shape, appearance, neighborhood relationships, etc.).
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3. THE LAYERED ARCHITECTURE OF DEFORMABLE ORGANISMS

This section describes the layers of the deformable organism architecture,
starting with the lowest layers (geometrical and physical), and working up to the
higher layers (behavioral, cognitive, and sensory). Throughout these sections we
will provide examples of each layer to solidify the abstract terminology. To this
end, we will draw upon particular applications of deformable organisms, each of
which is briefly outlined below.

Geometrically based deformable CC organism: This CC organism re-
lies on pure geometry-based shape deformations and was designed to begin
as a small “worm,” and then grow and expand itself to fit the data (Fig-
ure 5a). Details of its deformation module are presented in Section 3.3.1,
sensors in Section 3.4, and with behaviors and results in Section 4.1.

Physically based deformable CC organism: Incorporates a true physi-
cally based deformation layer (Section 3.3.3) to allow for increased robust-
ness and intuitive interaction (Figure 5b). Example physics, behavioral,
and cognitive layers of this organism are presented in Sections 3.3.3, 3.5.1,
and 3.6.1, respectively, with results in Section 4.4.

2D vessel crawler: The 2D vessel crawler is a worm-like deformable
organism (Figure 5c) that grows to segment vessels in 2D angiograms
by continuously sensing which direction to grow in, then expanding and
fitting to the walls. Its distinguishing feature is its ability to discriminate
between bifurcations and overlaps (Figure 41) using an off-board sensor
(Section 3.4).

3D vessel crawler: This organism extends the 2D vessel crawler to 3D
geometry, incorporates a true physical deformation layer (Section 3.3.4),
and is equipped with new behavioral and sensory modules (Section 3.4)
[86]. It crawls along vasculature in 3D images (Figure 5d), accurately
segmenting vessel boundaries, detecting and exploring bifurcations, and
providing sophisticated, clinically relevant structural analysis. Results are
presented in Section 4.6.

3.1. The Geometrical Layer (Shape and Topology)

The geometrical layer of the deformable organism houses the shape repre-
sentation and morphological and topological constraints of the organism. The
deformable organisms we developed to date are based on medial-axis or medial-
sheet deformable shape representations. The medial-based shape representation
allows for a variety of intuitive and controlled changes in the model’s shape that are
described relative to the natural geometry of the object rather than as displacements
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(a)

(b)

(c)

(d)

Figure 5. Example deformable organisms for medical image analysis. (a) Geometrically
based and (b) physically based deformable CC organisms. (c) 2D and (d) 3D vessel crawler.
Progress of segmentation is shown from left to right. See attached CD for color version.

to its boundary. These changes in shape include stretching, thickening, or bending
and are realized as either pure geometric deformations or a result of deformations
simulated at the physics layer of the organism. In Section 3.3 we present examples
of different shape representations that allow such controlled deformations.

3.2. The Physical Layer (Motor System and Deformations)

The physical layer is responsible for deforming the shape of the organism
and changing its geometry. Deformations carried out by the physical layer of
the organism are divided into two classes: simple deformation capabilities and
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more complex locomotion maneuvers. The simple deformation capabilities con-
stitute the low-level motor skills or the basic shape deformation actuators of the
organism. Simple deformations include global deformations such as affine trans-
formation (translate, rotate, scale) or localized deformations such as a simple
bulge or a stretch. The complex locomotion maneuvers are the high-level mo-
tor skills of the organism constructed from several basic motor skills. These are
parametrized procedures that carry out complex deformation functions such as
sweeping over a range of rigid transformation parameters, sweeping over a range
of stretch/bend/thickness parameters, bending at increasing scales, moving a bulge
on the boundary, etc. Other high-level deformation capabilities include smooth-
ing the medial or the boundary of the model, or moving the medial axis or medial
sheet to a position exactly midway between the boundaries on both sides of the me-
dial. In the following section (3.3) we present different examples of deformation
enabled by a number of medial-based geometrical representations.

3.3. Controlling Shape Deformation

As the organism’s cognitive layer decides on a behavior, the behavior routine will
involve carrying out shape deformations realized through high-level motor skills,
which in turn are realized through simpler low-level motor skills. The goal here is
the ability to intelligently control the different types and extent of model deforma-
tions during the model-to-data fitting process in an effort to focus on the extraction
of stable image features before proceeding to object regions with less well-defined
features.

The choice of shape representation is undeniably crucial for segmentation,
recognition, and interpretation of medical images. The study of shape is un-
surprisingly attracting a great deal of attention within the medical image analysis
community [40–42]. A desirable trait in a shape representation is its ability to con-
trol non-rigid object deformations at multiple locations and scales in an interactive
and intuitive manner. Deformable shape models [20], in particular, are mostly
boundary based, and therefore multiscale deformation control is constructed upon
arbitrary boundary point sets and not upon object-relative geometry. Although
they provide excellent local shape control, they lack the ability to undergo intuitive
global deformation and decompose shape variability into intuitive deformations.
As a result, it is difficult to incorporate intelligent deformation control operat-
ing at the right level of abstraction into the typical deformable model framework
of energy minimization. Consequently, these models remain sensitive to initial
conditions and spurious image features in image interpretation tasks.

Hierarchical boundary-based shape models [43–46] and volume-based shape
representations or free-form deformation mechanisms have been proposed [47–
51]; however, as their deformation is not based on object-relative geometry, they are

Top–down, knowledge-driven model fitting strategies require underlying shape
representations responsive to high-level controlled shape deformation commands.
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limited either by the type of objects they can model, or by the type and intuitiveness
of the deformations they can carry out. They are also typically not defined in terms
of the object but rather the object is unnaturally defined (or deformed) in terms
of the representation or deformation mechanism. Other 3D shape representations
with similar drawbacks include spherical harmonics, FEM, NURBS, and wavelet-
based representations [52–55].

Shape models founded upon the use of the medial-axis transform [56] are
emerging as a powerful alternative to the earlier boundary-based and volume-
based techniques [57–68]. Medial representations provide both a local and global
description of shape. Deformations defined in terms of a medial axis are natural
and intuitive and can be limited to a particular scale and location along the axis,
while inherently handling smoothness and continuity constraints.

Statistical models of shape variability have been used for medical image inter-
pretation [25, 27, 31, 32, 69]. These typically rely on principal component analysis
(PCA) and hence are only capable of capturing global shape variation modes. Sta-
tistical analysis of medial-based shape representation has been the focus of much
recent research [70–74].

In the following subsections we present the details of a variety of shape rep-
resentation and controlled deformation techniques that are crucial to the operation
of deformable organisms and modeling their lower geometrical and physical lay-
ers. These include 2D medial profiles (Section 3.3.1), 3D shape medial patches
(3.3.2), 2D spring-mass systems with physics-based deformations (3.3.3), and their
3D extension (3.3.4).

3.3.1. 2D Shape Representation and Deformation with Medial Profiles

We describe a multiscale, medial-based approach to shape representation and
controlled deformation in an effort to meet the requirements outlined above in
the previous sections. In this shape representation and deformation scheme, an
anatomical structure (e.g., the CC) is described with four shape profiles derived
from the primary medial axis of an organism’s boundary contour (e.g., CC bound-
ary contour). The medial profiles describe the geometry of the structure in a natural
way and provide general, intuitive, and independent shape measures. These pro-
files are: length, orientation, left (with respect to the medial axis) thickness, and
right thickness. Once the profiles are constructed, various deformation functions
or operators can be applied at certain locations and scales on a profile, producing
intuitive, controlled deformations: stretching, bending, and bulging. In addition to
the general deformation operators, we wish to use as much knowledge as possible
about the object itself and to generate statistically proven feasible deformations
from a training set. We would like to control these statistical deformations lo-
cally along the medial shape profiles to support our goal of intelligent deformation
scheduling. Since general statistically derived shape models only produce global
shape variation modes [25, 27], we present spatially localized feasible deforma-
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tions at desired scales by utilizing hierarchical (multiscale) and regional (multi-
location) principal component analysis to capture shape variation statistics.

In the following sections, we demonstrate the ability to produce controlled
shape deformations by applying them to 2D medial-based representations of the
CC, derived from 2D midsagittal MRI slices of the brain. We begin by describing
the generation and use of medial-based profiles for shape representation and de-
scribe a set of general operators that act on the medial shape profiles to produce
controlled shape deformations. 3.3.1). We then present a technique for performing
a multiscale multi-location statistical analysis of the shape profiles and describe
statistics-based deformations based on this analysis. We present a simple applica-
tion of the controlled shape deformations and demonstrate their use in an automatic
medical image analysis system (Section 4.1).

Medial Profiles for Shape Representation We use a boundary representation
of an object to generate the medial-based profiles. Generation of the profiles
begins with extraction of a sampled pruned skeleton of the object to obtain a set
of medial nodes. Four medial profiles are constructed: a length profile L (m), an
orientation profile O (m), a left (with respect to the medial axis) thickness profile
T l (m), and a right thickness profile T r (m), where m = 1, 2, . . . , N , N being
the number of medial nodes, with nodes 1 and N being the terminal nodes. The
length profile represents the distances between consecutive pairs of medial nodes,
and the orientation profile represents the angles of the between edges connecting
consecutive pairs of medial nodes. The thickness profiles represent the distances
between medial nodes and their corresponding boundary points on both sides
of the medial axis (Figure 6). Corresponding boundary points are calculated by
computing the intersection of a line passing through each medial node in a direction
normal to the medial axis, with the boundary representation of the object. Example
medial profiles are shown in Figure 7.

Shape Reconstruction from Medial Profiles To reconstruct the object’s shape
given its set of medial profiles, we calculate the positions of the medial and bound-
ary nodes by following these steps:

1. Specify affine transformation parameters: orientation angle θ, translation
values (tx, ty), and scale (sx, sy).

2. Using medial node 1 as the base or reference node, place it at location
x1 = (tx, ty).

3. Repeat steps 4 and 5 for m = 1, 2, . . . , N .

4. Compute locations xl
m and xr

m of boundary points l and r at either side of
the mth medial node (Figure 6) as
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Figure 6. Diagram of shape representation. Reprinted with permission from [85]. Copy-
right c©2002, Elsevier.

Figure 7. Example medial shape profiles: (a) length profile L (m), (b) orientation profile
O (m), (c) left thickness profile T l (m), and (d) right thickness profile T r (m). Reprinted
with permission from [85]. Copyright c©2002, Elsevier.
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xl
m = xm + T l (m)

(
sx cos

(
θ +O (m) + π

2

)
sy sin

(
θ +O (m) + π

2

) ) (1)

and, similarly,

xr
m = xm + T r (m)

(
sx cos

(
θ +O (m)− π

2

)
sy sin

(
θ +O (m)− π

2

) ) . (2)

5. If m < N , compute location xm+1 of the next medial node m+ 1 as

xm+1 = xm + L (m)
(
sx cos (θ +O (m))
sy sin (θ +O (m))

)
. (3)

An example shape reconstruction is shown in Figure 8.

Shape Deformations Using Medial-Based Operators Once the shape profiles
have been generated, we can construct deformation operators and apply these op-
erators to the shape profiles. This results in intuitive deformations of the object
upon reconstruction. That is, by applying an operator to the length, orientation,
or thickness shape profile, we obtain a stretch, bend, or bulge deformation, re-
spectively. Each deformation operator is implemented by defining a medial-based
operator profile, k (m), of a particular type (Figure 9) and specifying an amplitude,
location, and scale.

The operator profile is then added to (or blended with) the medial shape profile
corresponding to the desired deformation. For example, to introduce a bulge on
the right boundary, an operator profile with a specific amplitude, type, location,
and scale is generated and added to the right thickness medial profile T r (m) to
obtain T r (m) + k (m) (Figure 10).

In general the application of a deformation operator k (m) alters the desired
shape profile according to

pd (m) = p̄d (m) + αdlstkdlst (m) , (4)

where p is the shape profile, d is the deformation type (stretch, bend, left/right
bulge), i.e., pd (m) :

{
L (m) , O (m) , T l (m) , T r (m)

}
, p̄ is the average shape

Figure 8. Object reconstruction resulting from the shape profiles in Figure 7.
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Figure 9. Examples of operator types: (left to right) triangular, Gaussian, flat, bell, and
cusp [75]. Reprinted with permission from [63]. Copyright c©2004, World Scientific.

(a) (b)

(c) (d)

Figure 10. Introducing a bulge on the right boundary by applying a deformation operator
on the right thickness profile: (a) T r (m) before and (c) after applying the operator. (b)
Reconstructed shape before and (d) after the operator. Reprinted with permission from
[85]. Copyright c©2002, Elsevier.

profile, k is the operator profile (with unity amplitude), l is the location, s is
the scale, t is the operator type (Gaussian, triangular, ..., etc.), and α is operator
amplitude.

Altering one shape profile only affects the shape property associated with that
profile and does not affect any other object shape properties. For example, applying
an operator to the orientation profile results in a bend deformation only and does not
result in a stretch or bulge. This implies the ability to perform successive operator-
based object deformations of varying amplitudes, types, locations or scales, which
can be expressed as

pd (m) = p̄d (m) +
∑

l

∑
s

∑
t

αdlstkdlst (m). (5)
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Examples of operator-based deformations are shown in Figure 11a–d.

Statistical Shape Analysis by Hierarchical Regional PCA In many applica-
tions, prior knowledge about object shape variability is available or can be obtained
by studying a training set of shape examples. The training set is typically created
by labeling corresponding landmark points in each shape example. Principal
Component Analysis (PCA) is then applied to the training set, resulting in a point
distribution model (PDM) [25]. The PDM describes the main modes of variation
of the landmark positions and the amount of variation each mode explains. A
drawback of this original approach is that the result of varying the weight of a
single variation mode generally causes all the landmark positions to change. In
other words, although the original PDM model produces only feasible shape defor-
mations, a desirable trait, it generally produces global deformations over the entire
object. Our goal is to utilize prior knowledge and produce feasible deformations,
while also controlling the scale and location of these deformations. Toward this
end, we perform a multiscale (hierarchical) multi-location (regional) PCA on a
training set of medial shape profiles. To achieve this, we collect spatially corre-
sponding subprofiles from the shape profiles. The length of a subprofile reflects
the scale over which the analysis is performed. The principal component analysis
is now a function of the location, scale, and type of shape profile (length, orien-
tation, or thickness). Thus, for each location, scale, and shape profile type, we
obtain an average medial subprofile, the main modes of variation, and the amount
of variation each mode explains. The result is that we can now generate a feasible
stretch, bend, or bulge deformation at a specific location and scale.

A shape profile can now be written as the sum of the average profile and the
weighted modes of variation as follows:

pd (m) = p̄d (m) +Mdlswdls, (6)

where p, d, p̄, pd(m), l, and s are defined in (4);Mdls are variation modes (columns
ofM) for specificd, l, and s; andwdls are weights of the variation modes, where the
weights are typically set such that the variation is within three standard deviations.

For any shape profile type, multiple variation modes can be activated by setting
the corresponding weighting factors to nonzero values. Each variation mode acts
at a certain location and scale; hence we obtain

pd (m) = p̄d (m) +
∑

l

∑
s

Mdlswdls. (7)
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a

b

c

d

e

f

g

h

i

Figure 11. Examples of Controlled Deformations. (a)–(c) Operator-based bulge defor-
mation at varying locations, amplitudes, and scales. (d) Operator-based stretching with
varying amplitudes over entire CC. (e)–(g) Statistics-based bending of the left end, the right
end, and the left half of the CC. (h) Statistics-based bulge of the left and right thickness
over the entire CC. (i) From left to right: (1) mean shape, (2) statistics-based bending of the
left half, followed by (3) locally increasing the left thickness using an operator, followed
by (4) applying an operator-based stretch and (5) an operator-based bend to the right side
of the corpus callosum. Reprinted with permission from [63]. Copyright c©2004, World
Scientific.
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In summary, varying the weights of one or more of the variation modes alters the
length, orientation, or thickness profiles and generates statistically feasible stretch,
bend, or bulge deformations at specific locations and scales upon reconstruction.
Examples of statistics-based deformations are shown in Figure 11e–h.

and statistics-based deformations ((5) and (7)) can be combined as

pd = p̄d +
∑

l

∑
s

(
Mdlswdls +

∑
t

αdlstkdlst

)
. (8)

It is worth noting that several deformations, whether operator- or statistics-based,
may spatially overlap. Furthermore, adding profiles of different scales, and hence
different vector lengths, is possible by padding the profiles with zeros. Figure 11i
shows an example of combining operator- and statistics-based deformations.

based controlled deformations, we handcrafted a deformation schedule for fitting
the CC shape model to a midsagittal MRI slice of the brain. Figure 12 shows the
resulting medial shape profiles after applying the fitting schedule (compare with
the initial profiles in Figure 10). The initial and final CC shapes are shown in
Figure 13. The schedule steps are shown in Table 1 and the resulting deformed
CC shapes for each step of the schedule are depicted in Figure 14.

3.3.2. 3D Shape Representation and Deformation using Medial Patches

We now extend the idea of the medial profiles method for 2D shape repre-
sentation and deformation (presented in Section 3.3.1) to 3D. Instead of a single
1D orientation profile and a 1D elongation profile describing a primary medial
axis, we now require two 2D orientation patches and a 2D elongation patch that
together describe a primary medial sheet. Further, instead of two 1D thickness
profiles describing the boundary of a 2D shape, we now require two 2D thickness
patches to describe the surface the 3D object. Furthermore, rather than using 1D
operators to change the profiles and generate new 2D shapes upon reconstruction,
we now require 2D operators to alter the patches and generate new 3D shapes. As
before, an operator applied to the orientation, elongation, or thickness components
will cause a bend, stretch, or bulge shape deformation, respectively. In a simple
manner, the location, extent, type, and amplitude of deformation operators can be
specified and combined to capture local and global intuitive shape deformations.
Figure 15 demonstrates the capability of producing different types of spatially
localized deformations by varying different operator parameters. Deformation pa-
rameters include deformation type (e.g., bending, stretching, bulging), location,
extent, amplitude, and type (e.g., Gaussian, rectangular, pyramidal, spherical).

Combining Operator- and Statistics-Based Deformations In general, operator-

To demonstrate the potential of statistics- and operator-Hand-CraftedApplication
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Figure 12. Resulting medial shape profiles after applying the fitting schedule: (a) length
profile L (m), (b) orientation profile O (m), (c) left thickness profile T l (m), and (d) right
thickness profile T r (m). Reprinted with permission from [63]. Copyright c©2004, World
Scientific.

Figure 13. Close-up of the initial and final stages of the handcrafted fitting schedule.
Reprinted with permission from [63]. Copyright c©2004, World Scientific.
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Table 1. Deformation Schedule Used to Fit the
Corpus Callosum Shape Model to MRI Data

Step Deformation Location Scale Variation mode/
Operator type

Variation mode weight/
Operator amplitude

1 Translation by

▲

74,

▲

24)

2 Rotation counterclockwise by 10o

3 Scaling by 1.2

4 Bend 1 8 2 w = 0.5

5 Bend 20 8 2 w = −0.8

6 Bend 22 6 2 w = −0.75

7 Bend 24 4 1 w = 2.2

8 Bend 1 4 2 w = 1

9 Stretch 6 4 1 w = −1.5

10 Stretch 26 1 1 w = 2

11 Left-bulge 15 7 1 w = 3

12 Left-bulge 18 3 1 w = 2

13 Left-bulge 6 12 1 w = 3

14 Left-bulge 5 3 1 w = 3

15 Right-squash 9 3 1 w = −1

16 Right-bulge 13 2 1 w = 0.5

17 Left-bulge 21 3 Gaussian α = 0.3

18 Left-bulge 21 7 Gaussian α = 0.1

19 Right-squash 24 2 Gaussian α = −0.5

20 Right-bulge 4 2 Bell α = 1.7

21 Right-bulge 6 3 Gaussian α = 0.4

22 Right-squash 1 3 Gaussian α = −2.2

23 Right-squash 25 1 Gaussian α = −0.8

Reprinted with permission from [63]. Copyright c©2004, World Scientific.
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1 2

3 4 5

6 7 8

9 10 11

12 13 14

15 16 17

18 19 20

21 22 23

Figure 14. Progress of the handcrafted fitting schedule (fitting steps listed in Table 1).
Reprinted with permission from [63]. Copyright c©2004, World Scientific.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 15. Deformations on a synthetic (slab) object. (a) Different operator types (left
to right): Gaussian, rectangular, pyramidal, spherical. (b) Different deformation types:
stretching, longitudinal bend, latitudinal bend. Different (c) locations, (d) amplitudes, and
(e) extent of a bulge operator. (f) Combining stretching, longitudinal and latitudinal bend,
and bulging deformations.

Because the effects of the deformation parameters are easily understood even to the
user not familiar with the details of the shape representation, intuitive and accurate
production of desired deformations is made possible. Results on real brain caudate
nucleus and ventricle structures are presented in Section 4.5.

3.3.3. 2D Physics-based Shape Deformations

In this section we introduce the use of the physics-based shape representation
and deformations method that is used for the deformable organism framework’s
geometrical and physical layers. This yields additional robustness by allowing
intuitive real-time user guidance and interaction when necessary and addresses
several of the requirements for an underlying shape representation and deforma-
tion layers stated previously. The deformations are realized through a physics-
based framework implemented as meshes of connected nodes (mass-spring mod-
els). This inherently handles smoothness and continuity constraints, maintains the
structural integrity of the body as it deforms, and facilitates intuitive user inter-
action. The mesh nodes and mesh connectivity are based on the medial axis of
the object, yielding a shape representation and deformation method that naturally
follows the geometry of the object. Various types of deformations at multiple lo-
cations and scale are controlled via operator- or statistics-based deformations that
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actuate springs. The method also provides statistics-based feasible deformations
that are derived from a hierarchical (multiscale) regional (multi-location) principal
component analysis.

In the following sections we present the construction of the dynamic mesh
model, operator-based shape deformations, similarity transformations, and sta-
tistically based shape deformations, using internal spring actuation and external
forces. We demonstrate results on both synthetic data and on a spring-mass model
of the CC, obtained from 2D midsagittal brain MRI slices.

Dynamic Spring-Mass Mesh Model For our physics-based deformable organ-
isms we use spring-mass models to represent object shapes (Figures 16 and 17).
The model is made up of nodes (masses or particles) and springs (elastic links or

Figure 16. Examples of different synthetic spring-mass structures. Reprinted with permis-
sion from [80]. See attached CD for color version.

(a) (b)

Figure 17. (a) Midsagittal MR brain image with the corpus callosum (CC) outlined in white.
(b) CC mesh model showing medial and boundary masses. Reprinted with permission from
[80]. Copyright c©2005, SPIE.
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connecting segments), and can be deformed according to Eqs. (22)–(26) in Section
1.6.7 in Chapter 11.

Specifically, the deformations can be caused by internal or external forces.
External forces are those external to the organism, including image forces and
user-driven mouse forces (Figure 18), whereas internal forces result from spring
actuation (in a manner analogous to muscle actuation in animals), causing the
attached nodes to change position, thereby propagating the force throughout the
model (Figure 19). Spring actuation is accomplished by changing the spring’s rest
length while continuously simulating the mesh dynamics.

Figure 18. Examples of deformations via user interaction (“mouse” forces). Reprinted
with permission from [62]. Copyright c©2003, SPIE. See attached CD for color version.

(a) (b) (c)

(d) (e) (f)

Figure 19. Examples of physics-based deformations of the CC organism using (a) user
applied and (b) rotational external forces. Operator based (c) bending, (d) bulging, and (e)
stretching deformations. (f) Statistics-based spring actuation. Reprinted with permission
from [62]. Copyright c©2003, SPIE.

In order for deformable organisms to explore the image space, fit to specified
regions, and take new shapes, they must be able to undertake a sequence of defor-
mations. Some of these deformations take place independent of the topological
design of the organism (general deformations), while others are designed specif-
ically for medial-axis based worm-type organisms (medial-based deformations).
Furthermore, in specific applications the general deformations can be modified to
apply to specific anatomical regions of the model. By automatically fixing a group
of nodes in place, the organism can perform deformations on specific regions of
its geometrical model without affecting others. We use the terms regional rota-
tion/translation and boundary expansion to refer to these types of deformations.
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(a) (b) (c)

Figure 20. Definition of variables for (a) radial bulge, (b) directional bulge, and (c) localized
scaling.

Boundary expansion refers to a sequence of stretching deformations whose direc-
tion is along thickness springs, while all nodes aside from the concerned boundary
node are fixed. What follows is a description of the various types of deformations
enabled.

Operator-Based Localized Deformations Using Internal Spring Actuation
Localized bulging (radial bulge), stretching (directional bulge), scaling, bend-
ing, and tapering deformations are implemented using spring actuation. These
operator-based deformations can be applied at different locations and scales with
varying amplitudes. In the following paragraphs we describe how spring rest
length must be changed to produce these different deformations.

To perform a (radial) bulge deformation we specify a center C and a radius
R of a deformation region (Figure 20a) as well as a deformation amplitude K.
We then update the rest length rij of each spring sij if at least one of its terminal
nodes, ni or nj , lies within the deformation region, as follows:

rij =
((

1− d

R

)(
1− 2θ

π

)
(K − 1) + 1

)
roldij , (9)

where θ ∈ [0, π
2

]
is the angle between sij , and line L connecting the midpoint of

the spring with C and d is the length of L (Figure 20a). The resulting effect of the
above equation is that springs closer to C and with directions closer to the radial
direction are affected more (Figure 21).

To perform a stretch (directional bulge) we again specify a deformation region
and amplitude as well as a direction �D (Figure 20b). We update the rest length of
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Figure 21. The coefficient (white = K, black = 1) by which rold
ij is multiplied as a function

of θ and d. Reprinted with permission from [62]. Copyright c©2003, SPIE.

each spring as in Eq. (9), where θ ∈ [0, π
2

]
is now defined as the angle between

sij and �D (Figure 20b). The resulting effect in this case is that springs closer to C
and with directions closer to the stretch deformation direction are affected more
(Figure 21).

A localized scaling deformation is independent of direction and requires only
specification of a deformation region and amplitude (Figure 20c). The rest length
update equation then becomes

rij = ((1− d/R) (K − 1) + 1) roldij . (10)

To perform localized bending, we specify bending amplitude K and two re-
gions surrounding the medial axis (Figure 22). The rest lengths of the springs on
one side of the medial are increased according to

r1ij =
(
d1

R1

(
1− 2θ1

π

)
(K − 1) + 1

)
r1,old
ij , (11)

while the rest lengths on the other side are decreased according to

r2ij =
(
d2

R2

(
1− 2θ2

π

)(
1
K
− 1
)

+ 1
)
r2,old
ij . (12)

To perform localized tapering, we specify tapering amplitudeK and a region with
a base (Figure 22). The rest lengths on one side of the base are increased according
to

r1ij =
(
d1

R1
(K − 1) + 1

)
r1,old
ij , (13)
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Figure 22. Definition of variables for deformation operators: bending (left), and tapering
(middle). Reprinted with permission from [62]. Copyright c©2003, SPIE.

while those on the other side are decreased according to

r2ij =
(
d2

R2

(
1
K
− 1
)

+ 1
)
r2,old
ij . (14)

Similarity Transformations Using Internal and External Forces Simple ro-
tation and translation are implemented via the application of external forces, while
scaling is implemented by muscle actuation. Rotation forces are applied on all
nodes in a direction normal to the line connecting each node with the center of
mass of the model, with a consistent clockwise/counterclockwise direction (Fig-
ure 23a). While translation forces are applied on all nodes in the direction of the
desired translation (Figure 23b). Scaling by a factor of S is performed by chang-
ing the rest length of all the springs, i.e., rij = S · roldij . Examples are shown in
Figure 24.

Learned Deformations Using Internal Spring Actuation Learned or statisti-
cally based deformations are implemented via spring actuation. To facilitate intu-
itive deformations, springs are designed to be of different types: stretch springs,
bend springs, or thickness springs. Stretch springs connect neighboring medial
nodes, bending springs are hinge springs that connect nonconsecutive medial
nodes, and thickness springs connect medial nodes with boundary nodes (Fig-
ure 26). Actuating the stretch springs causes stretch deformations, actuating hinge
springs causes bend deformations, and actuating thickness springs causes bulging,
squashing, or tapering deformations.

Different examples of localized operator-based deformations are shown in Figure 25.
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(a) (b)

Figure 23. External forces for performing a (a) rotation (light gray circle marks center
of mass) and a (b) translation. Reprinted with permission from [62]. Copyright c©2003,
SPIE. See attached CD for color version.

(a) (b)

Figure 24. Similarity transformation via external forces. (a) Rotating a model of the CC.
(b) Scaling and rotating a synthetic model. Reprinted with permission from [62]. Copyright
c©SPIE 2005.

Feasible mesh deformations (i.e., similar to what has been observed in a
training set) at different locations and scales are obtained by actuating springs
according to the outcome of a statistical analysis. Specifically, PCA is applied
to a training set of spring rest lengths in the region corresponding to the desired
localized deformations.
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(a) (b) (c) (d)

(e) (f) (g)

(h) (i) (j) (k)

Figure 25. Examples of localized deformations: (a) initial synthetic object, (b) bulge, (c)
bend, (d) bend at another location, (e) tapering, (f) tapering followed by a bulge, and (g)
tapering followed by a bulge and a bend deformations. CC model (h) before and (j) after
a localized bend. (i,k) Close-up versions of (h,j). Reprinted with permission from [62].
Copyright c©2003, SPIE.

Figure 26. Spring types used for statistics-based deformations. Reprinted with permission
from [62]. Copyright c©2003, SPIE. See attached CD for color version.



 

DEFORMABLE ORGANISMS FOR MEDICAL IMAGE ANALYSIS 417

The set of rest lengths for the stretch springs (Figure 26) in a single example
model are collected in a vector rS , i.e.,

rS = {rij∀i, j : sij ∈ stretch springs} , (15)

and similarly for the bending and left and right thickness springs: (Figure 26)

rB = {rij∀i, j : sij ∈ bend springs} ,
rTL = {rij∀i, j : sij ∈ left thickness springs} ,
rTR = {rij∀i, j : sij ∈ right thickness springs} .

(16)

This gives

rS =
[
r1

S , r
2
S , . . . , r

NS

S

]
,

rB =
[
r1

B , r
2
B , . . . , r

NB

B

]
,

rTL =
[
r1

TL, r
2
TL, . . . , r

NT

TL

]
,

rTR =
[
r1

TR, r
2
TR, . . . , r

NT

TR

]
,

(17)

where NS , NB , NT are the numbers of stretch, bend, and left/right thickness
springs, and the springs are ordered spatially (i.e., moving from one end of the
medial to the other we encounter r1

S , r
2
S , . . . , r

NS

S ). Performing global (traditional)
PCA on corresponding variables in a training set gives

rS = r̄S +MSwS ,
rB = r̄B +MBwB ,
rTR = r̄TR +MTRwTR,
rTL = r̄TL +MTLwTL,

(18)

where the columns of MS , MB , MTR, MTL are the main modes of spring length
variation. Associated with each mode is the variance it explains.

For capturing the shape variations at different locations and scales, we study
the variations in the rest lengths of the springs in the desired localized region. Fur-
thermore, to decompose the variations into different types of general deformations,
each statistical analysis of the spring length in a localized region is restricted to a
specific type of deformation springs (Figure 26). Accordingly, the PCA becomes
a function of the deformation type, location, and scale. For example, to analyze
the local variation in object length (stretch), we perform a statistical analysis on
the lengths of the stretch springs of that local region. In general, for a single
deformation/location/scale- specific PCA we obtain

rdef,loc,scl = r̄def,loc,scl +Mdef,loc,sclwdef,loc,scl, (19)

where def is the deformation type, being eitherS (for stretch),B (for bend),TL (for
left thickness), or TR (for right thickness). The location and scale, determined by
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the choice of loc and scl, respectively, determine which springs are to be included
in the analysis according to

rdef,loc,scl =
[
rloc
def , r

loc+1
def , . . . , rloc+scl−1

def

]
. (20)

For example, for the bending deformation at location “five” with scale “three”
(def, loc, scl = B, 5, 3) we have

rdef,loc,scl = rB,5,3 =
[
r5

B , r
6
B , r

7
B

]
. (21)

The average values of the spring lengths are calculated according to

r̄def,loc,scl =
1
N

N∑
j=1

r (j)def,loc,scl, (22)

where r (j)def,loc,scl is rdef,loc,scl obtained from the jth training example, andN is
the number of training examples. The columns ofMdef,loc,scl are the eigenvectors,
mdef,loc,scl, of covariance matrix Cdef,loc,scl. That is,

{Cm = λm}def,loc,scl , (23)

where 
C =

1
N − 1

N∑
j=1

(r(j)− r̄) (r(j)− r̄)T




def,loc,scl

, (24)

and where {}def,loc,scl denotes deformation type-, location-, and scale-specific
PCA variables.

The data set needs to be aligned only with respect to scale. The statistical
analysis of spring lengths is independent of orientation and translation. See the
different examples in Figures 27–30.

3.3.4. 3D Physics-Based Shape Deformations

Increasing the dimensionality of the position, force, velocity, and acceleration
vectors to 3D in Eqs. (22)–(26) (Section 1.6, Chapter 11) enables calculation of the
3D deformations, as opposed to 2D. External forces are provided by the volumetric
image gradient and a drag force, while internal forces are supplied through Hooke’s
law and dampening spring forces.

Here we present a tubular geometric module parametrized by the distance
between neighboring medial masses and the number of circumferential bound-
ary masses (Figure 31). This layered medial shape representation enables intu-
itive deformations [62, 63, 76] wherein the medial axis governs the bending and
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(a) (b)

(c) (d)

(e) (f)

Figure 27. Sample corpus callosum mesh model
deformations (1st PC for all deformation types
over the entire CC) derived from the hierarchical
regional PCA. Reprinted with permission from
[62]. Copyright c©2003, SPIE.

(a) (b)

(c) (d)

(e) (f)

Figure 28. Sample CC mesh model deformations
(2nd PC for all deformation types over the entire
CC) derived from the hierarchical regional PCA.
Reprinted with permission from [62]. Copyright
c©2003, SPIE.

(a) (b) (c)

Figure 29. Statistical CC mesh model deforma-
tions: stretching the splenium. Reprinted with
permission from [62]. Copyright c©2003, SPIE.

(a) (b) (c)

Figure 30. Statistical CC mesh model deforma-
tions: bending the genu. Reprinted with permis-
sion from [62]. Copyright c©2003, SPIE.

Figure 31. Topology of the vessel crawler showing: Masses (left), radial springs (middle),
and stability springs (right) across sequential layers of the organism. See attached CD for
color version.
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stretching of the vessel crawler and links to boundary nodes to control thickness.
As deformable organisms are typically modeled after their target structures, we
employ this tubular topology to the task of vascular segmentation and analysis in
volumetric medical images [86]. We provide results in Section 4.6.

3.4. Perception System

The perception system of the deformable organism consists of a set of sen-
sors that provide image information to the organisms. Using virtual sensors an
organism can collect data about the world they live in, such as image data or data
from interaction with other organisms. For example, a single organism may have
image intensity sensors, edge sensors, or texture sensors. A wide variety of im-
age processing techniques can be used to enable the organism to perceive relevant
features of their surroundings. Sensors can be focused or trained for a specific
image feature in a task-specific way and hence the organism is able to disregard
sensory information superfluous to its current behavioral needs. Different parts of
the organism are dynamically assigned sensing capabilities and thus act as sensory
organs or receptors. A sensor can either be on-board or off-board. On-board sen-
sors are confined to the organism’s body such as at its medial or boundary nodes,
curves or segments connecting different nodes, or at internal geometric subregions,
while off-board sensors are free floating. Once the sensory data are gathered, they
are fed to the cognitive center of the brain for processing. In the following sections
we highlight the main sensors used in a variety of deformable organisms.

Geometrical CC deformable organism: In our implementation of the
geometrical CC deformable organism, the sensors are made sensitive to
different stimuli, including image intensity, image gradient magnitude and
direction, multiscale edge-preserving diffusion filtered images [77, 78]
a Canny-edge detected version of the image, and the result of a Hough
transform applied to locate the top of the human skull in the brain MR
image (results in Section 4.1).

Physics-based CC deformable organism: This deformable organism
was equipped with sensors for collecting statistical measures of image
data such as mean and variance, in addition to intensity and edge strength
and direction sensors (results in Section 4.4).

2D Vessel Crawler: Once vessel-crawling deformable organisms are ini-
tialized in a target vascular system, they use a variety of sensory input
modules to make decisions about which direction to grow in, and where
bifurcations are located. For example, the 2D angiogram vessel crawler is
equipped with an off-board arc sensor (Figure 32) in order to differentiate
between overlapping vessels and authentic branch points. This crawler is
also equipped with simple sensors for measuring image intensity and edge
magnitude and direction (results in Section 4.3).
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Figure 32. Off-board sensors (arc of white nodes in (a) and (b)) measure image intensity
(along the arc). This results in an intensity profile exhibiting three distinct peaks when an
overlapping vessel is ahead (c) and only two peaks in the case of a bifurcation (d).

3D vessel crawler: The 3D vessel crawler utilizes two primary sensory
modules, a vesselness sensor and a Hessian sensor, which both aide in
guiding the crawler to the direction in which it should grow. The vesselness
sensor is an extension of the 2D arc intensity sensor (Figure 32) to a 3D
hemispherical sensor collecting vesselness values [79] (Figure 33). The
Hessian sensor uses the smallest eigenvalued eigenvector �v1 of Hessian
matrix H .
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Figure 33. A vessel crawler (left, in gray) utilizing an off-board hemispherical sensor
(shown as an arc in the left-hand image). The sensor (shown in 3D on the right) collects
vesselness measures, guiding it as it crawls along the vessel and detects branching points.
See attached CD for color version.

3.5. Behavioral Layer

A behavior is classically defined as the action or reaction of a life form in
response to external or internal stimuli. The deformable organism’s behaviors
are a set of actions performable in response to perceived input or user control.
Specifically, behavioral routines are designed based on available organism motor

controllers to complete a stage in the plan and bring an organism closer to its target
shape. For example, the latch-to-upper-boundary behavior causes the CC organ-
ism to latch the upper-half of itself to the top of the CC (Figure 34). In what
follows we describe the primary behaviors of two example deformable organisms.

3.5.1. Example Behaviors of the Physics-Based CC Deformable Organism

We describe below the different behavioral routines necessary to achieve suc-
cessful segmentation of the CC using the physics-based deformable organism (Fig-
ure 5b). Its anatomically tailored behaviors include: model initialization, global
and regional alignment, expansion and contraction, medial alignment, fitting to
boundary, and detecting and repairing segmentation inaccuracies. We describe the
key behaviors below; for complete details refer to [80].

skills, perception capabilities, and available anatomical landmarks. For example,
the routines implemented for the geometrically based CC deformable organism
include: find-top-of-head, find-upper-boundary-of-CC, find-genu, find-rostrum,
find-splenium, latch-to-upper-boundary, latch-to-lower-boundary, find-fornix,
thicken-right-side, thicken-left-side, back-up (more details in Section 4.1). Each
behavior routine subsequently activates the appropriate deformation or growth
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(1) (2) (3)

(4) (5) (6)

(7) (8) (9)

(10) (11) (l2)

(13) (14) (15)

(16) (17) (18)

Figure 34. Deformable corpus callosum organism progressing through a sequence of
behaviors to segment the CC (results continued on next page). Reprinted with permission
from [85]. Copyright c©2002, Elsevier.



 

424 GHASSAN HAMARNEH and CHRIS MCINTOSH

(19) (20) (21)

(22) (23) (24)

(25) (26) (27)

(28) (29) (30)

(31) (32) (33)

(34) (35) (36)

Figure 34. (continued). Results continued from previous page.

Model Initialization: To begin its search for the CC, the deformable
organism must be initialized to an appropriate location in the image using
robust anatomical features. The organism’s first step is to locate the top of
the head using a modified Hough transform [81] to search for the largest
ellipse (skull). Then, in response to the output of the skull sensor, a CC
template is built consisting of a rectangular window connecting two squares
to approximate the main body, genu, and splenium, respectively (see Figure
1). Maximizing average image intensity and minimizing intensity variance
over the shape model yields several candidate locations for the three CC
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parts. Finally, a decision is made and the set of candidate parts that exhibits
the strongest edge connectivity and exhibits maximal distance between the
parts is selected.

Global and RegionalAlignment: The global alignment phase is designed
to find the best overall location for the model using external forces applied
to the entire organism to rotate and position it as necessary. The organism
first locates the optimal horizontal and vertical location using translational
forces, and then finds the best alignment using rotational forces. After
searching its local space, optimal translations are chosen using a position
decision based upon a sensory module configured to monitor local image
mean, and variance across the entire model. As the CC is generally a
bright, homogenous region, the decision function attempts to maximize
the image mean, while minimizing the variance (more details presented
in Section 3.6.1). During the regional alignment behavior, the organism
aligns its anatomical parts to corresponding sections of the CC through
successive phases. During each phase, rotational and translational forces
are applied to only one part of the CC model. The phases are ordered as
splenium-, genu-, and finally rostrum-alignment, as this particular ordering
favors segmenting regions with stable features before proceeding to other
regions. Optimal positions are decided upon using a position decision
function utilizing the same sensory module as used in the global alignment
phase.

Detecting and Repairing Segmentation Inaccuracies: An example of
the organism’s ability to incorporate anatomical knowledge is its ability
to detect and repair the fornix dip (Figure 1). Typically, the anatomical
structure of a corpus callosum exhibits a symmetrical property about its
medial axis. Consequently, if the organism is nonsymmetrical in the region
where the fornix dip is located, then that area needs repair. In order to
repair itself, the organism simply mirrors its top half about the medial
axis throughout the affected area. To ensure validity, the organism then
checks if the deformation has been beneficial using a position decision
function designed to maximize local image mean, and minimize local
image variance (Section 3.6.1).

3.5.2. Example Behaviors of the 3D Vessel Crawler

As the behaviors vary from organism to organism in both design and com-
plexity, we also provide examples of those used in our 3D vessel crawler. Each
of the vessel crawler’s key decisions results in the execution of the appropriate
behavior, using the concluded locally optimal parameters such as scale, estimated
vessel mean and variance, etc. The primary behaviors available to the organism
are to grow, to fit the vessel wall, and to spawn new organisms.
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Growing: Once initialized at a seed point, the vessel crawler must grow
outward along the vasculature by sequentially adding new layers centered
around the final sensor position using the 3D hemispherical and Hessian-
based sensors (described in Section 3.4). As it grows, each new layer
must be created and subsequently connected to the current end most layer
(Figure 31). The newest layer is aligned to the provided direction vector,
and then connected via a consistent clockwise ordering to prevent mesh
twisting. Once connected the model can be fit to the image data.

Fitting: The organism fits itself to the vessel boundary using 3D im-
age gradient driven deformations simulated by the physics layer (Section
3.3.4). Connections to the previous layer provide smoothness, while stiffer
circumferential springs provide local stability to noise, and flexible radial
springs allow deformation to the vessel boundary (Figure 31).

Spawning new organisms: In order to branch off and explore bifurcations,
the organism must be able to spawn new vessel crawlers. Each spawned
vessel crawler is initialized based on the optimal parameters detected by
the parent. For example, the initial radius is based on the parent’s detected
radius at the spawn point using the spherical sensory module (Section 3.4).

3.6. Cognitive System

The cognitive layer of the architecture combines memorized information, prior
anatomical knowledge, a segmentation plan, and an organism’s sensory data (Sec-
tion 3.4) in order to initiate behaviors, carry out shape deformations, change sen-
sory input, and make decisions toward segmenting the target structure (Figure 4).
A single fixed path or multiple paths with a plan selection scheme can be im-
plemented. In the first case the organism follows a sequential flow of control,
proceeding directly from one behavior to the next. In the latter case, the organism
decides between different options within the plan, thus taking a different path than
it might have given a different image or different initialization conditions.

Most often the segmentation plan is subdivided into different behavioral stages
with subgoals that are easy to define and attain (e.g., locating the upper boundary of
an anatomical structure). Consequently, the segmentation plan provides a means
for human experts to intuitively incorporate global contextual knowledge. It con-
tains instructions on how best to achieve a correct segmentation by optimally pri-
oritizing behaviors. If we know, for example, that the superior boundary of the CC
is consistently and clearly defined in an MRI image, then the find-upper-boundary
behavior should be given a very high priority as segmenting stable features will
provide good initialization for less-stable ones. Adhering to the segmentation
plan and defining it at a behavioral level infuses the organism with awareness
of the segmentation process. This enables it to make effective use of prior shape
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high level of noise or gaps in the object’s boundary edge are known to exist.
In the following two subsections we first describe a sequential deformable

organism using a pre-designed segmentation plan with a known and fixed sequence
of behaviors. As previously noted, a general and more flexible approach is to have
different options available for which behaviors the organisms can carry out next.
We then present and describe a deformable organism with an adaptive segmentation
plane, under which the organism’s sequence of behaviors is adaptively selected
during its life span.

3.6.1. Sequential Behavior Selection:
Physics-Based CC Deformable Organism

Sequential control takes form in the way of event or schedule driven actions,
and sensory or knowledge-based decisions. The actions are initiated by the behav-
ioral layer and simulated by the physics layer (Section 3.3.3). Decisions are made
at scheduled times according to user-provided decision functions. Using special-
ized decision functions, the deformable organism can decide on the best position
across a sequence of performed deformations, and whether or not to continue its
expansion/contraction behavior (Figure 42). We provide one such example below;
for complete details see [80].

Shape Configuration Decision. The organism decides on the best new
shape configuration (for the whole organism or for a part of its body) by first
capturing sensory input as it is deforming to different shape configurations,
and then choosing the configuration at which the sensory input maximizes
a certain objective function. For example, the following strategy causes
the deformable organism to prefer bright homogenous regions (like the
CC) over dim nonuniform regions. The organism first collects n values
for di = αmi + (1 − α)v−1

i , where mi and vi are image intensity and
variance, respectively, at n different shape configurations; it then decides
to take on the shape configuration that gives the maximum d.

3.6.2. Adaptive Behavior Selection: 3D Vessel Crawler

The vessel crawler can make a number of key decisions at any point in its life
span, where each decision can be based on sensory input, anatomical knowledge,
or user interaction. The outcome of each decision can affect the vessel crawler’s
internal settings, or how it should navigate the segmentation plan. It should be
noted that the user is able to override any of these key decision functions at any time
during the organism’s life cycle, and hence can illicit intuitive real-time control
over the segmentation process. A particular decision that affects the choice of
subsequent behaviors of the organism is whether a bifurcation has been detected
or not.

knowledge— it is applied only in anatomical regions of the target object where a
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Bifurcation Verification: The analysis of the vesselness values returned
by the hemispherical sensor (Figure 33) is used to detect bifurcations.
Basically, if two disjoint high-vesselness magnitude regions appeared on
the hemispherical slice, then this would indicate a bifurcation. If a bi-
furcation is verified, then two new organisms are spawned, one for each
branch, while a single high-vesselness region indicates a single branch and
therefore a “grow behavior” is initiated.

4. RESULTS AND APPLICATIONS

4.1. Geometrical CC Deformable Organism

We first present a detailed segmentation plan for the CC organism that serves
to illustrate an ability to harness global contextual knowledge. A CC organism is
released into a 2D midsagittal MRI brain image from an initial default position
(Figure 34.1). It then goes though different “behaviors” as it progresses toward its
goal. As the upper boundary of the CC is very well defined and can be easily located
with respect to the top of the head, the cognitive center of the CC activates behaviors
to first locate the top of the head (Figure 34.2–3); it then moves downward through
the gray and white matter in the image space to locate the upper boundary (Figure
34.4–7). The organism then bends to latch onto the upper boundary (Figure 34.8)
and activates a find-genu routine (refer to Figure 1 for CC anatomy), causing the CC
organism to stretch and grow along this boundary toward the genu (Figure 34.9–
11). It then activates the find-rostrum routine causing the organism to back up,
thicken (Figure 34.12), and track the lower boundary until reaching the distinctive
rostrum (Figure 34.13–15). Once the rostrum is located, the find-splenium routine
is activated and the organism stretches and grows in the other direction (Figure
34.15–16). The genu and splenium are easily detected by looking for a sudden
change in direction of the upper boundary toward the middle of the head. At the
splenium end of the CC, the organism backs up and finds the center of a circle
that approximates the splenium end cap (Figure 34.17). The lower boundary is
then progressively tracked from the rostrum to the splenium while maintaining
parallelism with the organism’s medial axis in order to avoid latching onto the
potentially occluding fornix (Figure 34.18–21). Nevertheless, the lower boundary
might still dip toward the fornix, so a successive step of locating where, if anywhere,
the fornix does occlude the CC is performed by activating the find-fornix routine
(making use of edge strength along the lower boundary, its parallelism to the medial
axis, and statistical thickness values). Thus, prior knowledge is applied only when
and where required. If the fornix does indeed occlude the CC, any detected dip in
the organism’s boundary is repaired by interpolation using neighboring thickness
values (Figure 37). The thickness of the upper boundary is then adjusted to latch
onto the corresponding boundary in the image (Figure 34.22–26). At this point
the boundary of the CC is located (Figure 34.26), and the CC organism has almost
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reached its goal. However, at this stage the medial axis is not in the middle of the CC
organism (Figure 34.27) so it is re-parametrized until the medial nodes are halfway
between the boundary nodes (Figure 34.28–30). Finally, the upper and lower
boundaries, which were reset in the previous step, are relocated (Figure 34.31–36)
to obtain the final segmentation result (Figure 34.36). Other CC segmentation
(Figure 35), validation results (Figure 36), and a demonstration of the organism’s
self-awareness (Figure 38) are presented.

Figure 35. Segmentation results. Reprinted with permission from [38]. Copyright c©2002,
Springer.

Figure 36. Segmentation results (top), also shown (in black) over manually segmented
(gray) corpora callosa (bottom). Reprinted with permission from [85]. Copyright c©2002,
Elsevier.

(a) (b) (c)

Figure 37. Segmentation result (a) before and (b) after detecting and repairing the fornix
dip. (c) Note the weak gradient magnitude where the fornix overlaps the CC. Reprinted
with permission from [85]. Copyright c©2002, Elsevier.



 

430 GHASSAN HAMARNEH and CHRIS MCINTOSH

Figure 38. The CC organism’s self-awareness enables it to identify landmark parts.
Reprinted with permission from [85]. Copyright c©2002, Elsevier.

Figure 39. The lateral ventricle, caudate nucleus, and putamen shown in transversal brain
MRI slice.

4.2. Simple Interacting Organisms

Simple interacting organisms were created to locate the lateral ventricles,
caudate nuclei, and putamina in the left and right halves of transversal MR brain
images (Figure 39). Since the ventricles are the most stable of the above struc-
tures, a ventricle organism is first released (Figure 40.1). It proceeds to locate
the top of the ventricle (Figure 40.2) and its inner and outer (with respect to
the brain) boundaries (Figure 40.3–5). Both ends of the ventricle organism are
actively stretched to locate both the upper and the lower lobes of the ventricle
(Figure 40.6). The ventricle organism then passes information about the shape
and location of the segmented ventricle (Figure 40.7) to the caudate nucleus (CN)
organism, which is initialized accordingly in a suitable position (Figure 40.8).
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(1) (2)

(3) (4)

(5) (6)

(7) (8)

Figure 40. Deformable lateral ventricles (1–16), caudate nuclei (CN) (8–16), and putamina
(11-16) organisms progressing through a sequence of behaviors to locate the corresponding
structures in an MR brain image. Reprinted with permission from [85]. Copyright c©2002,
Elsevier. (results continued on next page)
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(9) (10)

(11) (12)

(13) (14)

(15) (16)

Figure 40. (continued). Results continued from previous page.
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The CN organism segments the CN by stretching to locate its upper and lower limits
(Figure 40.9) and thickening to latch onto its inner and outer boundaries (Figure
40.10). The CN organism passes information about the location of its lowest
point (in the image) to the putamen organism, which is initialized accordingly
(Figure 40.11). The putamen organism moves toward the putamen in the brain
image (Figure 40.12) and then rotates and bends to latch onto the nearer putamen
boundary (Figure 40.13). It then stretches and grows along the boundary until
reaching the upper- and lower-most ends of the putamen (Figure 40.14), which
identifies the medial axis of the putamen (Figure 40.15). Since the edges of the
putamen boundary near the gray matter are usually weak, the organism activates
an explicit search for an arc (parametrized only by one parameter controlling its
curvature) that best fits the weak, sparse edge data in that region (Figure 40.16).

4.3. 2D Vessel Crawler

We also present the result of segmenting vessels in an angiogram (Figure 41)
using a 2D artery crawler. Without proper constraints the vessel organism latches
onto the wrong overlapping vessel (Figure 41a). However, adding additional
sensors and high-level constraints enables the organism to distinguish between
overlapping vessels and bifurcations (Figure 41b). When the latter is encountered,
two new organisms are born from the original main branch organism, one for each
branch (Figure 41c). Figure 32 demonstrates how this (overlap vs. bifurcate)
decision strategy is implemented.

4.4. Physically Based Deformable CC Organism

In this section we exemplify the use of physics-based shape deformations
(Section 3.3.3) within the deformable organisms framework yielding additional
robustness by allowing intuitive real-time user guidance and interaction when
necessary. The organism’s behaviors and awareness of the different stages of the
plan (Figure 1) enables it to not only segment the CC but also label anatomical
regions (Figure 43a). Here we demonstrate the physics-based deformable organ-
isms, with an underlying dynamic spring-mass mesh model, through the fully
automatic segmentation and labeling of the CC in 2D midsagittal MRI slices.
We also present further improvement of the segmentation results through minor,
intuitive user interaction (Figure 43).

4.5. Caudate Nucleus and Lateral Ventricle Shape
Modeling Using Medial Patches

We show two examples of medial patch-based deformations for fitting a 3D
shape model to target brain structures. In the first example, we demonstrate the
ability of performing intuitive and controlled manual 3D shape deformations to fit
the medial patch representation to a lateral ventricle in a head MRI (Figure 44). We
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(a) (b)

(c) (d)

Figure 41. Segmenting vessels in an angiogram. (a) A deformable organism turning
right and latching onto the wrong overlapping vessel. (b) High-level constraints enable
the organism to differentiate between overlapping vessels and bifurcations. (c) Two new
organisms are born upon identifying a bifurcation. (d) The segmented main vessel and its
two branches. Reprinted with permission from [85]. Copyright c©2002, Elsevier.

then show an example of automatically fitting the 3D medial patch shape model
to the binary image of a caudate nucleus from a 3D brain MRI (Figure 45). An
initial medial sheet estimate is positioned at the plane spanned by the two main
principal components of the locations of object points in the binary image. For
each point in the medial sheet, rays are cast in both directions perpendicular to the
medial sheet (along the third eigenvector) until they encounter an object boundary.
The two boundary locations above and below the medial sheet are recorded. The
nodes of the medial sheet are repositioned to be halfway between the top and
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 42. Progress of segmentation through its primary phases: (a) global model align-
ment, (b) model part alignment through (c) expansion and (d) contraction, (e) medial-axis
alignment, (f) fitting to boundary, (g) detecting and (h) repairing fornix dip. Reprinted with
permission from [80]. Copyright c©2005, SPIE. See attached CD for color version.

(a) (b) (c)

Figure 43. (a)Automatic labeling of important anatomical regions of the CC. (b) Before and
(c) after intuitive manual intervention to improve the segmentation (red color corresponds
to areas of erroneous segmentation). Reprinted with permission from [80]. Copyright
c©2005, SPIE. See attached CD for color version.

(a) (b) (c)

(d) (e) (f)

Figure 44. Fitting a 3D shape model to a lateral ventricle: (a) initial 3D model, (b)
uniform shrinking along the x-axis, (c) bending deformations, (d) medial sheet bent into
approximate bisecting position of target structure, (e) final 3D shape reconstructed from the
medial sheets, and (f) overlay of 3D model on target structure.
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bottom boundaries. Rays are now cast along vectors normal to the medial sheet
until they encounter the boundaries. The procedure is iterated until the change in
the locations of the medial nodes is too small.

4.6. 3D Vessel Crawler

In modern internal medicine, noninvasive imaging procedures are often cru-
cial to the diagnosis of cardiovascular, pulmonary, renal, aortic, neurological, and
abdominal diseases [82]. Common amongst the diagnosis of these diseases is the
use of volumetric angiography to highlight branching vasculature. We present
segmentation and analysis results of vasculature from volumetric magnetic reso-
nance angiographic (MRA) data using the 3D vessel crawler. We ran the vessel
crawler on an MRA image (Figure 46). The vessel crawler was initialized using
a single seed point for each of the three root-most vessels. As shown, it was able
to detect and track the vast majority of connected vessel segments. The crawler
grows along vessels, latches onto their boundaries, detects bifurcations, spawns
new child organisms, etc. All of these actions are described under the behavioral
layer of the organism, and they rely upon both the physical and geometrical lay-
ers for implementation. For example, for crawling along the vessel the cognitive
center gathers sensory input using the “vesselness” and “Hessian” sensory mod-
ules (Section 3.4), and elicits the acts of “growing” and then “fitting” to conform
to the vascular walls (Section 3.5.2). In turn, each of these methods relies upon
the physical and geometrical layers to carry out tasks, such as maintaining model
stability through the application of stabilization springs.

In addition to their robust segmentation, deformable organisms are able to
perform intuitive analysis, and labeling of the target structure. The 3D vessel
crawler extracts clinically relevant features as it crawls though the vasculature,
including the distance metric (DM), sum of angles metric (SOAM), and inflection
count metric (ICM) [82]. In addition to those features the vessel crawlers are able
to label branch points and vessel segments, determine branching angles, cross-
sectional radius, vessel segment length and vessel volume, as well as highlight
potential problem areas, the vascular regions they affect, and the shortest path to
those locations from any target point (Figure 47).

5. SUMMARY

work for medical image analysis. Deformable organisms extend the classical
bottom–up, data-driven, deformable models to include additional top–down,
knowledge-driven capabilities. This extension is realized by complementing the
geometrical and physical layers of deformable models with behavioral and cogni-
tive layers, as well as sensory modules.

In this chapter we presented deformable organisms — an artificial life frame-
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Figure 45. Caudate nucleus (CN) represented using a medial patch. Top to bottom: initial
rectangular planar medial sheet, planar sheet cropped to match CN projection, curved medial
sheet placed equidistant from the upper and lower CN boundaries. Thickness values are
associated with each node in the medial sheet yielding a 3D surface of the CN.

Figure 46. Maximum intensity projection rendering of an MRA showing the vessel crawler
in orange. See attached CD for color version.
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Figure 47. Three example representations of a vascular system: directed acyclic graph
(left), a plot of the vessels with color corresponding to radial thickness (top), and a tree
representing to the structure of a segmented vessel (bottom). See attached CD for color
version.

The cognitive layer is the organism’s brain, which is mainly responsible for
decision-making based on sensory input, prior anatomical knowledge, a pre-stored
segmentation plan, and interaction with other organisms. The cognitive layer
controls the organism’s perceptual capabilities by dynamically assigning on-board
and off-board sensors. It also controls the sequence of behaviors that the organisms
should adopt. The different behaviors in turn activate bodily deformations carried
out through the lower geometrical and physical layers of the organism.

The need for top–down control of the shape deformations implies a require-
ment to develop shape representation techniques that respond to intuitive and con-
trolled deformation commands (e.g., “move forward,” “bend left”). To this end,
we presented examples of pure geometrical and physically based shape represen-
tations that provide the desired deformation control capabilities. Specifically, we
described the use of medial profiles/patches and 2D/3D deformable spring mass
mesh models as examples of the geometric and physical layers of the deformable
organism framework.

We presented examples of deformable organisms designed for different medi-

We believe the layered architecture of artificial life is a promising paradigm for
medical image analysis, capable of incorporating state-of-the-art low-level image
processing algorithms, high-level anatomical expert knowledge, and advanced
planning and optimization strategies in a single modular design.

vasculature) and highlighted their main behavioral routines , decision-making
strategies, and sensory capabilities.

cal image analysis problems (e.g., segmentation of brain structures, analysis of
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6. NOTES

1. See [28] as an example of previous work on, and motivation for, segmenting the corpus callosum.

2. Earlier mention of the use of AL in conjunction with segmentation appeared in [35, 36] However,
as these methods rely on local, not global, decision-making, they strongly resemble traditional
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Three-dimensional medial curves (MC) are an essential component of any virtual en-
doscopy (VE) system, because they serve as flight paths for a virtual camera to navigate
the human organ and to examine its internal views. In this chapter, we propose a novel
framework for inferring stable continuous flight paths for tubular structures using partial
differential equations (PDEs). The method works in two passes. In the first pass, the over-
all topology of the organ is analyzed and its important topological nodes identified. In
the second pass, the organ’s flight paths are computed by tracking them starting from each
identified topological node. The proposed framework is robust, fully automatic, computa-
tionally efficient, and computes medial curves that are centered, connected, thin, and less
sensitive to boundary noise. We have extensively validated the robustness of the proposed
method both quantitatively and qualitatively against several synthetic 3D phantoms and
clinical datasets.
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1. INTRODUCTION

Unlike conventional medical visualization technology, which focuses mainly
on the whole picture of a human organ with special interest in the organ’s outer
appearance, virtual endoscopy (VE) shifts attention to the inner appearance of an
organ by integrating medical imaging with virtual reality. VE is a computer-based
alternative to true fiber optic endoscopy (TE) for screening hollow organs. It has
evolved rapidly over the past decade because of the great advances in manufac-
turing high-resolution helical spiral computed tomography (CT). VE has many
advantages, such as being less invasive, more cost-effective, free of risks and side
effects (e.g., perforation and infection), and easily tolerated by the patient. VE is
not intended to replace TE, but rather to complement it by providing additional
supportive information. For example, VE allows the visualization of neighboring
structures outside the screened organ, and hence can assist in pathology localiza-
tion, allows viewing in forward and reverse directions, visualizes areas that are
hard to reach by TE, has the ability to pass high-grade stenoses, and finally is
the only alternative offered to those patients who either refuse TE or are severely
ill [1, 2]. In general, VE is ideal for screening purposes and surgical planning. It
has been under development in many clinical areas, such as virtual colonoscopy,
virtual bronchoscopy, virtual angioscopy, and others [3–10].

VE involves three major steps: organ segmentation, flight path generation,
and rendering the internal views of an organ. The computation of 3D flight paths
of volumetric objects is still a challenging process due to the complex nature of
the anatomical structures.

2. PREVIOUS WORK

The 3D flight path generation methods can be categorized as follows: topolog-
ical thinning methods, distance transform methods, and potential field methods.

2.1. Thinning Methods

The basic idea behind thinning methods is to iteratively peel off the object’s
boundary by identifying simple points whose removal does not alter its topology.
To prevent over-thinning of the object, deletion of its endpoints must be avoided.
Thinning methods usually extractMC by either checking the voxel’s local neigh-
borhood against a set of templates that prevents the deletion of topological nodes
such as branch and endpoints [11, 12], or by pruning medial surfaces [5, 6] while
preventing removal of junctions between surfaces.

Sequential detection and removal of simple points is a time-consuming pro-
cess. To remedy this limitation, parallel and directional thinning methods have
been introduced. In parallel thinning methods [5, 13–15], multiple voxels are
detected and removed simultaneously per iteration using deletion templates that
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are designed to preserve connectivity and topology of the objects. Unfortunately,
these methods rely on local information to obtain skeleton voxels, and hence are
sensitive to boundary noise and local distortion. On the other hand, in directional
thinning methods [16–18] voxels are removed only from one particular direction
in each pass. The methods use different numbers of directions and conditions to
identify endpoints. As a consequence, the resultantMC may not be centered with
respect to the object’s boundary because it becomes sensitive to the order in which
directions are processed.

Thinning methods produce connected MC that preserve object topology.
However, under certain configurations of voxels it is possible to introduce an
unwanted hole by deleting a voxel that does not generate a local connectivity vi-
olation. Although it is possible to detect introduction of a hole, the test requires
exhaustive analysis of the local neighborhood surrounding the candidate voxel to
be deleted, and hence is very time consuming. In addition, preserving endpoints
leads to many undesired small branches.

2.2. Distance Transform Methods

The distance transformD(x) computes at each voxel x its minimum distance
from the object’s boundary. D(x) is normally a distance metric function such as
a Manhattan distance, Chessboard distance, or Euclidean distance, which can be
discretely approximated using a chamfer metric (3,4,5) [19], or continuously ap-
proximated using the fast marching methods [20]. The ridge voxels (singularities)
of the distance field are locally centered with respect to the object’s boundary;
therefore, centeredness is guaranteed. Any distance transform method involves
three steps: distance field generation, detection of ridge voxels, and reconnection
of identified ridges into medial curves.

Gagvani et al. [21] provided a method to localize voxels with maximal spheres.
A thickness parameter was employed to control the thickness of the generated
skeletons. Although the method is fast and captures the topology of the object, it
favors reconstruction over connectivity. Therefore, the generated skeleton forms
a disconnected set of unordered voxels.

Zhou and Toga [3] proposed a voxel coding technique in which a discrete
wavefront propagates the whole object starting from a manually selected reference
point. The wave divides the object into clusters that are approximately normal to the
MC. Initially,MC are extracted as trajectories and then centered using the Medial
Point Replacement (MPR) method. MPR defines the cluster center as the voxel
of maximum distance from the boundary. The algorithm guarantees connected
paths. However, as the complexity of the object increases, the clusters are no
longer normal to the MC, and hence centeredness is not guaranteed, especially
near branching nodes.

Bitter et al. [4] proposed a penalized-distance algorithm to extractMC, which
is a modification of a previous work [22, 23]. The algorithm first uses a distance
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field and the Dijkstra algorithm [24] to locate an initialMC, which is then refined it-
eratively by discarding its redundant voxels. The penalty factor is specified heuris-
tically by the user for each dataset, preventing the algorithm from automation. In
addition, the method requires modification to handle complex tree structures.

Paik et al. [25] suggested a different approach for extracting MC, where a
geodesic path is found on the surface of a tubular structure and is later centered by
applying an iterative thinning procedure. The algorithm is sensitive to boundary
noise, difficult to apply to complex tubular structures, and requires user interaction.

Siddiqi et al. [26] extractedMC in two steps. Initially, medial surfaces were
computed by combining a thinning algorithm with the average outward flux mea-
sure to distinguish medial voxels from others. Then they applied an ordered thin-
ning method [27] based on the Euclidean distance field to extract MC. They
presented very good results for vascular trees. The method requires a postprocess-
ing step to clean unwanted branches caused by thinning as well as to convert the
computed skeleton into a graph for diagnoses and navigation.

Telea and Vilanova [28] resampled the volumetric object in three directions—
x, y, and z—which results in three separate stacks of cross-sections for the same
object. Then, they apply a level set-based centerline extraction method to com-
pute the medial points of each 2D cross-section in each volume independently.
Finally, the resulting sets of medial points are merged (intersected) to yield the
final skeleton. The algorithm involves a number of heuristics with no theoretical
justification. Also, the convergence of their method is not guaranteed because the
actual topology of a 3D object cannot be interpreted from its 2D cross-sections in
different directions.

The work by Deschamps et al. [29] is the most closely related work to the one
presented in this chapter. The user selects the endpoints of a branch of interest,
and then a fast marching front propagates from the starting point with a speed
determined by a scalar potential that depends upon location in the medium until
it reaches the endpoint. Minimal paths are extracted using gradient descent meth-
ods. They presented very nice results for single tube structures such as the colon.
However, for tree structures their method generates trajectories near branching
nodes.

2.3. Potential Field Methods

In these type of methods, the Euclidean distance field is replaced with another
continuous function that is computed over the domain of the object, and then the
medial curve voxels are identified as the field extremum points.

Chaung et al. [30] computed the Newtonian potential field over the object
domain. Then they derived an analytical form for the gradient of the potential
field, which is then used to extract MC by tracing them along the lines of field
force starting from each vertex of the object surface until a minimum is reached
(medial points). Since the method is limited only to polygonal data, each vertex
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in the object is assumed to start a new MC. The resulting skeleton is usually
disconnected and requires postprocessing for reconnection. Although generalizing
the method to handle non-polygonal data is possible, computation of the potential
function becomes very expensive because the potential value at an internal voxel
of the object is a function of all the voxels of the boundary. Also, for a noisy
boundary the method will generate a large number of unwanted branches since no
method is presented to identify the starting points of eachMC.

puted the critical points and low divergence points of the field force as well as
the high-curvature boundary points to identify the starting points ofMC. Again,
computation of the potential field is still very expensive. The method takes a half
an hour for computing the potential of 2003 objects. Also, identification of critical
field points may result in either an over- or underestimate of the true numbers, and
hence inaccurate identification of the exact topological nodes of the organ.

Ma et al. [32] used radial basis functions (RBFs) to build a new potential
field, and then applied a gradient descent algorithm to locate local extremes in
RBF (branching and end nodes). Constructing an RBF to preserve the shape
property of an arbitrary 3D model is still worth more consideration.

Wu et al. [33] regarded the 3D model faces as charged planes. Seed points with
negative charges at the model vertices are initiated, which are then pushed toward
local minimum positions by electric static force. The local minimum positions
are connected to complete the skeleton. This method is very computationally
expensive and requires user interaction to remove undesired connection.

3. LIMITATION OF EXISTING METHODS

Existing 3D flight path extraction techniques suffer from at least one of the
following limitations: MC are extracted from medial surfaces by different pruning
methods, and so accuracy of the former is a function of extraction of the latter;
manual interaction is required to select the starting point of each medial curve,
which is computationally expensive; heuristics are required to handle branching
nodes, dedicated to a specific application, and hence there is a lack of generality
and a sensitivity to boundary noise.

4. THE PROPOSED MEDIAL CURVE EXTRACTION FRAMEWORK

Consider the minimum-cost path problem that finds the pathC(s) : [0,∞) −→
R

n that minimizes cumulative travel cost from starting pointA to some destination
B in R

n. If the cost U is only a function of the location x in the given domain,
then the cost function is called isotropic, and the minimum cumulative cost at x

PDE-BASED THREE DIMENSIONAL PATH PLANNING
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Figure 1. The dark line is a medial curve MC, while light gray lines are wavefronts. Lattice
voxels are represented by solid dots.

is defined as

T (x) = min
CAx

∫ L

0
U(C(s))ds, (1)

where CAx is the set of all paths linking A to x. The path length is L, and the
starting and ending points are C(0) = A and C(L) = x, respectively. The path
that gives minimum integral is the minimum cost path. In geometrical optics, it
has been proved that the solution of Eq. (1) is eikonal equation Eq. (2):

|∇T (x)|F = 1, (2)

where T (x) is the minimum arrival time of a wave as it crosses a point x, and the
speed is given by the reciprocal of the cost function:

F (x) = 1/U(x). (3)

In this work we derive a new speed function such that the minimum cost path
between two medial points is a medial curve.

4.1. Derivation of Speed Function

For clarity, let’s first derive the speed function for a 2D grid lattice and then
generalize it to a 3D lattice. Let PS be a medial voxel that belongs to the medial
curves of the object. Assume that PS is a point source that transmits wavefronts
at speed F (x) inside the object. The goal is to find the speed F (x) that makes
the wavefront faster only at medial voxels such thatMC intersect the propagating
fronts at those voxels of maximum positive curvatures.
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Consider the medial curve MC whose medial voxels are O, C, and A, as
shown in Figure 1. Let Bi be non-medial voxels. Assume that the front reaches
C, A, and Bi at time t0, t0 + ∆tA, and t0 + ∆tBi , respectively. The goal is to let
the wave reach A before reaching Bi even if d(C,A) > d(C,Bi), where d(., .) is
the Euclidean distance. If the goal is not satisfied, then tBi

< tA and the front that
reaches Bi will have a large positive curvature, which means that Bi is wrongly
classified as a medial voxel.

tA < tBi (4)

d(C,A)
F (A)

<
d(C,Bi)
F (Bi)

. (5)

Let F (x) : R
n → R

+ be given by

F (x) = g(λ(x)), (6)

where λ(x) : R
n → R

+ is a medialness function that assigns medial voxels higher
weight than non-medial ones. Let

λ(A) = h (7)

λ(Bi) = h− δ, (8)

where δ is the difference between λ of two neighboring voxels x and y, where
λ(x) > λ(y). Let ∆x and ∆y be the grid spacing in the x and y directions,
respectively, and θ the angle betweenMC and the horizontal, as shown in Figure 1.
For 0 ≤ θ ≤ tan−1 (∆y/∆x),

d(C,A) =
∆x

cos(θ)
, (9)

d(C,Bi) = min(∆x,∆y), (10)

and hence Eq. (4) yields

∆x
min(∆x,∆y) cos(θ)

<
g(h)

g(h− δ) . (11)

In the worst case whenMCmakes θmax, the wavefront will travel a longer distance
to reach A than to reach Bi:

cos(θmax) =
∆x√

∆2x+ ∆2y
. (12)

Note that θmax = 45 when ∆x = ∆y. Substituting Eq. (12) into Eq. (11),√
∆2x+ ∆2y

min(∆x,∆y)
<

g(h)
g(h− δ) . (13)

PDE-BASED THREE DIMENSIONAL PATH PLANNING
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Let

r =

√
∆2x+ ∆2y

min(∆x,∆y)
; (14)

then
rg(h− δ)− g(h) < 0. (15)

Applying Taylor series expansion to g(h− δ) and substituting in Eq. (15),

r

(
g(h)− δ dg(h)

dh
+ ε(δ)

)
− g(h) < 0, (16)

where

ε(δ) =
∞∑

k=2

(−1)k δ
k dkg

k! dhk
. (17)

Assume for now that ε(δ) → 0 is very small, such that it can be ignored with-
out affecting inequality (16). Later we will find the condition that satisfies the
assumption

r

(
g(h)− δ dg(h)

dh

)
− g(h) < 0. (18)

By rearranging Eq. (18),
dg(h)
g(h)

>
r − 1
rδ

dh. (19)

Let

α1 =
r − 1
rδ

=
1
δ

(
1− min(∆x,∆y)√

∆2x+ ∆2y

)
> 0. (20)

By integrating both sides of Eq. (19) for a given x, we get

∫ λ(x)

λmin

dg(h)
g(h)

>

∫ λ(x)

λmin

α1dh (21)

ln g(λ(x))− ln g(λmin) > α1(λ(x)− λmin) (22)

lnF (x) > α1λ(x)− (α1λmin − lnFmin), (23)

where Fmin = g(λmin) is the minimum speed value. Let

ζ = α1λmin − lnFmin. (24)

Then,
F (x) > exp(α1λ(x)− ζ) = exp(−ζ) exp(α1λ(x)). (25)

There are an infinite number of speed functions that satisfy Eq. (25), among
which we pick the one that allows us to neglect the effect of ε(δ) without altering
inequality Eq. (16).
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For some α2 > 0, one possible choice for F (x) is

F (x) = exp(α2λ(x)) exp(α1λ(x)), (26)

which requires,

exp(α2λ(x)) > exp(−ζ), (27)

α2λ(x) > lnFmin − α1λmin. (28)

By restricting the minimum value of the speed to unity, the equation always holds.
Therefore, Eq. (26) reduces to

F (x) = exp(αλ(x)), (29)

where α = α1 + α2.
Now, let’s find the condition that satisfies ε(δ) → 0. By substituting the

proposed speed function, Eq. (29), into Eq. (16),

r

(
exp(αh)− δα exp(αh) +

δ2α2

2!
exp(αh)− · · ·

)
− exp(αh) < 0 (30)

r exp(αh)
(

1− δα+
δ2α2

2!
− · · ·

)
− exp(αh) < 0. (31)

Since

exp(−δα) = 1− δα+
δ2α2

2!
− · · · ; (32)

then,

exp(αh)(r exp(−δα)− 1) < 0 (33)

α >
1
δ

ln(r) (34)

α >
1
δ

ln

(√
∆2x+ ∆2y

min(∆x,∆y)

)
, (35)

which is the necessary condition to satisfy Eq. (18). Under the proposed speed
model, Eq. (29), all medial voxels are moving faster than non-medial ones. Since
the cost function U(x) is the reciprocal of the speed, then the voxels of aMC are
the voxels with minimal cost value. Therefore,MC is a minimal cost path.

For a 3D lattice, derivation of the speed is straightforward. The value of α is
given by

α >
1
δ

ln

(√
∆2x+ ∆2y + ∆2z

min(∆x,∆y,∆z)

)
. (36)

PDE-BASED THREE DIMENSIONAL PATH PLANNING



 

454 M. SABRY HASSOUNA et al.

4.2. SingleMC Extraction

In the isotropic fast marching method, the fastest traveling is always along
the direction perpendicular to the wavefront [34]. Since the propagating fronts are
level sets, then the direction of the gradient at each medial voxel is normal to the
front. Recall that the front is faster at medial voxels, so that MC can be found
by backtracking along the gradient of T (x). If we backtrack along −∇T (x) a
distance h starting from medial voxelPn, we then reach the next voxel,Pn+1. This
recursive process can be described by the following ordinary differential equation
(ODE):

dC(s)
ds

= − ∇T|∇T | given C(0) = P0, (37)

where C(s) traces out the medial curve. Let A and B be the starting and ending
voxels of aMC; then tracking continues fromC(0) = B untilA is found, as shown
in Figure 2. The pointA is guaranteed to be found since the field is monotonically
increasing from A to B:

Figure 2. A medial curve MC intersects the propagating fronts at those voxels of maximum
positive curvatures. See attached CD for color version.

4.3. Numerical Integration Methods for Extracting anMC
Many differential equations cannot be solved analytically, in which case we

have to find a good approximation to their solution. The ODE given by Eq. (37)
can be solved using different integration methods [35], including the Euler method,
Heun’s method, and the Runge-Kutta methods. These methods are ordered accord-
ing to their accuracy.

4.3.1. Euler Method

The derivative dC/ds is replaced by the finite-difference approximation

dC

ds
=
C(s+ h)− C(s)

h
, (38)
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which yields the following formula:

C(s+ h) = C(s)− h ∇T|∇T | . (39)

This formula is usually applied in the following way. We choose a step size h,
and construct the sequence s0, s0 + h, s0 + 2h, etc. Let Cn be the numerical
estimate of the exact solution C(sn), and then the solution can be computed by
the following recursive scheme:

Cn+1 = Cn − h ∇T|∇T | given C(0) = B. (40)

The Euler method is fast but less accurate. Its total accumulated error is on the
order of O(h).

4.3.2. Heun’s Method

The Heun method initially uses Euler’s method as a predictor, C̄n+1, and then
finds solution Cn+1 by correcting the predictor as follows:

f(Cn) = − ∇T|∇T | (41)

C̄n+1 = Cn + hf(Cn)

Cn+1 = Cn +
h

2
(f(Cn) + f(C̄n+1)).

The Heun method is slower but more accurate than the Euler method. The total
accumulated error is on the order of O(h2).

4.3.3. Runge-Kutta Methods

The Runge-Kutta methods were developed around 1900 by the mathemati-
cians C. Runge and M.W. Kutta. The next value Cn+1 is determined by the
present value Cn plus the product of the size of interval h and an estimated slope.
A fourth-order method Runge-Kutta is given by

Cn+1 = Cn +
h

6
(k1 + 2k2 + 2k3 + k4), (42)
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where

k1 = f(Cn) (43)

k2 = f(Cn +
h

2
k1),

k3 = f(Cn +
h

2
k2),

k4 = f(Cn + hk3).

The slope is a weighted average of slopes k1 at the beginning of the interval, k2
and k3 at the midpoint of the interval, and k4 at the end of the interval. When the
four slopes are averaged, more weight is given to the slopes at the midpoint. The
Runge-Kutta method is a fourth-order method, meaning that the total accumulated
error is on the order of O(h4).

The second-order Runge-Kutta method is given by

Cn+1 = Cn + hk2. (44)

The total accumulated error is on the order of O(h3). For the Heun and Runge-
Kutta methods, the gradient is evaluated at non-lattice voxels, which require bilin-
ear/trilinear interpolation for 2D/3D spaces.

Although the fourth-order Runge-Kutta method is more accurate than oth-
ers, the gain in accuracy is sometimes lost by interpolation at non-lattice voxels.
Therefore, we will use the second-order Runge-Kutta method because it strikes a
balance between accuracy and efficiency.

4.4. Medialness Function λ(x)

The medialness function λ(x) : R
n → R

+ is a scalar function that distin-
guishes medial voxels by assigning them higher weights than non-medial ones. It
also must be monotonically increasing from the boundary of the object toward its
center. In this work, we proposed the following medialness:

λ(x) = D(x). (45)

This medialness assigns each object’s voxel x its minimum distance from the
boundary Γ as given by Eq. (46). D(x) can be discretely approximated using
chamfer metric (3,4,5) [19], or continuously approximated using the fast marching
methods [20], which is more accurate than discrete approximation:

D(x) = min
y
{d(x, y)|y ∈ Γ}. (46)
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If a wave is propagating from the object’s boundary with unit speed, the arrival
time solution of the eikonal equation is directly proportional to D(x). In this
chapter,D(x) is computed by solving Eq. (47) using the proposed multi-stenciled
fast marching method, (see Chapter 9)

|∇D(x)| = 1. (47)

We have previously defined δ as the difference between the λ of two neighboring
voxels, x and y, where λ(x) > λ(y). Since the Euclidean distance between two
neighboring voxels in 2D space is either ∆x, ∆y, or

√
∆2x+ ∆2y, then to handle

all cases of voxel configurations,

δ = min(∆x,∆y). (48)

Similarly, in 3D
δ = min(∆x,∆y,∆z). (49)

This medialness is suitable for extracting centerlines of arbitrary 2D shapes as well
asMC of 3D tubular objects, whose cross-section is nearly or perfectly circular.

4.5. MultipleMC Extraction

In order to extract the entire MC of an object, we have to first identify its
important topological nodes from which its MC originate and then apply the
proposed singleMC extraction procedure, which starts from each topological node
until PS is reached or intersects a previously extractedMC to prevent overlapped
paths.

4.5.1. Identification of Topological Nodes

If the object could be represented by a graph, then its topological nodes such
as extreme, branching, and merging could be identified easily.

In this chapter, we propose an automatic method for identifying the topological
nodes of an object by converting it into a graph. Initially, we compute the Euclidean
distance fieldD(x). We then select automatically one medial voxel that belongs to
one of the object’sMC and consider it a point source PS that transmits a moderate
speed wavefront. The front motion is governed by the eikonal equation, whose
solution is a new distance field D1(x). The speed of the front is proportional to
D(x), as given by (50):

F (x) = exp
(
βλ(x)

)
. (50)

The parameter β is a speeding parameter to be estimated later. PS is selected as
the voxel with global maximum in D(x):

PS = argmax
x

D(x). (51)
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Let D̂1(x) be the discretized version of the floating distance field D1(x):

D̂1(x) = round
(
D1(x)

)
. (52)

D̂1 converts the object with voxels as its basic elements into an object with clusters
as its new basic elements (Cluster Graph). Each cluster consists of connected
voxels with the same D̂1 value. Therefore, we can expect more than one cluster
with the same D̂1 value, if they are not adjacent. Two voxels are said to be
connected if they share a face, an edge, or a vertex 26-connected). Two clusters c1
and c2 are adjacent if a voxel in c1 shares a face with a voxel in c2 (6-connected).

In the cluster graph, each cluster is represented by a node and adjacent clusters
by links. The root of the graph is the cluster containing PS with zero cluster value,
followed by clusters with increasing D̂1 value. The cluster graph contains three
types of clusters: Extreme clusters (Xcluster), which exists at the tail of the
graph; Branching clusters (Bcluster), which has at least two adjacent clusters
with the same D̂1 value but greater than the value of Bcluster; and Merging
clusters (Mcluster), which has at least two adjacent clusters (Successors) with
the same D̂1 value but lower than the value of Mcluster. Merging clusters exist
only if the object contains holes (loops).

The medial voxel of a cluster is computed by searching the cluster for the
voxel with maximumD(x). Extreme and merging nodes are the medial voxels of
the associated clusters. Figure 3a shows the cluster graph of a tree structure with
one loop, whereX ,M , and S represent extreme, merging, and successor clusters,
respectively.

4.5.2. Analytical Derivation of β

For clarity, let’s first estimate the value ofβ for a 2D lattice and then generalize
it to a 3D lattice. Consider theMC of an arbitrary 2D shape whose endpoints are
A and B, as shown in Figure 4a. It consists of N points and N − 1 line segments.
Let A be a source point PS that transmits a moderate speed wave Eq. (50). Let T
be the total travel time from A to B along theMC:

T =
N−1∑
i=1

∆ti, (53)

where ∆ti and d(., .) are the travel time and Euclidean distance between two
medial neighbor voxels, respectively:

∆ti =
d(xi−1,xi)
F (xi)

. (54)
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(a) (b)

Figure 3. (a) Cluster Graph. (b) Medial curves around a loop. See attached CD for color
version.

(a) (b)

Figure 4. (a) The MC of an arbitrary shape consists of N medial voxels. (b) Cluster graph
of the same shape. See attached CD for color version.

By restricting the value ∆ti to be greater than a certain value τ , where 0 < τ < 1,
then

τ ≤ ∆ti, (55)

τ ≤ d(xi−1,xi)
exp(βλ(xi))

, (56)

β ≤ 1
λ(x)

ln
(
d(xi−1,xi)

τ

)
. (57)
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The worst-case scenario for the right-hand side of Eq. (57) occurs when λ(x) =
λmax and

d(xi−1,xi) = min(∆x,∆y). (58)

Let βc be the critical value of β; then

βc =
1

λmax
ln
(

min(∆x,∆y)
τ

)
. (59)

The parameter τ is inversely proportional to the maximum number of voxels Vm

that the cluster can have along the MC passing through it. For example, for
τ = 0.2, the arrival times ti − 2τ, ti − τ, ti, ti + τ, ti + 2τ will be rounded to ti,
which will result in a cluster with 5 voxels along theMC passing through it, as
shown in Figure 4b.

Setting Vm = 1 corresponds to τ = 1. Under isotropic voxels, ∆x = ∆y =
∆z = 1, β = 0, and then F = 1. As a consequence, the front is not fast at
the middle of the shape and hence the cluster graph fails to capture correctly the
topology of the shape, especially its large curvature parts such as loops. Therefore,
Vm must be greater than 1, which corresponds to τ < 1.

For a 3D lattice,

βc =
1

λmax
ln
(

min(∆x,∆y,∆z)
τ

)
. (60)

4.5.3.MC of Loops

Our framework extracts oneMC for each tunnel or cavity the object may have.
Each loop in the object is associated with one merging cluster M of the cluster
graph. For illustration, let M have only two successors S1 and S2, as shown in
Figure 3b. In order to extract the MC of this loop, three steps are required. In
the first step, we compute the medial voxel s1 of S1 and consider the entire set
of voxels of both M and S2 as part of the object’s background (construct holes)
such that there is a uniqueMC from s1 to PS . Finally, we propagate a fast wave
from PS until s1 is reached and then extract theMC between them. In the second
step, we extract theMC between s2 and PS in a similar fashion to the first step,
except that we consider the entire voxels of both M and S1 as part of the object’s
background and those of S2 as part of the object’s foreground. In the third step,
we propagate a fast wave from s1 until s2 is reached and then extract the MC
between them. The same concept can be generalized for a merging cluster with
any number of successors.

4.6. The Medical Curve Extraction Algorithm

The proposed medial curveMC extraction framework can be summarized as
follows: (1) construct the Euclidean distance field D(x); (2) find the point source
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PS ; (3) propagate a moderate speed wave from PS and solve for the new distance
field D1(x); (4) discretize D1(x) to obtain D̂1(x) and then construct the cluster
graph; (5) identify the extreme and merging nodes; (6) construct a new distance
field from PS by propagating a fast speed wave and solve for the new distance
field D2(x); (7) if the object contains loops, extract their MC; and, finally, (8)
extract thoseMC that originate from extreme nodes and end with either a PS or
on a previously extracted path. The pseudocode of the proposed framework is
presented in Algorithm 1.

Algorithm 1 ProposedMC Extraction Framework

1: D(x) = ComputeEuclideanDistance(UnitSpeed)
2: PS = FindSourcePoint()
3: D1(x) = ComputeDistanceFromSource(PS ,ModerateSpeed)
4: CG = CreateClusterGraph()
5: [M1,M2, · · · ,Mk] = GetMergingClusters(CG)
{Handle Holes}

6: for i = 1 to K do
7: S = [S1, S2, · · · , Sl] = GetSuccessors(Mi)
8: AddToBackground(Mi)
9: for j = 1 to l do

10: AddToBackground(S/Sj)
11: D2(x) = ComputeDistanceFromSource(PS ,HighSpeed)
12: Pj = GetMedialVoxel(Sj)
13: C = ExtractMedialCurve(Pj)
14: AddToForeground(S/Sj)
15: end for
16: AddToForeground(Mi)
17: D2(x) = ComputeDistanceFromSource(P1,HighSpeed)
18: for j = 2 to l do
19: C = ExtractMedialCurve(Pj)
20: end for
21: end for
{Handle Branches}

22: [X1, X2, · · · , XN ] = GetExtremeClusters(CG)
23: D2(x) = ComputeDistanceFromSource(PS , HighSpeed)
24: for j = 1 to N do
25: Pj = GetMedialVoxel(Xj)
26: C = ExtractMedialCurve(Pj)
27: end for

PDE-BASED THREE DIMENSIONAL PATH PLANNING
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4.7. Complexity Analysis

During extraction of all the medial curves of an object, we use the proposed
multi-stencils fast marching method in computing several distance fields: the
Euclidean distance fieldD(x), the new distance field due to moderate speed prop-
agation D1(x), and the new distance field due to high-speed propagation D2(x).
We have shown that the proposed multi-stencils fast marching method has a com-
plexity ofO(n) by implementing the narrow band as an untidy priority queue [36],
where n is the number of object voxels. Therefore, the complexity of the proposed
extraction framework is O(3n).

5. VALIDATION AND SENSITIVITY ANALYSIS

In this section, we aim to study the accuracy of the analytical parameter
estimation of the proposed speed models, validating the accuracy of the computed
MC by the proposed framework, and finally studying its sensitivity to boundary
noise.

5.1. 3D Synthetic Shapes

We have prepared 3D synthetic shapes with known ground truth MC. The
ground truths are generated analytically and then voxelized. Each synthetic shape
is created by translating a sphere of fixed or varying radius along its ground
truth path. In Figure 5 we show 3D synthetic shapes with different complex-
ity. The phantoms are designed to measure the performance of the method when
the anatomical structures have the following geometrical or topological properties:
(1) high curvature and torsion (e.g., blood vessels), (2) sudden change in the organ
cross-section (e.g., colon or aneurysm in vessels), and (3) several branching nodes
(e.g., blood vessels and tracheobronchial trees).

5.2. Accuracy of the Analytical Estimation of α

The parameter α controls the centeredness property of the computed MC.
In the previous section, we derived a closed form analytical solution for α. The
critical value of α is given by

αc =
1
δ

ln

(√
∆2x+ ∆2y + ∆2z

min(∆x,∆y,∆z)

)
. (61)

Bad estimation of α may lead to undesired properties in the computed skeletons.
For example, if α� αc, the computed paths are trajectories rather than centered
MC. On the other hand, if α � αc, the front speed will be very high and hence
the arrival time nearly zero. Since when extracting aMC we stop if we reach the
voxel with zero travel time, the extraction process may halt at the first extracted
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(a) (b) (c)

Figure 5. 3D synthetic shapes of different complexity: (a) spiral, (b) simple tree (in-plane),
and (c) complex tree.

voxel, which leads to disconnectedMC. Since δ = min(∆x,∆y,∆z), then for
isotropic voxel size (∆x = ∆y = ∆z = 1.0), the critical value of αc is 0.549.

In this experiment, we study the accuracy of the analytical estimation of α by
manually changing the value of α from 0 to 1 in steps of 0.1. In each step, we
compute the L1 error between the computedMC and the ground truth for several
3D synthetic shapes. We then plot the L1 error versus α and determine the range
of α (Rα) that corresponds to the steady-state range of the minimum L1 error, as
shown in Figure 6. Finally, we check if the estimated αc is within that range. In
Table 1 we show the computed L1 error under different values of α of various
synthetic shapes: spiral (Figure 5a), simple tree (Figure 5b), and complex tree
(Figure 5c). It is clear from Figure 6 that the estimated αc is always within Rα.
Also, there is a wide stable range for α that is αc ≤ α ≤ 1.0. In our experiments
we automated the proposed framework by fixing α = 0.7.

5.3. Effect of Changing β on the Generation of Cluster Graph

The parameter β controls generation of the cluster graph. In the previous
section we derived a closed-form analytical solution for β. The critical value of β
is given by

βc =
1

λmax
ln
(

min(∆x,∆y,∆z)
τ

)
. (62)

PDE-BASED THREE DIMENSIONAL PATH PLANNING



 

464 M. SABRY HASSOUNA et al.

Table 1. Computed L1 Error of Various Synthetic
Shapes under Different Values of α

α 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

L1 (Spiral) 0.451 0.335 0.328 0.327 0.326 0.324 0.322 0.322 0.317 0.317

L1 (Simple Tree) 0.388 0.247 0.186 0.176 0.179 0.175 0.173 0.172 0.175 0.174

L1 (Complex Tree) 0.535 0.405 0.381 0.371 0.365 0.361 0.361 0.359 0.357 0.359

Figure 6. Computed L1 error of various synthetic shapes under different values of α. See
attached CD for color version.

The parameter τ is inversely proportional to the maximum number of voxels
Vm that the cluster has along the MC passing through it. We have shown that
0 < τ < 1. In this section we study the effect of changing β on generation of the
cluster graph.

From Figures 7 and 8, which show different cross-sections in the cluster graph
of 3D synthetic shapes (double donuts and a tree with a hole) under different values
of τ , we can infer that there is a wide stable range [0.05, 0.2] for β to generate a
good cluster graph that is capable of correctly describing the topology of the shape.
If τ < 0.05, the tails of end clusters span multiple neighbor clusters; therefore,
the medial voxel of the cluster may be wrongly determined. On the other hand, if
τ > 0.2, the cluster graph does not capture the large curvature parts of the shape,
especially if the shape contains both branches and loops. In our experiments we
automated the proposed framework by fixing τ = 0.1.
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(a) τ = 1.0 (b) τ = 0.5 (c) τ = 0.25

(d) τ = 0.2 (e) τ = 0.1 (f) τ = 0.05

(g) τ = 0.025 (h) τ = 0.0125 (i) τ = 0.003

Figure 7. Cross-sections in the cluster graph of a 3D synthetic shape (double donuts) under
different values of τ .
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(a) τ = 1.0 (b) τ = 0.5 (c) τ = 0.25

(d) τ = 0.2 (e) τ = 0.1 (f) τ = 0.05

(g) τ = 0.025 (h) τ = 0.0125 (i) τ = 0.003

Figure 8. Cross-sections in the cluster graph of a 3D synthetic shape (Tree) under different
values of τ .



 

467

Figure 9. Each extreme node is identified not from its corresponding extreme cluster Ai

but from its successor neighbor Ai−1. See attached CD for color version.

5.4. Accuracy of Centeredness and Sensitivity to Boundary Noise

For branching objects, eachMC must start from an extreme node. It is known
that any perturbation of the object’s boundary creates an extra undesired MC.
Therefore, for noisy objects, a large number ofMC are expected to be generated.
The proposed framework overcomes this problem by identifying each extreme
node not from its corresponding extreme cluster but from its successor neighbor
cluster. For example, in Figure 9 the boundary noise has formed the extreme
cluster Ai, whose successor cluster is Ai−1. The medial voxel of the extreme
cluster is chosen to be mi−1 of the successor cluster Ai−1, which is already part
of the originalMC of the object; therefore, mi will not start a newMC because
it does not belong to a salient part of the object.

In this experiment we study the sensitivity of the proposed framework against
boundary noise by corrupting the object’s boundary voxels with an additive noise
of different noise levels to simulate either an acquisition or segmentation error.
If the boundary is corrupted by an Nl% noise level, then Nl% of the boundary’s
voxels are randomly corrupted by an additive noise. If we set Nl = 0, then the
centeredness property of the computedMC can be studied as well. For each noise
level, a quantitative analysis was carried out by computing the average error L1
in mm, maximum error L∞ in mm, and standard deviation σ between the ground
truth and computedMC for both noise-free and noisy synthetic shapes.

In Figures 10 and 11 we show synthetic shapes with a smooth surface (0%
noise level), a rough surface (100% noise level), MC of smooth surface, and
MC of rough surface. The quantitative results are presented in Tables 2 and 3.
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(a) (b)

(c) (d)

Figure 10. Spiral synthetic shape: (a) smooth surface (0% noise level), (b) rough surface
(100% noise level), (c) MC of smooth surface, (d) MC of rough surface. See attached
CD for color version.
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(a) (b) (c)

Figure 11. Three-connected donuts. Synthetic shape: (a) smooth surface (0% noise level),
(b) rough surface (100% noise level), (c) MC of smooth surface. See attached CD for
color version.

For noise-free synthetic shapes, the L1 and L∞ errors never exceeded 0.37 and
1.73 mm (e.g., one voxel), respectively. In the presence of severe noise levels, L1
and L∞ errors never exceeded 0.47 and 2.23 mm (e.g., two voxels), respectively,
which is quite acceptable for flight paths; therefore, the proposed method has low
sensitivity to boundary noise.

It is worth noticing that under some noise levels some error measures decrease
rather than increase because the profile of noise become symmetrically distributed
around the object, and hence the centeredness property of the computedMC is
not altered.

6. RESULTS

We have also validated the proposed method qualitatively against several clin-
ical datasets as shown in Figure 12. Notice the complexity of the clinical datasets
and the accuracy of the computedMC especially around loops and near branching
and merging nodes.

We have implemented the proposed method using C++ on a single 400-Mhz
SGI infinite reality supercomputer. The volume sizes and running times in seconds
of the tested datasets are listed in Table 4.
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(a) Vessels (b)
Aorta-1

(c) Spinal (d)
Aorta-2

(e) Trachea (f) Middle Ear

Figure 12. Computed MC of clinical datasets. See attached CD for color version.
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6.1. Case Study: Virtual Colonoscopy

The goal of this case study is to bring about one of the important goals of virtual
colonoscopy (VC) as a diagnostic tool. The ideal scenario is that the segmented
colon maintain the intricate details of the real colon, and that the virtual camera
project views as detailed as those shown in real colonoscopy. If that is achieved,
then analysis of projected views can be used for automatic colon scanning against
abnormalities, and hence early detection of colon cancer using VC would be a
strong possibility. Our research group is currently pursuing this goal.

In order to illustrate the potential of this research in colonoscopy, the pro-
posed framework has been tested on several CT datasets acquired using a Siemens
Sensation CT scanner. The dataset volume is 512× 512× 580 with a voxel size
of 0.74 × 0.74 × 0.75. All patients have undergone standard cleansing prepara-
tions prior to scan. In Figure 13e–l we show different polyps captured by a virtual
camera for different colons that are shown in Figure 13a–d. We have rendered the
results using the visualization toolkit (vtk).

(a) Colon 1 (b) Colon 2 (c) Colon 3 (d) Colon 4

(e) (f) (g) (h)

(i) (j) (k) (l)

Figure 13. Virtual colonoscopy: (a–d) computed MC for different colon datasets; (e–l)
polyp views captured by the virtual camera. See attached CD for color version.
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Table 2. L1, L∞, and σ Error Measures of the
ComputedMC of a Synthetic Spiral Shape

Error Measure / Noise Level Nl 0% 20% 40% 60% 80% 100%

L1 0.3743 0.3990 0.3500 0.4200 0.3829 0.4646

L∞ 1.7320 1.7320 1.4140 2.2300 1.414 1.4140

σ 0.2518 0.2671 0.2500 0.2800 0.2596 0.2916

Table 3. L1, L∞, and σ Error Measures of the
ComputedMC of a 3-Connected Donut’s Shape

Error Measure / Noise Level Nl 0% 20% 40% 60% 80% 100%

L1 0.2123 0.2900 0.2372 0.4409 0.2670 0.4700

L∞ 1.0000 1.4140 1.4140 2.0000 2.0000 2.2300

σ 0.1672 0.2127 0.1871 0.2741 0.2580 0.2760

Table 4. Sizes and Running Times of Different
Clinical Datasets Using the Proposed Method

Anatomical Organ Actual Volume Time in Sec.

Vessels 512 × 512 × 93 180

Trachea 145 × 248 × 198 70

Aorta-1 84 × 145 × 365 40

Aorta-2 130 × 259 × 97 55

Spinal 253 × 49 × 55 13

Middle Ear 162 × 241 × 125 114
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7. CONCLUSION AND FUTURE WORK

In this chapter we have presented a robust, fully automatic, and fast method
for computing flight paths of tubular structures for virtual endoscopy applications.
The computed flight paths enjoy several advantageous features, such as being
centered, connected, thin, and less sensitive to noise. Unlike previous methods,
our technique can handle complex anatomical structures with an arbitrary number
of loops, can extract only part of the skeleton given the starting and ending voxels
of the medial curve to be computed, and, finally, does not require voxels to be of
isotropic size because it takes voxel data spacing into account. The robustness of
the proposed method is demonstrated by correctly extracting all the MC of the
tested clinical datasets as well as successful validation against synthetic phantoms
of different complexity. In the future we intend to implement the proposed method
in the graphical processing unit (GPU) of a computer graphics card to reduce
computational time.
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The task of Object Recognition is one of the most important problems in computational
vision systems. Generally, to meet this problem, specific approaches are applied in two
phases: detecting the region of interest and tracking them around a frame sequence. For
applications such as medical images or general object tracking, current methodologies
generally are machine dependent or have high speckle noise sensitivity. In a sequence
of ultrasound images some data are often missing if the approach does not use lesion-
tracking methods. Also, the segmentation process is highly sensitive to noise and changes
in illumination. In this chapter we propose a four-step method to handle the first phase
of the problem. The idea is to track the region of interest using the information found in
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the previous slice to search for the ROI in the current one. In each image (frame) we
accomplish segmentation with Tsallis entropy, which is a new kind of entropy for non-
extensive systems. Then, employing the Hausdorff distance we match candidate regions
against the ROI in the previous image. In the final step, we use the ROI curve to compute a
narrow band that is an input for an embedded function in a level set formulation, smoothing
the final shape. We have tested our method with three classes of images: a general indoor
office, a Columbia database, and low-SNR ultrasound images of breast lesions, including
benign and malignant tumors, and have compared our proposed method with the Optical
Flow Approach.

1. INTRODUCTION

In the field of Computational Vision, detecting and tracking a region or object
of interest from a scenario represented by a frame sequence of real images is
a known problem. Even though several approaches have been proposed, this
problem is still a challenge where the solutions are closely related to the desired
goals, as well as to some features of the data to be analyzed. We may split
these goals between two separate groups: one related to the type of object to
be recognized, and the other related to the velocity of recognition. On the other
hand, the features of the data to be analyzed are also partitioned between two
groups: one related to the quality of the images and other related to the type of
sequence used.

Regarding the type of object to be recognized, it may have a irregular and
flexible (or rigid) shape, as we see in many medical images. Also, during scene
evolution we may see random transformations such as in scale, rotation, translation,
color, and texture, and topologic changes such as split and merge. With regard to
the objectives regarding velocity of recognition, the solution may require a real-
time response as well as high volume and dimension of images. Additionally, we
may find solutions to treat occlusion problems.

On the other hand, regarding features that influence problem solution, image
quality is one that requires more attention. As examples, noise distribution, low
contrast, and resolution are among the more difficult challenges. Another set of
features is the type of data sequence used, where we may have sequences with high
or low changes in illumination, which so far affect the segmentation algorithms,
as well as the formulation parameters. We may also have objects or regions in the
sequence that are not of interest, or even several objects or regions to be recognized,
a moving background, and large variations in view or zoom.

These four groups of objectives and features demand specific solutions for
recognition and/or tracking of objects or regions in a specific sequence of images.
Examples of such images include those from digital video of medical images, like
those produced by ultrasound devices. There is a high incidence of breast cancer
among women throughout the world, and it has become one of the major causes
of death among women. Mammographic examination has been an important ally
in detection of this condition. It is well known that, although high-resolution
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3D scanners have been available on the market for some time, more than 90%
of ultrasound exams are accomplished using traditional 2D scanners. These de-
vices generally offer a low signal-to-noise ratio (SNR) as well as low contrast and
resolution, while Digital Image Processing promises to enhance the quality and
usefulness of images. On the other hand, the shear volume of exams and the time
spent on image collection and evaluation require intense attention and from an
experienced medical team. Many investigators have found that more than 60%
of masses referred for breast biopsy on the basis of mammographic findings are
actually benign [1–3]. Although biopsy is still necessary and the definitive exam,
60% is a high rate of false positives.

One way to help reduce the rate of false positives is through automatic breast
lesion detection based on features such as tumor shape, texture, and color. Most
benign tumors have an elliptical boundary and uniform texture, while most ma-
lignant tumors have an irregular or spread-out boundary and texture. The feature
detection aspects of Computational Vision with a sequence of ultrasound images
are highly advantageous, mainly with 2D ultrasound images of low resolution and
low SNR.

From the point of view of ComputationalVision, automatic diagnosis of breast
lesions can be divided in two phases: (1) detection of the region of interest (ROI),
and (2) classification of the ROI based on medical classification schemes as a
benign or malignant breast lesion. Since phase 2 is highly dependent on phase 1,
the algorithms for shape, texture, and color detection should have high robustness.
The first phase is a step that demands much research time. The approaches found in
the literature are highly machine dependent and noise sensitive. This is generally
due to the fact that detection of an ROI is accomplished on an independent slice,
and the information from one frame to the next is not taken into account, so that
some features are missing. One way to reduce this dependence and take advantage
of the data from the previous slice is employment of a tracking algorithm.

One typical and important application that requires specific solutions is track-
ing a lesion area in a breast ultrasound image sequence (see, e.g., Figure 1) where

Figure 1. Example of two desired ultrasound images of a breast lesion for which our
proposed methodology was developed.
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images have a low signal-to-noise ratio (SNR) and a high time step between con-
secutive frames, and there is no need for real-time computation.

Such an application fits some of the objectives and features described above.
Our objectives include tracking objects with highly deformable shape that during
sequence evolution suffer transformations in translation, rotation, scale, split, or
merge. In addition, there is no need to manage occlusion or background shift
or more than one object in the scene. Other conditions include the following:
no need for real-time computation, a low SNR, and a high time step between
consecutive images, which produces difficulties when traditional techniques of
object correspondence are used. On the other hand, the low SNR presents problems
in terms of parameter setup that demand a robust segmentation algorithm.

One natural approach to handling these problems is to establish up a ground
truth region in the first frame and compute a correspondence problem between
consecutive images. This setup may be achieved through manual segmentation
or by using an automatic approach. In a simple way, the general problem can be
stated as a problem of correspondence between two regions. Generally, however,
a segmentation process is required before achieving correspondence. As the ob-
jectives and features become more and more complex, the segmentation algorithm
needs to be increasingly robust and the whole process becomes more and more
dependent on initial definition of parameters (e.g., spatial filters and morphological
operations).

In this context, segmentation methods that employ entropy applied to the ob-
ject tracking problem have been broadly investigated. Traditional Shannon entropy
is based on the achievement of a threshold between background and foreground
for the purpose of maximization of image information. However, these methods
are strongly dependent on image contrast and noise. In 1988, Constantino Tsal-
lis [4, 5] presented the concept of non-extensive entropy for systems with long
microscopic interactions and memory and fractal behavior. Such entropy expands
the well-known Boltzman-Gibbs and Shannon entropy for extensive systems. The
main advantage of this new theory is that it is based on a unique parameter, called q,
which may be handled according to system non-extensiveness. The authors of [6]
presented a first proposal for image segmentation using non-extensive entropy. In
our work, we follow this proposal for region tracking in a breast lesion ultrasound
image sequence. The task at hand is to establish a correspondence between regions
of interest (objects in scenes).

In our proposed methodology we used the general idea of making a match
between the region achieved in frame i (taken as a ground truth) and a candidate re-
gion achieved in frame i+1. We employ Tsallis entropy to find a candidate region.
We do so because it generates good results for images with a low SNR, because
of its simplicity of implementation, and because we have only one parameter to
manage (q), which permits writing efficient algorithms. Each candidate region is
smoothed, embedding the region boundary in a level set formulation with a narrow
band. This has dramatically lowered computational load, as processing is carried
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out only in the boundary area, called the “narrow band”. In addition, this yields
more accurate and smoother results. Matching is carried out through the use of
the Hausdorff distance, which is employed due to its simplicity of implementation
and the possibility of comparison between curves of different length.

The Hausdorff distance is a well-known method of matching two shapes not
having the same number of points [7, 8]. However, it has high sensitivity to
speckle noise and such other image artifacts as spurious and small regions. The
main contribution of our present chapter is a methodology for tracking a general
region of interest that combines the Hausdorff distance, a level set formulation,
and Tsallis non-extensive entropy in order to reduce Hausdorff noise sensitivity as
well as avoiding the increased parameter dependence that generally occurs with
other methodologies.

The chapter is organized as follows. In Section 2 we briefly discuss the
principal works related to our approach. We give some background on the main
approaches we have used in Section 3. The proposed Hausdorff-Tsallis level set
algorithm is described in Section 4, while our experimental results are reported
in the following section. Section 6 presents a discussion of our results, and we
present our conclusions in Section 7.

2. RELATED WORK

Recently, Xu [7] and collaborators proposed a method for detection of moving
objects that employed the Hausdorff distance and segmentation based on watershed
approaches. Their method involves three steps: first, the target objects are extracted
with the use of only the first two frames. This initial extraction is achieved through
a split and merge of coherent regions over a quadratic tree structure.

With the extracted object taken as a model, their second step uses the Hausdorff
distance to track objects of interest in the remainder frames. The object found in
the last frame is used as a new model to find the object in the current frame. The
model is then updated at each frame during the tracking task. This approach has the
advantage of allowing the system to be immune from possible error propagation.

The final step uses a watershed algorithm, not for segmentation as usual, but
for upper bounding the object boundary. This strategy avoids the influence of
external regions, as well as noise, in object segmentation.

A major disadvantage of this approach, as outlined by the authors, is the
fact that the proposed method fails to separate regions of low contrast. It is also
sensitive to changes in illumination.

Another approach that uses the Hausdorff distance for object tracking is that
proposed by Paragios and Deriche [8], which minimizes the interframe difference
density function, approximated using a statistical model.

Kim and Hwang [9] presented a method for detecting moving objects in a
video sequence. Their work employs the edge map difference between consecutive



 

482 PAULO S. RODRIGUES et al.

frames to extract moving objects. In [10], Luo and collaborators extended the
work of Kim and Hwang [9] by attaching a Dynamic Bayesian Network (DBN)
for interpretation of the object of interest. When the object of interest is extracted
from the background, it is split into four quadrants (labeled I, II, III, and IV), and
several attributes are extracted under the proposed DBN. This method was applied
to a sports video database and achieved up to 86% accuracy.

Gao and collaborators [11] investigated detection of human activity through
tracking of moving regions. The tracking process is achieved by segmenting domi-
nant moving regions inside the ROI from where spatial features are obtained. These
features are used to describe the related activities. An algorithm, called Weighted
Sequential Projection (WSR), is then applied to achieve consistent movements,
and to place them on a list of candidate regions. The idea underlying WSR is the
calculus of the correlation of two vectors for consecutive regions of consecutive
frames. The consistent regions are found based on the comparison between these
two vectors.

The process of identifying human activities is achieved in three steps: first,
an individual person is found by attaching segmented regions frame to frame;
second, the face is found using the algorithm derived by Sheidermann [12]; finally,
the hands are found through analysis of movements. Movements of the hands in
relation to the head are analyzed to detect, for example, a human dining.

The paper presented by Lim and Kriegman [13] offers a tracking process for
people walking around. The process uses two types of models for the tracking
algorithm: one off-line, called the shape model, and one on-line, called the ap-
pearance model. The off-line model is based on learning of several generic human
poses; the on-line model is based on the individual visual features that are being
tracked. The combination of these two models composes the final tracking algo-
rithm. In addition, during the off-line step, the background is learned trough the
Mahalanobis distance. Since this is a statistical distance, it can be updated on-line.

The general idea combines both the shape and the appearance models as
follows: at the on-line step the shape model is used to capture moving people. The
appearance model is then used to fine tune the candidate regions.

The recent paper by Yeasin and collaborators [14] presents a framework for
tracking several objects in a frame sequence whose principal contribution is a
strategy for reducing the problem of the conflict of trajectories, which happens
when two individual objects cross each other. In this case, a simple algorithm has
no way of distinguishing both objects. The strategy ofYeasin and collaborators [14]
is to use Multiple Hypotheses Tracking (MHT) algorithm combined with a Path
Coherent Function (PCF) to handle the conflict of trajectories. Since MHT suffers
from real-time implementation due to the exponential growth in the number of
hypotheses, the PCF is implemented to correct real-time object position, reducing
the number of hypotheses. This results is enhancement of the MHT algorithm. An
efficient implementation of the MTH algorithm can also be found in the work of
Cox and Hingorani [15].
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Rodrigues and Araújo [16] studied object recognition based on traditional
morphological segmentation. The contribution of this work is a new algorithm,
based on region segmentation, that extracts spatial features and placing them into a
directed graph. This methodology was applied for Content-Based Image Retrieval.

Recently, we introduced work [17, 18] on using a Bayesian Network for pa-
rameter estimation in a framework for object recognition in an augmented reality
environment. We used feature extraction to generate several candidate regions in
a frame. The proposed Bayesian Network was then applied to select the target
object from among all candidates.

All works presented in this section (except for [16]) are from 2004 and discuss
other related approaches. They also handle the tracking problem. Despite applica-
tion for tracking people or general objects, they may use learned models (off-line)
or statistical models (on-line) based on some kind of segmentation. Therefore, the
segmentation process is crucial for tracking procedures due to changes in illumi-
nation. However, approaches to handle this problem remain an open problem and
demand further investigation. Aside from these issues, the segmentation prob-
lem applied for a tracking problem using Tsallis non-extensive entropy has not
investigated yet. That is the main contribution of the present work.

Computer-aided diagnostic systems for breast lesion identification and clas-
sification have been the object of study for many years. Several semiautomatic as
well as completely automatic methods have been proposed. Semiautomatic meth-
ods include those based on texture information, while completely automatic meth-
ods include those based on such morphologic information as roundness, length, and
area. The main problems one faces are machine dependency and noise sensitivity.
Both 2D and 3D scanning devices are faced with these problems.

Chen et al. [1] presented work on classification of breast lesions (benign or
malignant tumors) on sonograms using a Feed-Forward Neural Network (FFNN).
The authors argue that the main difficulties of such an application is the morpho-
logical constraints of the lesion (which depend on the feature extraction approach)
and the region information (which depends on device acquisition and the specific
setup). In order to be device independent, their proposed method avoids region
information, being based only on seven morphological features, which in turn are
used as inputs to the FFNN. However, it is highly sensitive to speckle noise.

To avoid dependency on the feature extraction algorithms, Chen et al. [19]
stated a semiautomatic method where a physician first might trace the lesion bound-
ary area, and then a neural network classifies between benign and malignant tumors
based on information from the physicians. However, their proposed approach is
machine dependent and will run only on devices manufactured in the United States.

Garra et al. [20] analyzed 72 images from an ultrasound image sequence of
several tumors. They used fractal analysis and a co-occurrence matrix for texture
information and evaluated the value of such information in distinguishing between
benign and malignant breast lesions. One drawback is that texture is dependent
on machine setup.
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Even when a non-automatic method is proposed, such as by Sawaki et al. [21],
the morphological features are fundamental to breast lesion classification. They
proposed a CAD system using fuzzy inference for breast sonography and evaluated
the performance of their system. To accomplish the diagnostics, the radiologists
needed to trace the lesion boundary, which is also machine dependent and noise
sensitive.

Chang et al. [22, 23] presented work which used a learning vector-quantized
model with 24 autocorrelation texture features to classify tumors as benign or
malignant.

Drukker et al. [24] used radial gradient index (RGI) filtering, an average
radial gradient (ARG), round-robin analysis, and a Bayesian Neural Network to
automatically detect breast lesion ultrasound images.

Horsch et al. [25] presented a CAD method for breast lesion classification
on ultrasound based on four features related to lesion shape, margin, texture, and
posterior acoustic behavior.

Chen et al. [26] employed texture parameters of a region of interest and a
decision-tree model to classify breast lesion tumors as benign and malignant.
They also proposed [27] a method using morphological features extracted with a
level set formulation of breast lesion tumors, and used a support vector machine
to classify benign and malignant cancers.

Kuo et al. [28] used texture analysis and data mining with a decision tree
model to classify breast lesions with different US systems.

3. BACKGROUND

We now present a review of the three main theories underlying our proposed
approach for region tracking of breast lesions in an ultrasound image sequence:
the Hausdorff distance, the level set theory, and Tsallis non-extensive entropy.

3.1. The Hausdorff Distance

The Hausdorff distance is a measure between two sets, not necessarily with
the same dimensions. It measures how a subset of points of set A is near to
a subset of distinct set B [29], [30], and has been successfully used in many
applications [30–32].

Despite the possibility of matching two data sets of different dimensions,
other advantages of the Hausdorff distance are its simple implementation and low
computational load. However, it runs in quadratic polynomial time, which may
yield slow application if this problem is not managed. To overcome this, we
can reduce the total number of points in the sets to be processed, thus reducing its
resolution. This can result in quick implementation (see [32]). The main drawback
of the Hausdorff distance is that it may render applications sensitive to noise and
outliers.
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Another disadvantage of the Hausdorff distance is its sensitivity to rotation and
deformation. in Addition, if a point is a noise or outlier, the resulting of Hausdorff
distance will be very large, even if all other points match perfectly. In the presence
of rotations, for example, different Hausdorff distance results may be obtained.

Care must thus be taken to avoid the influence of noise and outliers, increased
computational time, and the effects of rotation. And if such care is taken, the Haus-
dorff distance can produce good results in applications that require the matching of
two sets of different dimensions, such as a model and a target region in a tracking
application for an ultrasound image sequence of breast lesion anomalies.

Formally, given two point setsA andB, the Hausdorff distance between them
is defined as

H(A,B) = max(h(A,B), h(B,A)), (1)

where
h(A,B) = maxa∈Aminb∈B‖a− b‖. (2)

‖ • ‖ represents some underlying norm defined in the space of the two point sets,
which is generally required to be an Lp norm, usually the L2 or Euclidian norm.
The function h(A,B) is called the direct Hausdorff distance from A to B.

Intuitively, if h(A,B) = d, each point in A must be within a distance d of
some point in B.

The maximum value for the Hausdorff distance of two regions A and B in
an image with dimension M × N is half of its diagonal, η =

√
M2 +N2/2.

Therefore, to obtain the Hausdorff distance between 0 and 1, we normalize Eq.
(1) by η, and define the following extensible Hausdorff distance:

He(A,B) = 1− H(A,B)
η

. (3)

In our application, we propose a region tracker that matches a Model Region
against a Target Region in subsequent frames by minimizing the Hausdorff distance
[29], [7].

3.2. Tsallis Entropy

Entropy is an idea born under classical thermodynamics, not as something
intuitive, but as mainly quantitative, defined by an equation. However, we may
say that it is a concept that is associated with the order of irreversible processes.
Physically, it may be associated with the amount of disorder in a physical system.
Shannon has redefined the concept of Boltzmann-Gibbs entropy as an uncertainty
measure associated with the content of information in a system. In this theory,
the entropy of a discrete source is often obtained from a probability distribution
P = (p1, . . . , pk), 0 ≤ pi ≤ 1, and

∑
i pi = 1, where pi is the probability of

finding the system in state i. In this context, Shannon entropy (BGS) may be
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described as
S = −

∑
i

pi ln(pi). (4)

Generally speaking, systems that have BGS-type statistics are called extensive
systems. Such systems have an additive property, defined as follows. LetX and Y
be two random variables, with probability density functionsP = (p1, . . . , pn) and
Q = (q1, . . . , qm), respectively. If X and Y are independent, under the context
of Probability Theory, the entropy of the composed distribution will verify the
so-called additivity rule:

S({piqj}i,j) = S({pi}i) + S({qj}j). (5)

This traditional form of entropy, called Boltzmann-Gibbs-Shannon (BGS) en-
tropy is well known and for years has achieved relative success in explaining several
phenomena if the effective microscopic interactions are short-ranged (i.e., close
spatial connections), and the effective spatial microscopic memory is short-ranged
(i.e., close time connections), and the boundary conditions are non-(multi)fractal.
Roughly speaking, the standard formalism is applicable whenever (and probably
only whenever) the relevant space-time (hence the relevant phase space) is non-
(multi)fractal. If this is not the case, some kind of extension appears to become
necessary [4]. In complete analogy with Newtonian mechanics, it is an approxima-
tion (and an increasingly bad one) when the involved velocities approach the speed
of light or the masses are as small as, say, the mass of an electron, and standard sta-
tistical mechanics do not apply when the above requirements (short-range micro-
scopic interactions, short-range microscopic memory, and (multi)fractal boundary
conditions) are not the case. However, recent developments based on the concept
of non-extensive entropy, also called Tsallis entropy, have generated new interest
in the study of Shannon entropy for Information Theory [5, 6, 33]. And this inter-
est appears mainly due to the similarities between the functions of Shannon and
Boltzmann-Gibbs entropy. Tsallis entropy (or q-entropy) is a new proposal for
generalization of traditional Boltzmann-Gibbs entropy applied to non-extensive
physical systems.

The non-extensive characteristic of Tsallis entropy has been applied through
inclusion of parameter q, which generates several mathematical properties, such
as non-negativity, concavity, equiprobability, q-additivity, and q-axiomality of a
group. These characteristics give q-entropy flexibility in explaining several phys-
ical systems. On the other hand, this new kind of entropy does fail to explain
traditional physical systems, as it is a generalization.

However, a generalization of a theory may suppose violation of one of its
postulates. In the case of the generalized entropy proposed by Tsallis, the additive
property described by Eq. (5) is violated in the form of Eq. (6), which applies
if the system has a non-extensive characteristic. In this case, Tsallis statistics
are useful and q-additivity better describes the composed system. In our case,
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the experimental results (Section 5) show that it is better to consider our systems
non-extensive:

Sq({piqj}i,j) = Sq({pi}i) + Sq({qj}j)
+(1− q) · Sq({pi}i) · Sq({qj}j).

(6)

In this equation, term (1 − q) represents the degree of non-extensiveness: in the
limit q → 1, S(X + Y ) meets the BGS entropy. The extensive character also can
be seen in the general equation of entropy proposed by Tsallis:

Sq(p1, . . . pk) =
1−∑k

i=1(pi)q

q − 1
, (7)

where k is the total number of possibilities of the system, and real number q is the
entropic index that characterizes the degree of non-extensiveness. As state above,
in the limit q → 1, Eq. (7) meets the traditional BGS entropy defined by Eq. (4).

ConsideringSq ≥ 0 in the pseudo-additive formalism of Eq. (6), the following
classification for entropic systems is defined:

Subextensive entropy (q > 1)
Sq(X + Y ) > Sq(X) + Sq(Y )

Extensive entropy (q = 1)
Sq(X + Y ) = Sq(X) + Sq(Y )

Superextensive entropy (q < 1)
Sq(X + Y ) < Sq(X) + Sq(Y )

Taking into account the similarities between the formalisms of Shannon and
Boltzmann-Gibbs entropy, it is interesting to investigate the possibility of gener-
alization of Shannon entropy to the case of information theory, as was recently
shown by Yamano [34]. This generalization may be extended to image classi-
fication systems by applying Tsallis entropy, which has nonadditive information
contents.

We propose here to segment an image using q-entropy to search the ROI, as
will be explained in Sections 3.2 and 4. The motivations to employ q-entropy
are: (1) managing only a simple parameter q opens up the possibility of simply
applying several segmentations and later choosing the one that generates the best
results; (2) as suggested in [6], the mammographic images and possibly several
other medical images include non-extensive behavior; and (3) it is simple to make
the implementation easy and it also ensures low computational overload.

3.2.1. Entropy Segmentation

Entropy is a well-known strategy for image segmentation that has been suc-
cessfully used [35–38] for years since Pun [39] showed how to segment an image
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maximizing Shannon entropy (Eq. (4)). In this chapter we use Tsallis entropy
to generate candidate regions in each image from the sequence. The manner in
which we use this entropy is the one proposed by Tsallis [4, 5] and applied by
Albuquerque et al. [6] on mammographic images.

If we consider two random variables, X and Y , as stated above, and letting
P be the probability density function of the background and Q the probability
density function of the foreground (ROI), with constraints

∑t
i=1(

pi

N ) = 1 and∑L
i=t+1(

pi

M ) = 1, and the assumption that t is a threshold, M is the total amount
of background pixels, N is the total amount of foreground pixels, and the discrete
levels are equally spaced between 1 and L in gray-scale level, the entropy of the
composed system, considering the systems as non-extensive, according to Eq. (6),
we have

Sq(X + Y ) = Sq(X) + Sq(Y )
+(1− q) · Sq(X) · Sq(Y ),

(8)

where

Sq(X) =
1−∑t

i=1(
pi

N )q

q − 1
(9)

and

Sq(Y ) =
1−∑L

i=t+1(
pi

M )q

q − 1
. (10)

We maximize the information measured between the two classes (ROI and
background). When Sq(X + Y ) is maximized, luminance level t is considered to
be the optimum threshold value. This can be achieved with a comparatively cheap
computational effort:

topt = argmax[SX
q (t) + SY

q (t) + (1− q) · SX
q (t) · SY

q (t)]. (11)

Therefore, it is interesting to investigate the images under the light of the non-
extensive entropy. Although it will be difficult to discuss the non-extensive features
(long-range and long-memory interactions and fractal behavior) for images in
general, we can quantitatively justify the use of q-entropy for image segmentation,
as the q parameter introduces a flexibility in the entropic formulation, and this
suggests an investigation of segmentation under q variation. Albuquerque et al. [6]
have studied q for mammographic images and achieved good results for 0 ≤ q ≤ 1,
which suggests a non-extensiveness for systems composed of such images.

In our work, we suggest the use of q-entropy to designate candidate regions
of interest. The general idea is to generate some perturbation around the q value
(used to generate the ROI in slice i) to achieve an ROI in slice i+1. Then a level set
formulation is used to smooth the boundary and matching is accomplished through
the Hausdorff distance. A more detailed algorithm will be set forth in Section 4.
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3.3. The Level Set formulation

A level set method, also called an “implicit snake,” is a numerical technique
developed first by Osher and Sethian [40] to track the evolution of interfaces. These
interfaces can develop sharp corners, break apart, and merge. The technique has a
wide range of applications, including fluid mechanics, combustion, manufacture of
computer chips, computer animation, snowflake structure, and soap bubble shape,
and image processing, including medical images.

Informally speaking, let a boundary image interface separating one region
of interest (inside) from another (outside), and a speed function F that gives the
speed of each point on the boundary. This speed can depend on several physical
effects, including temperature, if the environment is icy (ROI) inside the water. In
this case, the boundary can shrink as the ice melts, or grow as it freezes. Speed
function F then depends on the adopted model. However, the original level set
formulation proposed by Osher and Sethian [40] takes a curve and builds it into a
surface. The curve is evaluated into the surface that intersects the xy plane exactly
where the curve sits. The surface is called the level set function because it accepts
as input any point in the plane and feeds back its height as output. The curve that
intersects the surface is called the zero level set, because it is the collection of all
points at height zero. A complete level set study can be found in [41].

The advantages of level set formulation in image segmentation include how it
handles naturally complex topology, how it permits flexible models representing
an ROI boundary, how robust it can be to noise, and its computational efficiency.

In our work, we use a level set formulation to smooth the ROI before a match-
ing phase (see Section 4 for a better explanation of the matching process). To
enhance computational overhead, we compute the level set only inside a narrow
band, and the initial curve is given by the previous segmentation with Tsallis
entropy.

More formally, the main idea of the 2D level set method is to represent the
deformable surface (or curve) as a level set {x ∈ �2|G(x) = 0} of an embedding
function:

G : �2 ×�+ → �, (12)

such that the deformable surface (also called the front in this formulation) at t = 0
is given by a surface S:

S (t = 0) =
{
x ∈ �2|G (x, t = 0) = 0

}
. (13)

The next step is to find an Eulerian formulation for the front evolution. Fol-
lowing Sethian [42], let us suppose that the front evolves in the normal direction
with velocity

−→
F , which may be a function of the curvature, normal direction, etc.

We need an equation for the evolution of G (x, t), considering that surface S
is the level set given by

S (t) =
{
x ∈ �2|G (x, t) = 0

}
. (14)
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Let us take a point x (t), t ∈ �+ of propagating front S. From its implicit
definition, given the above, we have

G (x (t) , t) = 0. (15)

We can now use the Chain Rule to compute the time derivative of this expres-
sion:

Gt + F |∇G| = 0, (16)

where F =
∥∥∥−→F ∥∥∥ is called the speed function. An initial condition G(x, t = 0) is

required. A straightforward (and expensive) technique to define this function is to
compute a signed-distance function as follows:

G (x, t = 0) = ±d, (17)

where d is the distance from x to the surface S (x, t = 0) and the signal indicates
if the point is interior (–) or exterior (+) to the initial front.

Finite-difference schemes based on a uniform grid can be used to solve Eq.
(16). The same entropy condition of T-Surfaces (once a grid node is burnt, it stays
burnt) is incorporated in order to drive the model to the desired solution (in fact,
T-Surfaces was inspired by the level sets model [43]).

In this higher-dimensional formulation, topological changes can be efficiently
implemented. Numerical schemes are stable and the model is general in the sense
that the same formulation holds for 2D and 3D, as well as for merge and splits.
Besides, the surface geometry is easily computed. For example, the front normal
and curvature are given by

−→n = ∇G (x, t) , K = ∇ ·
( ∇G (x, t)
‖∇G (x, t)‖

)
, (18)

respectively, where the gradient and divergent (∇·) are computed with respect to x.
Initialization of the model through Eq. (17) is computationally expensive and

not efficient if we have more than one front to initialize [44].
The narrow-band technique is much more appropriate for this case. The key

idea of this technique comes from the observation that the front can be moved by
updating the level set function at a small set of points in the neighborhood of the
zero set instead of updating it at all points on the domain (see [42,45] for details).

To implement this scheme we need to preset a distance ∆d to define the narrow
band. The front can move inside the narrow band until it collides with the narrow-
band frontiers. Then functionG should be reinitialized by treating the current zero
set configuration as the initial one.

This method can also be made cheaper by observing that the grid points that do
not belong to the narrow band can be treated as sign holders [42], in other words,
points belonging inside the narrow band are positive, and negative otherwise.
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To clarify ideas, let us consider Figure 2a, which shows the level set bounding
the search space, and Figure 2b, which pictures a bidimensional surface where the
zero level set is comprised of the contours just presented.

(a) (b)

Figure 2. (a) Level set bounding the search space. (b) Initial function with zero level set
as the contour presented.

The surface evolves such that the contour gets closer to the edge. In order
to accomplish this goal, we must define a suitable speed function and an efficient
numerical approach. For simplicity, we consider the one-dimensional version of
the problem depicted in Figure 2. In this case, the evolution equation can be written
as

Gt +
∂G

∂x
F = 0. (19)

The main point is to design speed function F so as to obtain the desired result,
which can be accomplished if Gt > 0. For instance, if we set the sign of F
opposite to the one of Gx, we get Gt > 0:

Gt = −∂G
∂x

F. (20)

Hence, the desired behavior can be obtained by the distribution of the sign of F
shown in Figure 3.

Once our application focus is shape recovery in image I , we must choose a
suitable speed function F as well as a convenient stopping term S to be added to
the right-hand side of Eq. (19). Among the possibilities [46], the following ones
have been found to be suitable in our case:

F =
1 + αk

1 + |∇I|2 , (21)

S = β∇I · ∇G, (22)

where β is a scale parameter. Therefore, we are going to deal with the following
level sets model:

Gt =

(
1 + αk

1 + |∇I|2
)
|∇G|+ β∇P · ∇G, (23)
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Figure 3. Sign of the speed function.

where P = − |∇I|2. After initialization, the front evolves following Eq. (23).
Next, we develop the numerical elements for the level set implemented herein.

3.3.1. Numerical Methods

Expression (23) can be written in general form as

Gt +H(Gx, Gy) = 0, (24)

where H may be a non-convex Hamiltonian. Therefore, following [45], we can
use the first-order numerical scheme given by

Gn+1
i,j = Gn

i,j +	t · F ‖ ∇Gn
i,j ‖, (25)

where

∇Gn
i,j = [(

Gn
i+1,j −Gn

i−1,j

2 · 	x ), (
Gn

i,j+1 −Gn
i,j−1

2 · 	y )], (26)

and

‖ ∇Gn
i,j ‖=

√
(
Gn

i+1,j −Gn
i−1,j

2 · 	x )2 + (
Gn

i,j+1 −Gn
i,j−1

2 · 	y )2. (27)

In Eqs. (25)–(27), n stands for the evolution in time n, and 	t is the time step
defined by the user.

3.3.2. Initialization

Discontinuities in image intensity are significant and important when it comes
to shape recovery problems. In fact, such discontinuities of image I can be modeled
as step functions, like

s (x, y) =
n∑

i=1

aiSi (x, y) , (28)
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Figure 4. Support of step function given by Eq. (28) with ai = 1, a2 = −1 and a3 = 1.

where Si is a step function defined on a closed subset Ωi of the image domain,
which means that

Si (x, y) = 1 if (x, y) ∈ Ωi, (29)

Si (x, y) = 0 otherwise.

Therefore, an image I is not a differentiable function in the usual sense. The usual
way to address this problem is to work with a coarser-scale version of the image
obtained by convolving this signal with a Gaussian kernel:

Ig (x, y) = Kσ (x, y) ∗ I (x, y) , (30)

where Kσ (x, y) is a Gaussian function with standard deviation σ. Therefore, we
must replace function I by Ig in Eq. (23). This point is interesting for our context
due to initialization of the level sets approach. A very simple way to do that would
be through step functions like Eq. (28). For instance, Figure 4 shows such an
example, based on the sign distribution of Figure 2a, in which we decompose the
image domain in three closed subsets: Ω1, Ω2, and Ω3. The step function would
be given by Eq. (28) with ai = 1, a2 = −1, and a3 = 1.

Such a proposal is computationally efficient but cannot be accepted due to
discontinuities in function s. From a functional analysis viewpoint, we should use
a differentiable function to initialize the method. We can address this problem
following the same idea behind Eq. (30); that is, we can define a step function
through Eq. (28), and then take a convoluted version of it obtained by replacing
image I by function s (x, y) in Eq. (30). Such a smoothed function will be suitable
for our purposes, as we shall show in Section 5. If we add boundary conditions
to Eq. (23), we get a parabolic problem that may have complex behaviors from a
numerical viewpoint.
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3.3.3. Narrow Band and Termination Condition

As usual with level sets approaches, we are using the narrow-band method, so
that only the values of G within a tube placed around the front are updated. This
simplified approach can drop the complexity of the algorithm from O

(
N2
)
, in

three dimensions, to O (Mn), where m is the number of cells in the width of the
narrow band [45]. When the front moves near the edge of the tube boundary, the
computation is stopped and a new tube is built with the zero level set at the center.

To construct the narrow band we define two polygons. Each polygon is as-
sociated with an element of the curve that approximates the zero level set of the
previous iteration. Each edge and vertex defines two polygons, for the inside and
outside parts of the narrow band. Edge polygons are quadrilaterals, build by a shift
of the edge in the direction of the normal vector, by a displacement defined by the
width of the narrow band. Similarly, at each vertex we build triangles, using the
normal vectors of each adjacent edge and with a height defined also by the width of
the narrow band. This approach is similar to the procedure used by Maunch [47]
and Peikert [48] to calculate the Euclidean Distance Function using a scan process.
Our scan process is done by the GPU of a video card, in the rasterization pipeline
phase. The result of the render process is returned to the application as a texture,
where the cells in the narrow band are associated with the pixels generated by each
polygon rasterization.

4. PROPOSED HAUSDORFF-TSALLIS LEVEL SET ALGORITHM

In this section we present our proposed framework, which combines the Haus-
dorff distance, non-extensive entropy, and a level set formulation for tracking re-
gions representing a breast lesion in a frame sequence of ultrasound images.

The general idea for tracking adopted for this work, which is well known, is
to use a region achieved in image i of a sequence to search a corresponding region
in image i+ 1. We then propose a framework combining the Hausdorff Distance,
Tsallis entropy, and a level set formulation to match region i and a candidate region.

As stated in Section 3.2, Tsallis entropy is a new trend in image segmentation
that is simple and can be well adapted to real-time applications. In turn, the
Hausdorff distance is a well-known similarity measure between two curves with
such advantages as simplicity of implementation and low computational time (see
Section 3).

In our notation, a frame has index i and specific segmentation index j. Assum-
ing that we have several segmentations on each image, Ii,j is the jth segmentation
of the ith frame. By using set notation,

Is = {Ii,1, Ii,2, . . . , Ii,m} (31)

are them segmented outputs of frame Ii. Each Ii,j may contain several segmented
regions — among foreground and background ones —, called Target Regions
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(TRs). Then, ri,k ∈ Ii,j is the kth TR of segmented image Ii,j . For the sake of
explanation, we consider that segmented frame Ii,j has only one TR of interest
(the foreground), called ri; the remaining ones belong to the background. Finally,
a model for tracking a region is denoted by MR.

By the way, there is a need for MO initialization in the first image; however,
there are several approaches to doing so, which is generally a step before the
tracking task. We assume that model region MR was already defined in the first
frame. However, some investigators [9, 11, 15, 17–18] offer other techniques for
such initialization.

Our proposed HTLS tracking algorithm is the following: let MRi−1 be the
model region achieved in image i − 1. For image Ii we compute Is given in Eq.
(31) with the Tsallis entropy according to Eq. (11), where each Ii,j is computed
with a different value of q. Each Ii,j has a candidate region rj . We extract rj from
Ii,j by applying mathematical morphology according to [49].

The region given by the morphological operators is the input for the level set
framework discussed in Section 3.3. This framework, with the added advantages
of the narrow band, has the net effect of smoothing the contour region, approaching
each contour pixel independently to the real edge.

Finally, each rj is matched againstMRi−1. MRi is that region that minimizes
Eq. (2).

To dropm (the total number of segmentations over each image Ii), we choose
a set of values of q around that used in the previous image. Experimentally, we have
seen that m � 3 is sufficient to achieve good results; the proposed method then
does not generate computational overhead due to applying segmentation m times
to each image. On the other hand, this approach allows the proposed method
to be robust to noise and changes in illumination conditions, as Tsallis entropy
for segmentation slightly adapts to new conditions from one image to another
throughout the sequence. This is the key idea of our work: the parameter setup
for the first slice is automatically updated along the entire image sequence. There
is then no need for user intervention as context, noise, or illumination change. A
schematic view of the proposed HTLS algorithm can be seen in Figure 5.

5. EXPERIMENTAL RESULTS

The proposed method was experimentally tested over three classes of image
sequences and compared to the Optical Flow Approach. The first class includes
real office scenes, where we can see a telephone around other objects on a table
with a white wall. The camera moves, generating a completely moving scenario.
This is the same as moving the object across a moving background. An example
of this sequence is shown in Figure 6.

In this class of sequence images we can note a complex background as the
camera moves. There are several objects in the scene: the telephone (ROI) has
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Figure 5. Schematic view of the proposed HTLS algorithm. The initial user-defined ROI
is not shown.

(frame 22) (frame 25) (frame 27)

(frame 30) (frame 36) (frame 55)

Figure 6. Sequence of images from an office table with slight camera movement, changes
in illumination, and a heterogeneous background. See attached CD for color version.
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basically the same color as the wall, and the entire background moves together,
which generates difficulties for tracking.

A second class of images is from the Columbia database [50], which contains
7200 color images of isolated objects (100 objects taken at 5 degrees incremented in
pose = 72 shots per object). This database is suitable for evaluating the performance
of our system for object tracking. As we have several object viewers with zoom, this
is equivalent to having a unique object moving over a homogeneous background,
which simplifies segmentation. An example of some object sequence from this
database can be seen in Figure 7.

(frame 1) (frame 4) (frame 14) (frame 34)

(frame 212) (frame 145) (frame 151) (frame 170)

(frame 361) (frame 363) (frame 375) (frame 409)

(frame 505) (frame 507) (frame 510) (frame 556)

Figure 7. Four sequences of images from the Columbia database. Each row is an object se-
quence. This database has several object viewers and zoom, which is suitable for evaluating
the performance of our proposed algorithm.
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The third and last class of images we used in our experiments includes ultra-
sound images. There were 140 ultrasound images with low SNR that also were
individually affected by speckle noise. We used 80 images of benign tumors and
60 of malignant tumors, divided into 7 sequences. Each sequence corresponded to
a different case and had 20 images. We carried out our experiment only on those
images where a tumor appeared. In the first slice of each sequence, we manually
traced the ROI. The main reason we chose this kind of image was to show the
performance of our algorithm under conditions of speckle noise. Although this
sequence of images was taken from real clinical exams of cancerous breast lesions
(which included several malignant and benign images), the purpose of this work is
not to classify the achieved region of interest as malignant or benign. The images
were thus not classified by any expert, such as a breast lesion tumor radiologist.
Rather, we assumed that the ROI in each image is the darker region around the
center of each image, without any care as to whether it of the correct shape for a
breast tumor. The advantages of testing our proposed algorithm with this class of
images is that we could trace the darker central region (ROI) throughout a low-
SNR context; in addition, the lesions have marked topological changes over the
evolution that are suitable for testing our proposed methodology. An example of
a sequence of images from this class is shown in Figure 8.

For each of the above classes we carried out experiments employing our
proposed algorithm with and without the level set formulation and compared its
performance against the Optical Flow Approach (OFA). The reason we chose the
optical approach is that it is a well-known and often-used method for tracking
moving objects since being proposed [51].Since then, several variations have been
proposed for a wide range of applications. We match the automatically generated
ROI against ground truth images manually segmented, and measure the curve
distances with the Polyline Distance Measure (PDM), which has become a standard
approach for matching two curves since it was proposed for use with medical
images [52,53]. In the following, we will give in brief explanation about the OFA
and PDM approaches.

5.1. Optical Flow Approach (OFA)

We now briefly describe the Optical Flow Approach (OFA) to calculating
optical flow between two images, as we have implemented it, for comparison with
our proposed algorithm.

Most work devoted to motion estimation use the term “optical flow.” Optical
flow is defined as an apparent motion of image brightness. Let I(x, y, t) be the
image brightness that changes in time to provide an image sequence. Two main
assumptions can be made:

Brightness I(x, y, t) smoothly depends on coordinates x and y in the
greater part of the image.
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(frame 15) (frame 18)

(frame 23) (frame 29)

(frame 122) (frame 128)

(frame 133) (frame 140)

(frame 72) (frame 79)

(frame 84) (frame 90)

(frame 73) (frame 80)

(frame 85) (frame 89)

Figure 8. Four sequences of images from the Columbia database. Each row is an object se-
quence. This database has several object viewers and zoom, which is suitable for evaluating
the performance of our proposed algorithm.
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The brightness of every point of a moving or static object does not change
in time.

Let some object in the image, or some point of an object, move; after time dt
the object displacement is (dx, dy). Using a Taylor series for brightness I(x, y, t)
gives the following:

I(x+ dx, y + dy, t+ dt) = I(x, y, t) +
∂Idy

∂x
+
∂Idy

∂y
+
∂Idy

∂t
+ ..., (32)

where “...” are higher-order terms.
Then, according to Assumption 2,

I(x+ dx, y + dy, t+ dt) = I(x, y, t), (33)

and
∂Idy

∂x
+
∂Idy

∂y
+
∂Idy

∂t
+ ... = 0. (34)

Dividing Eq. (33) by dt and defining

∂dx

∂dt
= u,

∂dx

∂dt
= v (35)

gives
∂I

∂t
=
∂I

∂x
u+

∂I

∂y
v, (36)

usually called the optical flow constraint equation, where u and v are components
of the optical flow field in x and y coordinates, respectively. Since Eq. (36) has
more than one solution, more than one constraint is required.

5.2. Polyline Distance Measure (PDM)

In order to compare a computed-extracted boundary with the ideal boundary,
a quantitative error measure based on the average polyline distance of each point
was developed by Suri et al. [52–55]. The polyline distance is defined as the
closest distance from each estimated boundary point to the ideal/ground-truth
ROI boundary. The closest distance of each estimated boundary point can be the
perpendicular distance (shortest Euclidian distance) to one skin-line, or it can be
one of the end boundary points joining the points of the closest interval. In the
following paragraphs, we will derive the PDM mathematically.

Let B1 be the first boundary, and B2 the second boundary. Let the Cartesian
coordinates of point A on B1 be (x0, y0). Let there be two successive boundary
points, B and C, given by coordinates (x1, y1) and (x2, y2) on B2. Let λ be the
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free parameter for the equation of the line joining points B and C. Then, line
interval BC between B and C is given as

(
x
y

)
=
(
x1
y1

)
+ λ

(
x2 − x1
y2 − y1

)
(37)

where (x, y) is the coordinate of a point on the line and λ ∈ [0, 1].
Now, let µ be the parameter of the distance orthogonal to the line interval

BC. Thus, the line segment between (x0, y0) and (x, y) is perpendicular to the
line interval BC. Therefore, we can express (x0, y0) similar to Eq. 37:

(
x0
y0

)
=

(
x
y

)
+ µ

( −(y2 − y1)
x2 − x1

)

=
(
x1
y1

)
+ λ

(
x2 − x1
y2 − y1

)
+ µ

( −(y2 − y1)
x2 − x1

)
(38)

Solving the above equation using the related determinants, unknown parameters
λ and µ are given as

λ =
(y2 − y1)(y0 − y1) + (x2 − x1)(x0 − x1)

(x2 − x1)2 + (y2 − Y1)2
(39)

and

µ =
(y2 − y1)(x1 − x2) + (x2 − x1)(y0 − y1)

(x2 − x1)2 + (y2 − Y1)2
. (40)

Let the two distance measures, d1 and d2, between A and B1 and B/C on B2 be
defined as Euclidian distances:{

d1 =
√

(x0 − x1)2 + (y0 − y1)2
d2 =

√
(x0 − x2)2 + (y0 − y2)2

}
. (41)

The polyline distance, dpoly, is then defined as

dpoly(A,BC) =
{
min{d1, d2};λ < 0, λ > 1

|d�|; 0 ≤ λ ≤
}
, (42)

where

|d�| = |µ||BC| = (y2 − y1)(x1 − x0) + (x2 − x1)(y0 − y1)√
((x2 − x1)2 + (y2 − y1)2)

. (43)

A quantitative error measure between the ideal boundary and the computer-
estimated boundary could then be defined using the polyline distance described in
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Eq. (42). The measure is defined as the average polyline distance of all boundary
points of the estimated and ground-truth breast boundaries. We will denote the
measure as dError

poly , which is derived as follows:

db(A,B2) = minS∈sidesB2d(A,S), (44)

dvb(B1, B2) =
∑

A∈verticesB1

db(A,B2), (45)

dError
poly =

dvb(B1, B2) + dvb(B2, B1)
�vertices ∈ B1 + �vertices ∈ B2

. (46)

5.3. Experiments

Initially, we will demonstrate a performance comparison between the pro-
posed algorithm with and without the level set framework regarding optical flow
for the image sequence of the first class. We are considering a manmade ground
truth, such as in Figure 9.

(frame 22) (frame 25) (frame 27)

(GT for frame 22) (GT for frame 25) (GT for frame 27)

Figure 9. Three images (top row) from the first class and their corresponding manually
traced ground truth (bottom row). GT = ground truth. See attached CD for color version.

For each of the images of the given sequence, the GT was manually traced for
comparison with the automatic results. The similarity measure between the GT
and an automatic generated curve was taken using Eq. (45). The performance was
taken in evaluating a sequence of 30 frames (around 1 second each), is shown in
Figure 10, where the normalized error (Nerr) is taken as Nerr = 1− 1

η Err, and Err

is calculated by Eq. (45) and η =
√
M2 +N2/2 is the normalization factor taken
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as the higher possible error value, which depends on the corresponding image
dimensions M and N . In Figure 10, note the similar performance of our method

Figure 10. Performance evaluation of the HTLS algorithm as a function of frames for the
first class sequence. “o” represents the HTLS performance; “+” represents HT algorithm
performance; “–” represents OFA algorithm performance. See attached CD for color
version.

with and without the level set formulation. There is only a slight advantage for
the HTLS algorithm. In this class of images, with a moving object background,
the HTLS algorithm outperforms the optical flow approach. This is due to the
fact that OFA does not work well when the background moves. However, the
HTLS algorithm also has difficulties in tracking the ROI. This is because Tsallis
segmentation can only deal with two regions in a scene — the background and the
foreground — and in the class 1 images we have a wall with a similar gray-scale
level to that of the ROI.

Another important observation is that the HTLS algorithm performance al-
gorithm decreases with time. This is due to error propagation. A solution to this
disadvantage is to periodically restart the system at different points. On the other
hand, the optical flow approach is unstable. The same behavior we can note in Fig-
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ure 11, which is with class 2 images. However, we can see that all the algorithms
demonstrate good performance since the images are synthetic with a homogeneous
background.

The performance evaluation for the class 2 sequence is shown in Figure 11,
the same as in Figure 10.

Figure 11. Performance of the HTLS algorithm as a function of frames for the class 2 se-
quence. “o” represents HTLS performance; “+” represents HT performance; “–” represents
OFA performance. See attached CD for color version.

Figure 12 shows the performance curves for the class 3 images of benign tumor
ultrasound images, and Figure 13 shows the same for malignant tumor ultrasound
images.

The best performance of the HTLS algorithm over the optical flow approach
can be seen when there are low-SNR images in the sequence. The OFA does
not work well in this case. On the other hand, the HTLS algorithm (with and
without the level set framework) can show good performance with both benign
and malignant tumor images.

Before presenting examples of specific results with ultrasound images, we will
show the usefulness of Tsallis entropy in Figure 14, where we can see an image
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Figure 12. Performance of the HTLS algorithm for class 3 images (benign tumor). “o”
represents HTLS performance; “+” represents HT performance; “–” represents OFA per-
formance. See attached CD for color version.

from the sequence of a benign tumor and several segmentations for 0 < q < 1
(subextensive systems). Figure 14a is the original image, and the lesion is the
darker area traced manually as a white boundary around the image center. Below
each segmented image is the q value employed. The same happens with Figure
15. The q values were varied from a value near 0 to a value close to 1. In this
case, for values greater than 1 we did not achieve satisfactory results. In these two
figures, even so, the better results are those for q values near 1. It is important to
find an ideal q value, which may yield as crisp a boundary as possible. In the case
of Figure 14, when q approaches 1, the ROIs seem to become well defined. The
inverse seems to happen in Figure15, where better segmentation of the ROI seems
to occur when q = 0.00001. However, in both figures it is not possible to point
out the exact tumor boundary. An algorithm to define a boundary must take into
account not only the boundary traced in the first slice but also an adaptive q value.

To reinforce this idea, if the same q value is used for all images of a sequence,
the results may not be satisfactory, as is clearly shown in Figure 16.
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Figure 13. Performance of the HTLS algorithm with class 3 images (malignant tumor).
“o” represents HTLS performance; “+” represents HT performance; “–” represents OFA
performance. See attached CD for color version.

(a: Original image) (b: q = 0.00001) (c: q = 0.2)

(d: q = 0.4) (e: q = 0.7) (f: q = 0.99999)
Figure 14. Mammographic image and five segmentations with different q values: (a)
original image; (b)–(f) segmentation for q = (0.00001, 0.2, 0.4, 0.7, 0.9999). Intuitively, in
this case, as q approaches 1, the images seem to become well segmented.
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(a: Original image) (b: q = 0.00001) (c: q = 0.2)

(d: q = 0.4) (e: q = 0.7) (f: q = 0.99999)
Figure 15. Mammographic image and 5 segmentation with different q values: (a) original
image; (b)–(f) segmentation for q = (0.00001, 0.2, 0.4, 0.9999). In this case, as q approaches
0, the images seem to become well segmented.

(a: F-122) (b: F-122, q = 0.9) (c: F-122, q = 8)

(d: F-130) (e: F-130, q = 0.9) (f: F-130, q = 8)

(g: F-140) (h: F-140, q = 0.9) (f: F-140, q = 8)
Figure 16. Frame sequence (frames 122, 130, and 140) of ultrasound images. Each row
corresponds to a frame and two segmentations for q = 0.9999 and q = 8. For different
frames we need different q values to achieve a good segmentation.
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In this figure, the first column shows three original images (F-122, F-130,
and F-140); the second column shows the respective segmentation for the same
q = 0.9 (superextensive system) and the third column shows segmentation for
q = 8 (subextensive system). We can note that, for frame 122, q = 0.9 generates a
better segmentation than does q = 8 (where it is not possible to find any region). If
we set the same q = 0.9 value for the remaining frames, when frame 130 arrives,
we can see that q = 8 is more adequate. The inverse occurs again when frame 140
arrives, where q = 0.9 is better for segmentation than q = 8. These conditions
occur due to the noise distribution, and therefore depend on image acquisition as
well as on the selected target region.

Using non-extensive entropy on mammographic images may have advantages
due to the flexibility of finding a good segmentation as well as the simplicity in
managing only the q parameter, which is not possible with the other entropic
theories (such as BGS) or those that depend on setting up several parameters,
mainly when tracking a sequence of images. The disadvantage is that reaching
an ideal value of q may not be an easy task. q is a value that, given a value of t,
maximizes Eq. (8). One way to handle this problem is as follows. Given a t value
that maximizes Eq. (8), we can have:

∂S(X + Y )
∂q

= 0. (47)

Therefore, an ideal q value may be found with an iterative procedure, such as the
Newton-Raphsor method:

qn+1 = qn −
∂S(X+Y )

∂q

∂2S(X+Y )
∂q2

, (48)

where n stands for the nth iteration.
However, in practical terms, and considering the problem at hand, we can save

time by taking the value of q achieved in slice i and creating a small perturbation
over it on slice i+1, testing each match between ROIi and candidate region ri+1,
according to the algorithm presented in Section 4. The new q is that corresponding
to the ri+1 that best matches ROIi.

Following this idea, for q = (0.0001, 0.1, 0.2, . . . , 1.0), Figure 17 shows the
results of applying the proposed method on a mammographic image sequence of
20 slices (only 8 are shown). The left-hand column shows some images from the
original sequence, while the right-hand column shows their corresponding found
ROI. Below each image on the right are the achieved q values.

Figure 18 shows the experiment for a sequence image of a malignant tumor.
The main characteristic of this anomaly is its irregular shape (a benign tumor
normally has an oval or ellipsoid shape). In the left-hand column are 8 of the
original images from the sequence, and on the right are their corresponding traced
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(a) F-72 (b) F-72, q = 0.001

(c) F-80 (d) F-80, q = 0.5

(e) F-74 (f) F-74, q = 0.3

(g) F-82 (h) F-82, q = 0.001

(i) F-76 (j) F-76, q = 0.3

(k) F-84 (l) F-84, q = 0.8

(m) F-78 (n) F-78, q = 0.3

(o) F-88 (p) F-88, q = 0.3

Figure 17. Eight images from a frame sequence of a benign tumor. The left column includes
the original images; the right column presents their corresponding achieved boundary with
their respective best q values (indicated below each image).
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Figure 18. Eight images from a frame sequence of a malignant tumor. The left column
includes the original images; on the right are their corresponding achieved boundary, with
their respective best q values shown below.
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shape and the q values achieved with the proposed method. In the following section
we discuss these results.

6. DISCUSSION

Generally speaking, Object Tracking System is a two-step process — shape
detection and tracking — and there is a strong demand for improvement in both
steps. However, the work presented here focuses on both steps. There are several
methods for recognizing the shape of an ROI, and as the noise and time step between
consecutive frames are increased, algorithms that obtain general information from
frame to frame (such as HTLS) become more and more useful. From the point
of view of computational vision, in a frame sequence with a moving object at
low SNR, some contours may be difficult (and even impossible) to detect. It is
therefore important to try to get information from past images, where it is supposed
that detection was reached adequately, as much as possible. In some cases, this
is a unique alternative. The HTLS algorithm attempts to improve such region
recognition, since, to our knowledge no satisfactory approach for tracking exists
for ultrasound images. Another advantage of the HTLS algorithm is the small
number of parameters that need to be managed (basically, the q parameter of
Tsallis entropy and the time step of the level set framework). This makes HTLS
algorithm setup a straightforward task.

In the specific case of q-entropy, the range we obtained in our experiments
was 0 and 1. However, this value may be set differently for specific devices and
conditions. And in the specific case of a time-step level set parameter, it influences
how much the level set should run forward or backward toward the shape. If the
time step is set at a small value, forwarding may run slowly; on the contrary, if
it is set too long, forwarding could yield results far from the desired shape. In
addition, since we are not dealing with real-time applications, this parameter may
be set at a small value. In our case, we employed ∆t = 0.1. However, the better
the initial curve generated by q-entropy segmentation, the smaller the influence of
the parameter will be.

One drawback of the HTLS algorithm, as is often the case with tracking algo-
rithms based on matching objects from previous frames, is its error propagation,
especially when the frame sequence is large. A popular approach to minimizing
this problem is periodic user intervention (in a semiautomatic system). This occurs
whenever the error ranges above a given threshold.

Finally, implementation of a system using the HTLS algorithm demands ex-
tension to track several regions in a scene and robustness with regard to topological
changes. In the latter case, the method proposed by Giraldi et al. [56–59] may be
a good solution for dual models.
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7. CONCLUSIONS AND FUTURE WORK

We propose here a methodology for breast cancer lesion recognition. This
method combines two frequently used techniques in image analysis — the Haus-
dorff distance and level set formulation — and also presents a new segmentation
approach called q-entropy, which is based on non-extensive systems. This entropy
can be applied to any class of images since it is a generalization of so-called BGS
entropy.

Our results show that detection and outlining of regions of interest, even
with speckle noise images, such as with malignant or benign cancer lesions, may
be improved by combining information from the actual frames and past frames.
The proposed method could possibly be extended to include cancer classification,
first between malignant and benign tumors, and later, including more specialized
classifications.

The use of a level set formulation was applied to smoothing shapes after non-
extensive segmentation. However, the results with images such as those shown
in Figures 18b, n, and p (where there are valleys which are then filled in by the
level set frontier), demand improved formulation. One suggestion for this problem
is to employ a dual level set or gradient vector flow combined with deformable
models. A detailed discussion about these issues can be found in [60]. A T-Snake
formulation, such as that discussed in [61], might also ameliorate topological
problems.

Our general conclusion is that the HTLS algorithm performs best when the
images have low SNR, such as with medical ultrasound images. As a future
project, we will carry out experiments over a more complete database of ultrasound
images, in which case a breast radiologist will be necessary to trace the ground-
truth boundary.
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DEFORMABLE MODEL-BASED IMAGE
REGISTRATION

Jundong Liu
Ohio University, Athens, Ohio, USA

In this chapter we introduce the concept of deformable image registration and point out that
interpolation effects, non-rigid body registration, and joint segmentation and registration
frameworks are among the challenges that remain for this area.

To address the interpolation effects challenge, we choose the Partial Volume Interpo-
lator (PV) used in multimodality registration as an example, and quantitatively analyze the
generation mechanism of the interpolation artifacts. We conclude that the combination of
linear interpolation kernel and translation-only motion leads to generation of the artifact
pattern. As a remedy we propose to use nonuniform interpolation functions in estimating
the joint histogram. The cubic B-spline and Gaussian interpolators are compared, and we
demonstrate improvements via experiments on misalignments between CT/MR brain scans.

A segmentation-guided non-rigid registration framework is proposed to address the
second and third challenges. Our approach integrates the available prior shape information
as an extra force to lead to a noise-tolerant registration procedure, and it differs from
other methods in that we use a unified segmentation + registration energy minimization
formulation, and the optimization is carried out under the level-set framework. We show
the improvement accomplished with our model by comparing the results with that of the
Demons algorithm. To explore other similarity metrics under the same framework to handle
more complicated inputs will be the focus of our future work.

1. INTRODUCTION

Medical image analysis technology, with image segmentation, image match-
ing/registration, motion tracking, and measurement of anatomical and physiologi-

Address all correspondence to: Jundong Liu, Professor of Electrical Engineering and Computer Sci-
ence, Stocker 321A, Ohio University, Athens, OH 45701. Phone: 740-593-1603, Fax: 740-593-0007.
jliu@ufl.edu.
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cal parameters as the main research areas has seen a tremendous amount of growth
over the past decade. The work described in this chapter is concerned with the
problem of automatically aligning 3D medical images.

Image registration is one of the most widely encountered problems in a variety
of fields, including but not limited to medical image analysis, remote sensing,
satellite imaging, optical imaging, etc. One possible definition of this problem is:
determine the coordinate transformation, or mapping, relating different views of
the same or similar objects. These views may arise from:

The same object “imaged” with different sensors.

The same object “imaged” repeatedly with the same sensor.

Multiple similar objects all “imaged” with the same sensor.

A single object “imaged” with a sensor, and a model (matching)

Medical imaging plays a very important role in modern clinical practice.
Often, a single modality alone cannot provide adequate information about a pa-
tient’s condition, so they are imaged by a second and sometimes more modalities.
Different modalities, as shown in Figure 1 (from the homepage of the Image
Science Institute at the University of Medical Center Utrecht; available online at
http://www.isi.uu.nl/Research/Registration/
registration-frame.html), can usually provide different, complementary, or par-
tially overlapping aspects of the anatomy under examination. So if the informa-
tion from them can be combined, it will greatly facilitate the clinicians to perform
surgical planning, diagnosis and treatment. Among the widely used modalities,
X-ray, CT (computed tomography), MRI (magnetic resonance imaging), and US
(ultrasound) depict anatomical information, while PET (positron emission tomog-
raphy), SPECT (single-photon emission computed tomography), and fMRI (func-
tional MRI) provide information on the metabolism of the underlying anatomy.

Figure 1 shows images from four different modalities—CT, MR, PET, SPECT
—illustrating the different types of information they contain. As we can see, CT

Figure 1. Images from different modalities. From left to right: CT, MR, PET, SPECT.
Available online at http://www.isi.uu.nl/Research/Registration/.
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Figure 2. Example of a multimodal visualization. Available online at http://www.
isi.uu.nl/Research/Registration/. See attached CD for color version.

is sensitive to bone density and MR to tissue density, whereas PET and SPECT
depict the physiology.

Figure 2 (from the homepage of the Image Science Institute, Department of
Medical Imaging; available online at http://www.isi.uu.nl/Research/Registration/
registration-frame.html) also shows how multimodal data can be used to provide
a better understanding of the physiology of the human brain aided by the presence
of precise anatomical information. It shows the right and left hemispheres of a
brain, segmented from an MR image. Information from a SPECT scan is overlaid
on the cortex. Color encoding is used to indicate the amount of cerebral blood
perfusion: from light gray for low perfusion, via yellow, to red for high perfusion.
As we can see, the picture shows an area with increased blood perfusion in the
right hemisphere, and this is indicative of pathology in the right hemisphere.

However, multimodality images are usually acquired with different devices,
and at different times, so there will inevitably be some motion between them. This
makes accurate geometrical registration a prerequisite for effective fusion of the
information from multimodality images.

1.1. Mathematical Definition

Let I1(x, y, z) and I2(x, y, z) denote two images. The relationship between
these two images can be expressed as

I2(x, y, z) = g(I1(T (x, y, z))), (1)

where T is a 3D spatial coordinate transformation, and g is an intensity transfor-
mation.
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The registration problem is to find the optimal spatial and intensity transfor-
mation so that the images are matched well. Finding the parameters of the optimal
geometric coordinate transformation is generally the key to any registration prob-
lem, while the intensity transformation is not always the task of interest.

The transformations can be classified into global and local transformations.
A global transformation is given by a single equation that maps the entire image.
Local transformations map the image differently depending on spatial location,
and are thus more difficult to express succinctly. The most common global trans-
formations are rigid, affine, and projective transformations.

A transformation is called rigid if the distance between points in the image
being transformed is preserved. A rigid transformation can be expressed as{

u(x, y) = (cos(φ) x− sin(φ) y + dx)− x,
v(x, y) = (sin(φ) x+ cos(φ) y + dy)− y, (2)

where u(x, y) and v(x, y) denote the displacement at point (x, y) along theX and
Y directions; φ is the rotation angle and (dx, dy) the translation vector.

A transformation is called affine when any straight line in the first image is
mapped onto a straight line in the second image with parallelism being preserved.
In 2D the affine transformation can be expressed as{

u(x, y) = (a11 x+ a12 y + dx)− x,
v(x, y) = (a21 x+ a22 y + dy)− y, (3)

where [
a11 a12

a21 a22

]
(4)

denotes an arbitrary real-valued matrix. Scaling transformation, which has a trans-

formation matrix of
(

s1 0
0 ŝ2

)
, and shearing transformation, which has a matrix of(

1 s3
0 1

)
, are two examples of affine transformation, where s1, s2, and s3 are positive

real numbers.
A more interesting case, in general, is that of a planar surface in motion

viewed through a pinhole camera. This motion can be described as a 2D projective
transformation of the plane


u(x, y) = m0∗x+m1∗y+m2

m6∗x+m7∗y+1 − x,
v(x, y) = m3∗x+m4∗y+m5

m6∗x+m7∗y+1 − y,
(5)

where m0 ... m7 are the global parameters.
In clinical practice, the most commonly used global registration transforma-

tions are rigid and affine. For the brain images taken from the same patient using
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rigid transformation is adequate to explain the variation between them. When two
images depicting the same scene are taken from the same viewing angle but from

an affine transformation is required to match these two images. In this thesis, we
will mainly be dealing with these types of global transformations.

When a global transformation does not adequately explain the relationship
of a pair of input images, a local transformation may be necessary. To register
an image pair taken at different times with some portion of the body that has
experienced growth, or to register two images from different patients, falls into
this local transformation registration category. A motion (vector) field is usually
used to describe the change/displacement in local transformation problem.

1.2. The Challenges Remaining

During the past two decades, a broad range of techniques has been devel-
oped to deal with the image registration problem for various types of data. For
a comprehensive review, we refer the reader to [10]. Generally speaking, rigid
registration of mono-modal images from the same patient will not solve the prob-
lem. Many methods, including the Fourier transform-based method or the voxel-
similarity-based method, can align images of this type with subpixel accuracy.
For registering images with significant contrast differences, such as those from
different modalities or acquired with different matching MR sequences, the most
effective matching criterion is the mutual information metric. With the advance
in available computational power over the last few years, registration of non-rigid
mono-modal or multimodal images has become a hot research area. One of the
reasons why non-rigid registration has gained popularity is that registration can
be used to solve various image segmentation problems. This strategy is called
atlas-based segmentation.

The challenges remaining for image registration include [2]:

Interpolation effects: Mutual information is the most popular similarity
measure for registering multimodal images. However, together with most
of the existing matching metrics, the Mutual Information metric is sensitive
to image interpolation artifacts, which limits registration accuracy. To
overcome this problem, special interpolators are needed.

Non-rigid body registration: Nonrigid body image registration, in general,
is still an open problem. Much work remains to develop practically useful
deformable registration techniques.

Registration-assisted segmentation and segmentation-guided registration:
The traditional atlas-based segmentation approaches requires a two-stage
philosophy: non-rigid registration between two images is first carried out,

different devices, e.g., CT/MR, or the same devices but at different times, usually a

different positions, i.e., the camera is zoomed in/out or rotated around its optical,
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and then the resulting transformation is applied to the atlas to obtain seg-
mentation for the input image. The prior information embedded in the atlas
is totally neglected during the registration step. Registration-assisted seg-
mentation and segmentation-guided registration are directions worth pur-
suing.

1.3. Chapter Outline

The rest of this chapter is organized as follows: Section 2 reviews and ana-
lyzes the generation mechanism of the interpolation artifacts when using Mutual
Information [14]. Section 3 reviews the related work for joint segmentation and
registration problem. A variational framework that integrates prior segmentation
information into the non-rigid registration procedure will be discussed. Section 4
concludes this chapter.

2. MUTUAL INFORMATION METRIC AND ARTIFACT EFFECTS [15]

This section is dedicated to the first challenge we pointed out in Section 1.2—
Interpolation effects. We will take Mutual Information as an example to analyze
the generation mechanism of the artifacts inherent in the interpolation procedure.
Remedies to reduce the artifacts will also be presented.

Consider two images Ir(x, y) and If (x, y). We designate Ir as the reference
image and If as the floating image. The registration task is to find the coordinate
transformation, denoted as T , such that transformed floating image If (T (x, y)) is
aligned with reference Ir(x, y). The alignment is usually obtained by optimizing
a certain similarity metric. So normally a registration algorithm consists of three
components [3]: a coordinate transform, a similarity criteria, and a numerical
scheme to seek the optimum.

Mutual information is currently the most popular matching metric used in
handling the registration problem for multimodal images. The MI between two
discrete random variables, A and B, is defined as [4]:

MI(A,B) =
∑
a,b

pAB(a, b) log
pAB(a, b)

pA(a) · pB(b)
, (6)

where pA(a), pB(b), and pAB(a, b) are the marginal probability distributions and
joint probability distribution, respectively. The relationship between MI and en-
tropy is

MI(A,B) = H(A) +H(B)−H(A,B), (7)

with H(A) and H(B) being the entropy of A and B, and H(A,B) their joint
entropy:

H(A) = −∑a pA(a) log pA(a),

H(A,B) = −∑a,b pAB(a, b) log pAB(a, b).
(8)
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Given a set of samples, there are several approaches to estimating probability
functions pAB(a, b), most notably the histogram-based method [5] and the Parzen
window method [6, 7]. In this chapter we focus on histogram-based method be-
cause it is widely used in image registration. To register the images the mutual
information needs to be maximized.

The advances in mutual information-based methods reside not only in the
impressive accuracy in the reported registration experiments, but also the generality
that MI methods can provide. Very few assumptions have ever been made regarding
the relationship between image intensities, so mutual information is especially
suited for multimodality matching, and that it is completely automatic.

Studholme et al. [8] pointed out that standard mutual information is sensitive
to the field of view of the scanner used in the image acquisition, i.e., with different
choices of field of view, the maximization process may lead to incorrect alignment.
The authors then extended mutual information to a normalized mutual information
to alleviate this problem:

NMI(A,B) = (H(A) +H(B))/H(A,B). (9)

2.1. Interpolation Artifact Effects

For digital images Ir(x, y) and If (x, y) to be aligned, interpolation is nec-
essary to evaluate the values of MI(Ir(x, y) and If (T (x, y)). A number of in-
terpolators are available, including nearest neighbor (NN), linear, cubic B-spline,
Hamming-windowed sinc, and partial volume (PV) interpolators. Among them,
PV is regarded as the best choice for MI-based metrics, as pointed out in several
studies [9, 10].

Partial volume interpolation is not an interpolation in the ordinary sense. It is
a strategy being used to update the joint histogram. As shown in Figure 3, instead of

Figure 3. PV interpolation.
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interpolating the new intensity value under current transformation T , PV directly
updates the histogram of the nearest neighbor bins with the same weights used in
bilinear (for 2D) or trilinear (for 3D) interpolation.

In [11] Maintz et al. qualitatively explained the reason why artifacts are
generated in the partial volume interpolation process and verified their arguments
through several well-designed experiments. While their work is very informative,
we believe that a theoretically quantitative analysis concerning the generation
mechanism of artifacts will be more instructive to guide related research.

As interpolation affects the registration function of normalized MI and tradi-
tional MI in a similar way [11], we will construct our arguments based on traditional
MI here, but it should be noted that the conclusions also hold for normalized MI.

As given above, mutual informationMI(A, T (B)) consists of 3 terms: H(A),
H(B), and H(A, T (B)). H(A) is a constant. The computation of H(T (B)) is
also affected by the interpolation effect, but to a much smaller extent. Figure 4
shows a pair of aligned MR/CT images and the associated marginal entropies,
joint entropy, and MI values as functions of translations up to ±7 pixel distances.
As is evident, the variation of MI is dominated by the changes in H(A, T (B));
H(A) and H(T (B)) are close to constants. So from now on we will focus only
on H(A, T (B)).

Let’s first consider the situation where the reference and floating images have
exactly the same pixel sizes and the motion is limited to translations only. We use
the CT image in Figure 4 as the reference, while MR is the floating image. Now
we analyze the variation in MI function between the two images when the floating
image moves from the alignment position to 1 pixel away along the x axis.

Suppose at the alignment position (translation is equal to zero), a certain his-
togram bin his(a, b) has a value ofM1. his(a, b) records the total number of pixels
in the image pair where the reference image has intensity a, and floating image
b. Suppose when the translation is 1 pixel, his(a, b) becomes M2. Let’s redefine
his(a, b) to his(a, b, t) to include the translation variable, then his(a, b, 0) = M1
and his(a, b, 1) = M2. In between, with the translation being t, there are a group
of intensity grids X1 = {(x1, y1), (x2, y2)...} that were originally contributing
to bin his(a, b), that gradually wipe out their support when the floating image is
moving. Let’s call this group of grids as “moving-out set,” and let A1 be the total
number of these grids. Because the motion here is limited to translation only, all
the grids in the moving-out set are withdrawing their contributions to bin his(a, b)
at the same rate, as the translation increases from 0 to 1. When the translation is 0,
each of them contribute a ′1′ to his(a, b); when the offset is 1, they no longer make
a contribution. In between, the contribution of each moving-out grid is 1− t.

Similarly, there might be another group of grids X2 (let A2 be the total num-
ber), which were not originally contributing to his(a, b), that start moving in to
contribute to his(a, b) as the translation increases from 0 to 1. Their individual
contribution to his(a, b) is ′t′ at translation t.
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Figure 4. The mutual information value of a pair of multimodal images. Row 1 contains a
pair of MR/CT images. (Available online at http://www.isi.uu.nl/Research/Registration/).
Rows 2 and 3 show the mutual information (MI),marginal entropies (H(A) and H(T (B)))
and joint entropy ((HA, T (B))) values as functions of translations t (up to ±7 pixels).

Overall, the combined effects of the moving-in and moving-out sets lead to a
change in his(a, b). So we have

A2 −A1 = M2 −M1. (10)

At translation t,

his(a, b, t) = M1 +A2 t−A1 t
= M1 + (M2−M1) t
= t M2 + (1− t) M1.

(11)

So basically within interval [0,1], bin value his(a, b, t) is a linear function of
offset variable t, denoted here by f(t):

f(0) = M1, f(1) = M2,
f(t) = t f(1) + (1− t) f(0). (12)

Since we use a histogram to approximate distribution, the joint entropy of two
images can be rewritten asH(A, T (B)) = −∑a,b his(a, b, t) log his(a, b, t). As
we know, function x log x, denoted by g(x) here, is a convex function within
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interval (0,1] (note that its second derivative is positive), i.e.,

g(t x1 + (1− t) x2) ≤ t g(x1) + (1− t) g(x2).

Therefore, the individual contribution of bin his(a, b, t) to joint entropy
H(A, T (B)) follows:

g(f(t)) = g((1− t) f(0) + t f(1)),
≤ (1− t) g(f(0)) + t g(f(1)).

(13)

The above inequality indicates that each component of H(A, T (B)) is a con-
vex function within [0,1]. Since the summation of convex functions is still a convex
function,H(A, T (B)) = −∑∑

g(his(a, b, t)), as a negative combination of cer-
tain number of convex functions, is a concave function in [0,1]. Correspondingly,
the MI responses are a convex function in the same interval. This property can be
easily extended to any intervals [n, n+1] where n is an integer. That is the reason
why the responses of H(A, T (B)) as a function of translation t (Figure 4) bear a
concave-shaped artifact within each integer interval.

If we take a closer look at the above analysis, we can find that the heart of the
artifact generation mechanism lies in the following facts:

1. When translation is the only motion type, bilinear interpolation causes
the bin values to change in a linear fashion with respect to displacement.
In other words, due to the linear kernel used in PV interpolation, all the
moving-in and moving-out grids contribute to the changes in the bin values
at a synchronized pace.

2. x log x is a convex function.

As a consequence, a general guideline to reduce the artifact effects can be to
“break” the synchronization.

In addition, the following prediction can be made based on the above analysis:

The artifact effect for pure rotations would be less severe than that of pure
translations. This is because the moving-in and moving-out grids, under
the pure rotation motion scenario, do not contribute to the change in the
histogram at uniform rate. Figure 5a shows the H(A, T (B)) values as
a function of rotations (up to ±15◦). As is evident, the responses for
rotations are much smoother than the translation counterpart.

In the past years, several remedies for reducing artifact effects have been pro-
posed [12,13] that either rely on resampling one of the input images into different
grid sizes, or applying higher-order functions as the interpolation kernel. Although
a number of impressive results have been reported, we believe the analysis given in
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Figure 5. Row 1 contains a pair of MR/CT images. From the homepage of
the Image Science Institute, Department of Medical Imaging. Available online at
http://www.isi.uu.nl/Research/Registration/registration-frame.html) Row 2 shows the mu-
tual information (MI) value as a function to rotations (±20◦).

previous sections can provide a deeper insight into which kernel should be chosen
and how it will work.

When a bilinear function is used as the PV interpolation kernel, all the rel-
evant grids contribute to the change in a histogram bin value at a synchronized
pace. As we mentioned earlier, “to break the synchronization” is the key to reduc-
ing/removing interpolation artifacts. For a new interpolation kernel to be chosen
to avoid this translation-caused synchronization, two desired properties have to be
satisfied:

1. The filter support width should be greater than 2. As being exemplified in
bilinear interpolation, if the support comes only from the four surrounding
grid points (filter width of 2), at the time that translation is the only motion
form, regardless of what interpolation kernel is being used, the changes in
bin values will always take place in a synchronized fashion.

2. A uniform (linear) function should not be used as the kernel. If a bilinear
function is kept as the interpolation kernel, even with a broader support,
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e.g., 16 points (filter width = 4) are used to update the histogram bin
values, and due to the consistency of image intensities, synchronization is
still likely to occur.

In a nutshell, broad-support nonuniform interpolation kernels should be cho-
sen for the purpose of artifact reduction. We now verify this thought by utilizing
two nonuniform functions together with a uniform function, and compare their
performance. In the following experiments, we consider three interpolation ker-
nels: the cubic B-spline approximation [16], a Gaussian function, and superlinear
interpolation.

The cubic B-spline approximation used in this chapter has a filter support
width of 4, and the function kernel is given as follows:

hcubic(x) =




(1/2)|x|3 −|x|2 +2/3, 0 ≤ |x| < 1,
−(1/6)|x|3 +|x|2 −2|x| +4/3, 1 ≤ |x| ≤ 2,

0, elsewhere.
(14)

The Gaussian function used here also has a support of 4, and its standard
deviation σ is set at 1. The kernel function is given as

hGaussian(x) =
1√
2πσ

exp(− x2

2σ2 ). (15)

The superlinear function is an interpolator built only for the purpose of veri-
fying the second claim: a uniform function should not be used as the kernel. This
filter has a support width of 4, which is broader than the bilinear kernel; however,
it is still a uniform function:

hsuperlinear(x) =

{
1/2− |x|/4, 0 ≤ |x| ≤ 2,

0, elsewhere.
(16)

Figure 6 shows the above three interpolation kernels. Their corresponding
MI responses with respect to displacements along the x-axis are given in Figure 7.
The left-top subfigure of Figure 7 is the artifact-filled MI response from the linear
PV interpolation. The MI response using a cubic B-spline is given in the right-
top subfigure. Due to the nonuniformity of the cubic B-spline function, for each
transformed pixel its surrounding 4 points contribute to the histogram bin values
at a different pace from that of the outside 12 points. As a consequence, synchro-
nization is broken and the artifact effect is reduced. As is evident, the MI response
curve for the cubic B-spline kernel is quite smooth. The same arguments can be
applied to the Gaussian kernel function. As shown in the left-bottom subfigure,
artifact patterns almost disappear. One should note that the MI optima for both
cubic the B-spline and Gaussian, as evident in the figure, have not been visibly
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Figure 6. Three interpolation kernels. Left: cubic B-spline function. Middle: Gaussian
function. Right: superlinear function.

dislocated, which implies that the ultimate registration estimation can still be very
accurate even though both the cubic B-spline and Gaussian are “blurring” filters.
The right-bottom subfigure shows the registration response from the superlinear
interpolator. Compared with the narrower-support bilinear function, the superlin-
ear interpolator brings more points to smooth up the interpolation procedure; thus,
the artifact pattern becomes less severe. However, as the superlinear interpolator
is still a uniform kernel, the resulting response pattern is far from artifact-free.

2.2. Experiment Results

In this section we demonstrate the robustness of the new interpolation kernels
proposed in the previous section. All the examples contain synthesized misalign-
ments applied to a pair of aligned CT/MR images. This pair of CT/MR images
was obtained from the homepage of the Image Science Institute at the Univer-
sity of Medical Center Utrecht (available online at http://www.isi.uu.nl/Research/
Registration/registration-frame.html).
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Figure 7. Mutual information responses with respect to translations along the x-axis. Left-
top: values for bilinear interpolator. Right-top: for cubic B-spline function. Left-bottom:
for Gaussian function. Right-bottom: for superlinear function.

The experiments were designed as follows: with a 2D CT slice as the refer-
ence image, the floating image was obtained by applying a rigid transformation
to a previously aligned 2D MR image. With 15 randomly generated rigid trans-
formations, we applied three different functions—bilinear, cubic B-spline, and
Gaussian—as the interpolation kernels to estimate the motion parameters. These
transformations were normally distributed around the values of (10◦, 10 pixel, 10
pixel), with standard deviations of (3◦, 3 pixel, 3 pixel) for rotation and translation
in x and y, respectively.

Table 1 depicts the mean and standard deviation of the estimation errors ob-
tained from the three different interpolation kernels. In each cell the left-most
value is the rotation angle (in degrees), while the two right values show the trans-
lations in the x and y directions, respectively. Out of the 15 trials, the linear PV
method failed 5 times, while the cubic B-spline and Gaussian interpolations all
succeeded (“failed” here means that the results had unacceptably large errors). If
we only count the cases that yielded reasonable results, as shown in the first (for
cubic B-spline), second (for Gaussian function), and third (for linear PV) rows,
our approach and the traditional MI have comparable performances, all being very
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Table 1. Comparison of Estimation Errors for Rigid
Motion between the cubic B-spline, Gaussian, and

Bilinear Functions as the Interpolation Kernels

Mean Standard deviation

Cubic B-spline 0.149◦ −0.293 0.148 0.049◦ 0.091 0.198
Gaussian 0.056◦ 0.250 0.128 0.032◦ 0.201 0.218
Bilinear 0.087◦ 0.293 0.383 0.031◦ 0.121 0.129

accurate. Note that Powell’s method was used as the optimization scheme in these
experiments.

Figure 8 depicts an example of the registration results. Figure 8a is the ref-
erence CT image. Figures 8b,c show the floating MR images, before registration
and after registration, respectively. An edge map of the reference CT image is
superimposed on the transformed floating image. As is evident, the registration is
visually quite accurate.

3. SEGMENTATION-GUIDED DEFORMABLE IMAGE REGISTRATION
FRAMEWORKS [14]

In this section we address the second and third challenges pointed out in Sec-
tion 1.2: how to integrate segmentation and registration into a unified procedure
so that the prior information embedded in both processes can be better utilized.

Figure 8. Example of the registration results. The left-most is the reference CT im-
age; the middle is the floating MR image prior to registration, and the right-most is the
MRI after registration. Images were obtained from the homepage of the Image Sci-
ence Institute at the University of Medical Center Utrecht, and are available online at
http://www.isi.uu.nl/Research/Registration/registration-frame.html).
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Registration and segmentation are the two most fundamental problems in the
field of medical image analysis. Traditionally, they were treated as separate prob-
lems, each having numerous solutions proposed in the literature. In recent years,
the notion of integrating segmentation and registration into a unified procedure
has gained great popularity, partially due to the fact that the more practical prob-
lems, e.g., atlas-based segmentation, subsume both segmentation and registration
components.

Yezzi et al. [17] pointed out the interdependence existing in many segmenta-
tion and registration solutions, and a novel geometric, variational framework was
then proposed that minimizes an overall energy functional involving both pre- and
post-image regions and registration parameters. Geometrical parameters and con-
tour positions were simultaneously updated in each iteration, and segmentations
were obtained from the final contour and its transformed counterpart. While this
model and its variants [18,19] are enlightening and pave a promising way toward
unifying registration and segmentation, their applicability range is either limited
to relatively simple deformation types (rigid/affine) [17], or to relatively simple
input images [18, 19].

Vemuri et al. [20] proposed a segmentation + registration model to solve
the atlas-based image segmentation problem where the target image is segmented
through registration of the atlas to the target. A novel variational formulation was
presented that place segmentation and registration processes under a unified varia-
tional framework. Optimization is achieved by solving a coupled set of nonlinear
PDEs.

Another segmentation + registration model proposed by Noble et al. [21] seeks
the best possible segmentation and registration from the maximum a posteriori
point of view. Improvements in accuracy and robustness for both registration and
segmentation have been shown, and potential applications identified. This model
is primarily designed for combining segmentation and rigid registration. While a
non-rigid algorithm was also implemented, the motion field estimation was based
on block-matching of size (7× 7), which is not dense enough for most non-rigid
registration applications.

3.1. Proposed Registration Method

Inspired by the above-mentioned approaches, the work presented in this sec-
tion is aimed at establishing a segmentation-assisted framework to boost the ro-
bustness of non-rigid image registration. Segmentation information is integrated
into the process of registration, leading to a more stable and noise-tolerant shape
evolution, while a diffusion model is used to infer the volumetric deformation
across the image.

Our approach differs from other models in that we use a unified segmentation
+ registration energy minimization formulation, and optimization is carried out
under the level set framework. A salient feature of our model is its robustness
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against input image noise. We present several 2D examples on synthetic and real
data in the implementation results section.

3.2. Segmentation Guided Registration Model

Commonly, the basic input data for a registration process are two images:
one is defined as the fixed (or target) image, I1(X), and the other as the moving
(or source) image, I2(X). In addition to these two image, our model requires
segmentation of the fixed image, indicating a study area of I1(X) as another input
component.

Let C be the boundary curve of the segmentation. We denote by Cin and
Cout, representing the inside and outside areas of curve C. Let C1 and C2 be the
average values for Cin and Cout, respectively.

Contour C can be either input by the user or derived from a training set.
We assume that the region captured by C contains a single object of the fixed
image; therefore, the intensity values of both the inside and outside of the region
should be relatively homogenous. Suppose the fixed and moving images are well
corresponded; then, at the time a perfect alignment is achieved, the intensities in
the warped moving image should also be relatively uniform within both Cin and
Cout. This observation provides the justification for our model, which is designed
based on the following considerations:

In addition to the set of forces generated by the intensity similarity measure
(e.g., SSD) to warp the moving image toward the target, another set of
forces, derived from the region homogeneity constraint, should be utilized
to pull the moving image toward the correct alignment. This set of forces
can provide an extra guideline for the registration process to avoid local
energy optima, which is especially helpful when input images are noisy.

Our solution to the registration problem is to minimize the following energy:

E(V ) =
∫

Ω
[I1(X)− I2(X + V (X))]2dX (17)

+λ1

∫
Cin

[I2(X + V (X))− C1]2dX

+λ2

∫
Cout

[I2(X + V (X))− C2]2dX

+λ3

∫
Ω
||∇V (x)||2dX,

where Ω is the image domain and V (X) denotes the deformation field. λ1, λ2,
and λ3 are three constant parameters that weight the importance of each term in
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the optimization energy. The
∫

[I1(X)− I2(X + V (X))]2dX term provides the
main force for matching two images, while terms

∫
[I2(X+V (X))−C1]2dX and∫

[I2(X + V (X)) − C2]2dX allow the prior segmentation to exert its influence,
aiming to enforce the homogeneity constraints.

∫ ||∇V (X)||2dX is a diffusion
term to smooth the deformation field.

3.2.1. Level Set Formulation of the Model

Functional (17) can be minimized under the level set framework. Introduce a
continuous function φ : Ω→ R, so C = {(X) ∈ Ω : φ(X) = 0}, and we choose
φ to be positive in Cin and negative in Cout. For the level set formulation, we
adopt the model presented in Chan et al. [22]. The new energy, still denoted by
E(V ) is changed to

E(V ) =
∫

Ω
[I1(X)− I2(X + V (X))]2dX (18)

+λ1

∫
φ≥0

[I2(X + V (X))− C1]2dX

+λ2

∫
φ<0

[I2(X + V (X))− C2]2dX

+λ3

∫
Ω
||∇V (X)||2dX.

Using the Heaviside function H , defined by

H(x) =

{
1 if x ≥ 0,
0 if x < 0,

and the one-dimensional Dirac measure δ function, defined by

δ(x) =
d

dx
H(x),

the second and third terms can be rewritten as

E(V ) =
∫

Ω
[I1(X)− I2(X + V (X))]2dX (19)

+λ1

∫
Ω
[I2(X + V (X))− C1]2H(φ(X))dX

+λ2

∫
Ω
[I2(X + V (X))− C2]2(1−H(φ(X)))dX

+λ3

∫
Ω
||∇V (X)||2dX.
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The Euler-Lagrange equation of the functional (19) is given by

∂E

∂V
= 2(I1(X)− I2(X + V ))(−∇I2(X + V )) (20)

+2λ1(I2(X + V )− C1)∇I2(X + V ) ·H(φ(X))

+λ1(I2(X + V )− C1)2H ′(φ(X)) · ∇φ(X)

+2λ2(I2(X + V )− C2)∇I2(X + V ) · (1−H(φ(X)))

+λ2(I2(X + V )− C2)2(−H ′(φ(X))·∇φ(X))

+λ3∇2V,

where

C1 =

∫
Ω I2(X + V )H(φ(X + V )dX∫

ΩH(φ(X + V ))dxdy
, (21)

C2 =

∫
Ω I2(X + V )(1−H(φ(X + V ))dX∫

Ω(1−H(φ(X + V )))dxdy
. (22)

The level set function being used here is φ(X, 0) = D(X), where D(X) is the
signed distance from each grid point to zero level setC. This procedure is standard,
and we refer the reader to [23] for details.

3.3. Experimental Results

In this section we demonstrate the improvement made by our algorithm, with
synthetic as well as real data sets. In both cases we compare the results using
our model with that obtained with the popular Demons algorithm. We apply both
schemes to the same data sets.

The synthetic data example contains a pair of synthetically generated images,
where the fixed image was generated from the movement of a known non-rigid
field. Zero-mean Gaussian noise was then added to each image. The standard
deviation was 20. Figures 9a–b show the two images. In the following examples,
we chose constants λ1 = 0.1, λ2 = 0.1, and λ3 = 1, respectively.

Segmentation of the fixed image was manually obtained, as superposed on the
moving image in Figure 9c. Two registration approaches were then applied: the
Demons algorithm as well as our segmentation-guided registration model. The
Demons algorithm used here relies purely on intensity for registration.

The results are shown in the second row of Figure 9. Figure 9c is the trans-
formed moving image from the Demons algorithm, after the registration was com-
pleted. Figure 9d shows the result with our model. As is evident, the Demons
algorithm had trouble in warping the moving image to a perfect match, which is
partially due to the numerous local energy minima resulting from the huge amount
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Figure 9. Registration results for image set 1. First row: (a) the fixed image, (b) the
moving image. Second row: registration result of (c) using the Demons algorithm, and (d)
using our segmentation-guided registration model. The edge map from the fixed image is
superposed. See attached CD for color version.

of noise existing in the images. However, the registration result generated from
our model is quite accurate, which indicates that the integrated segmentation in-
formation is very helpful in pulling the moving image toward a correct matching.

We designed and carried out a similar experiment on a pair of MRI brain slices.
The images were obtained from the Davis-Mills Magnetic Resonance Imaging and
Spectroscopy Center (MRISC) at the University of Kentucky. The two slices have
substantial disparity in the shape of the ventricles, which is the region of interest.
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Figure 10. Registration results for image set 2. The images were obtained from the Davis-
Mills Magnetic Resonance Imaging and Spectroscopy Center (MRISC) at the University of
Kentucky. First row: (a) fixed image, (b) moving image. Second row: registration result of
(c) using the Demons algorithm, and (d) using our segmentation-guided registration model.
See attached CD for color version.

Figure 10 shows the images and results. Figures 10a,b show the fixed and moving
images, respectively. Figures 10c,d depict the results with the Demons algorithm
(10c) and our segmentation-guided registration model (10d). As can seen, the
former model fails to transform the ventricle area into the desired position, while
the latter accurately achieves the registration goal.
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4. DISCUSSION AND CONCLUSIONS

As we mentioned in the introduction, rigid registration for mono-modality im-
ages is fundamentally a solved problem, which is not the case for multimodality
images. Methods based on statistical similarity measures, such as Mutual Infor-
mation, Joint Intensity Distributions, and Correlation Ratio, are currently the most
popular solutions, but all of them suffer from the interpolation artifact problem.

In Section 2 we quantitatively analyzed the generation mechanism of interpo-
lation artifacts [15]. We concluded that the combination of a linear interpolation
kernel and a translation-only motion type leads to generation of the artifact pattern.
As a remedy we proposed to use nonuniform interpolation functions in estimating
the joint histogram. The cubic B-spline and Gaussian interpolators were compared
and we demonstrated improvements via experiments on misalignments between
CT/MR brain scans.

Though successful in analyzing PV interpolation, we have to point out that
linear interpolation is a more widely used interpolator than PV in many image
processing tasks, such as segmentation and transformation. MI artifacts also ex-
ist for linear interpolation. Several studies [5, 11] have shown that the artifact
patterns generated from linear interpolation is quite in contrast to those with PV:
linear interpolation tends to generate concave registration functions within integer
intervals. An intuitive explanation is that linear interpolation blurs the intensity
values, which likely reduces dispersion of the image histogram.

All in all, the artifacts generated by these two major interpolation schemes
reflect a very general phenomenon: in image registration, when the algorithm
involves combination of a specific interpolation method and a nonlinear measure
based on the joint histogram of the image, serious artifacts in the registration
function will often resulted. Further research on the following topics are worth
undertaking:

What would be the best (in terms of accuracy) interpolation scheme for
Mutual-Information-based image registration?

What are the artifact patterns for other popular similarity measures, such
as the Correlation Ratio (CR) and Local Correlation (LC).

Is there a general and systematic solution to this entire interpolation artifact
problem?

Comparing recovery of non-rigid deformation from two or multiple images
with rigid registration is a far more complicated problem, from both the theoretical
and computational points of view. Unifying/combining registration with segmen-
tation provides a promising direction that should lead to a better solution of this
problem.
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In Section 3.2 we presented a segmentation-guided non-rigid registration
framework [14] that integrates the available prior shape information as an ex-
tra force to lead to a noise-tolerant registration procedure. Our model differs from
other methods in that we use a unified segmentation + registration energy minimiza-
tion formulation, and optimization is carried out under the level set framework. We
showed the improvement accomplished with our model by comparing the results
with that of the Demons algorithm. To explore other similarity metrics under the
same framework to handle more complicated inputs will be the focus of future
work.

Compared to the registration algorithms that rely purely upon intensity cor-
respondence, our segmentation-guided registration approach has the particular
advantage of being robust. However, limitations of our technique also exist, one
of which is that we assume that the segmentation of the reference image is available
before registration is carried out. In many atlas-based applications, certain prior
segmentation/shape data are available, but it is not necessary that one generate
exactly from the reference image. Such prior shapes are more likely obtained
from certain previous population analyses, bearing more statistical commonality
than precise details. A novel approach to interpreting commonality can be found
in [24]. These investigators modeled the statistical shape information of a training
set as a sparse group of critical points, each of which can provide an individual
force to lead to a smoother and more consistent registration process. A number
of experiments performed on both synthetic and real images demonstrated the
beneficial effects of the statistical boundary information in improving registration
robustness. However, it is foreseeable that these methods will produce less smooth
results for noisy inputs if the boundary points are not sampled densely enough. All
in all, how to better interpret and integrate available statistical information, and,
more ambitious, how to unify segmentation and registration into a single procedure
are challenging research directions well worth exploring.
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Active Contour Models (ACMs), 196, 335–336

in mammograms, 135–161
in right-ventricular imaging, 347–349
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and breast boundary identification, 135–142
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Acute renal rejection and deformable models,
293–330

Acute tubular necrosis, 296
AdaBoost algorithm, 110, 112–113
Adaptive active deformable contour model

(AADCM) in breast boundary determination,
142–154

Adaptive behavior selection, 427–428
Adaptive inflation, 340
Adaptive subdivision scheme, 340–341
Adjoint linearized residual operator, 80–83
Adjoint operator, 79
Affine transformation, 520–521

Affinity function, 200–201, 211
Affinity operator, 200, 211, 215, 217
Alignment estimation in direct appearance

model (DAM), 118–119
Allowable Shape Domain (ASD), 354
Allowable ST Shape Domain (ASTSD), 375,

379, 381
Analytical derivation on β, 458–460, 463–467
Analytical estimation of α, 462–463
Anatomical landmarks in Gated Single Positron

Emission Computer Tomography
(Gated-SPECT), 168

Anatomical models, segmentation-based,
260–261

Angiogram, 433–434
Antimicrobials and bacterial biofilms, 2
Apex, 168
Appearance

in deformable models, 92
estimation in direct appearance model

(DAM), 118–119
model, 174–175, 482

Arc intensity sensor, 421
Arrhythmogenic Right-Ventricular Dysplasia

(ARVD), 347
Arrival time

in fast marching method, 246, 248
in shifted grid fast marching method, 252

Artifacts in dual-level-set method, 220–223
Artificial life (AL), 391–394
Astrocyte cells, segmenting, 380, 383
Atlas-based segmentation, 521
Attenuation

in computerized tomography, 63, 67
distribution, 72
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Automatic deformable model-based approaches,
391–392

Autotrophic bacteria, 2
Axial slices in gated Single Positron Emission

Computer Tomography (Gated-SPECT), 169

Background marker, 268–269, 273–275,
283–285

Background mask, 283–285
Background points, 33–34
Backprojection, 64–65
Backtransport, 82
Bacteria in biofilms, 1–3
Bacterial biofilms

antimicrobial resistance, 2
diffusing substances equations, 5–6
examples of modeling, 24–27
level set method of simulating, 8–23
mathematical model of, 3–5
modeling of, 6–7
properties of, 1–3
structure equations of, 4

Balloon energy term, 148–149
Balloon force, 199

in breast contour, 148
Balloon model in deformable models, 262
Bandpass filter in dual-level-set method,

216–219
Bayesian classifier, 316, 327
Bayesian framework in texture-constrained

active shape model (TC-ASM), 108–109
Bayesian network, 483
Behavior layer of deformable organisms,

422–428
Bend deformations, 414, 416–419
Bending in deformable organisms, 413–414
Bending springs, 414, 416–417
Bicubic interpolation function, 19–21
Bifurcation

in deformable animals, 433–434
verification, 428

Binarization procedure in breast boundary
determination, 135–139

Binary images
and distance transform algorithms, 33–57
in image partitioning, 269

Binary media, 75–76
Biofilm/fluid interface, advancing, 18–23
Biofilms. See Bacterial biofilms
Biopsy, 294
Bland-Altman plots, 183–185
Blood cell in dual-level-set method, 216–219
Boltzmann-Gibbs entropy, 485

Boltzmann-Gibbs-Shannon (BGS) entropy,
486–487

Border points, 34, 36
Borgefors’ Chamfer distance algorithm, 41–44
Boundaries

irregular in bacterial biofilms, 9–15
penalizing total length of, 74

Boundary conditions of bacterial biofilms, 3–5
Boundary elements, 336
Boundary expansion, 411–412
Boundary extraction procedure, 213
Boundary image interface, 489
Boundary integral method, 9
Boundary layers and interface speed, 9
Boundary noise and medial curve, 467–469
Boundary points

in fast marching method, 238
and polyline distance, 500–502

Boundary representation of object, 399
Brain

and diffuse optical tomography (DOT), 84
and imaging by dual-level-set method,

223–225
imaging using deformable organisms,

430–433
segmentation from tumors, 278–279

Breast
detection of contour, 133–161
imaging of, 478–479

Breast boundary, 133–161
and active deformable contour model,

135–142
and adaptive active deformable contour

model (AADCM), 142–154
Breast lesions

diagnosis of, 479–480
identification of, 483–484
region tracking, 484–494

Bulging in deformable organisms, 412–414, 416

Cardiac segmentation and statistical deformable
models, 163–190

Cartesian domain
three-dimensional, 243–245
two-dimensional, 239, 241

Cauchy problem, 229
Caudate nucleus

imaging of, 430–433
modeling using medial patches, 434–437

Cellular automata based model of biofilms
simulation, 2

Central surface calculation in myocardia, 181
Chain-code method, 141
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Chain Rule, 490
Chamfer distance algorithm (CDA), 34–35, 53
Chamfer metric, 447, 456
Chan-Vese multiphase level set function, 288
Chapman-Enskog expansion, 230
Characteristic function, 67, 199
Chessboard distance, 447
Chessboard distance transform algorithm,

41–44, 53–57
Cine MRI, 189
Circular isocontour, 49
Cityblock distance transform algorithm, 41–44,

53–57
Classical snakes, 336–337
Cluster graph, 463–467

in multiple medial curve extraction, 458–459
Cognitive systems of deformable organisms,

426–428
Colonoscopy, virtual, 471–472
Columbia database, 497, 499
Complexity analysis in multiple medial curve

extraction, 462
Compton scattering, 167
Computational vision, 478–479
Computer-aided diagnosis (CAD), 134
Computer vision, 235–236
Computerized tomography (CT), 171, 294, 518

image reconstruction, 67
and level set techniques, 63–66
numbers, 286–287
and tissue density, 285–287

Concavity, 271, 273
Connected thresholding, 298–299
Constraining contour deformation, 366–367
Content-Based Image Retrieval, 483
Continuity energy, 148–149
Continuum model of biofilms simulation, 3
Contours

in classical snakes, 336–337
constraining, 366–367
dual active, 197–199
in dual-T-Snakes, 200–201, 204–206
in kidney image analysis, 296–298, 303
represented by DCT coefficients, 366

Contrast echocardiography, 347
Controller layers in deformable organisms, 391,

394
Convergence criteria in three-dimensional shape

model (ASM), 178
Coordinate transformation, 522
Coronary artery disease, 164
Corpus callosum (CC), 338

and deformation fitting schedule, 405–408
mesh model deformations, 419

segmentation, 389
Correlation ratio, 538
Correspondence in vector spaces, 97
Cortex

imaging of, 297
segmentation of, 327–329

Cost function, 377
Covariance matrix, 362

in appearance model, 174
Cross-correlation in kidney image analysis, 297
CSED algorithm, 46–47, 53–57
CT. See Computerized tomography (CT)
Cubic B-spline approximation, 528–531
Curvature constraints in breast contour, 151–153
Cystic fibrosis and quorum-sensing, 6–7

Danielsson’s distance transform algorithms,
39–41

DCT-Truncation-Projection-IDCT, 370–371
Dead Reckoning Algorithm (DRA), 44, 53–57
Decision functions in deformable organisms, 427
Deformable model-based image registration,

517–539
Deformable model segmentation methods,

388–389
Deformable models, 195–197

for acute renal rejection, 293–330
algorithm and segmentation results, 315–317
and attraction to image features, 355–356
dynamic, 337
energy-minimizing, 335–351
extensions, 339–346
for facial image analysis, 91–129
for improved automation, 259–289
and kidney segmentation, 301–317
for medical image analysis, 335–383
multiple-region segmentation, 288–289
probabilistic, 345–346
robustness of, 283–285
spring-mass mesh models, 344–345
surface, 346
and tissue density applications, 285–287
and two dimensional shape models (ASMs),

372–383
validation of, 277–285

Deformable organisms
behavior layer of, 422–428
and brain imaging, 430–433
cognitive system, 426–428
controlling shape deformation, 397–420
geometrical layer of, 395–396
layered architecture of, 395–428
for medical image analysis, 387–438
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perception system, 420–422
physical layer, 396–397
physically based, 433

Deformable spatiotemporal shape models,
372–383

Deformable surface models, 346
Deformable surfaces, 171, 195, 201
Deformation amplitude, 412–413
Deformation capabilities in deformable

organisms, 396–397
Deformation controllers, 391, 394
Deformation field, 533
Deformation maneuvers, 390–391
Deformation of shapes and level set techniques,

68–70
Deformation operators, 398, 401–402
Deformation parameters, 405, 409
Deformations

controlled, 401–405
learned using internal spring actuation,

414–418
medial-based, 411
with medial patches, 405–409, 433–437
with medial profiles, 398–405
in mesh model, 411
operator-based localized, 412–414
physics-based, 418–420

Demons algorithm, 535–537
Density estimation, 300, 305, 307–308, 313–317
Density function, 304–305
Descent direction, 70
Descent flow, 73
Diagonal points in fast marching method, 241
Diastolic ventricular function, 165–166
Dice Similarity Coefficient (DSC), 280–281
Diffuse optical tomography (DOT), 76–87

gradient technique for, 79–80
numerical experiments for, 84–87

Diffusing substances equations, 5–6
Diffusing substances in bacterial biofilms, 3, 5–6
Diffusion in bacterial biofilms, 5
Diffusion reaction equation, 211
Digital phantoms, 170, 186, 189
Dijkstra Vectors (DV), 45
Dijkstra’s graph algorithm, 44–45
Dirac delta distribution, 69–70, 72
Direct appearance models (DAMs), 92, 98–105

alignment and appearance estimation,
118–119

computation of subspaces, 117–118
multi-view, 102–104, 119–122
search, 101–102

Directional bulge, 412–413
Directional derivatives, 240–243

Directional thinning methods, 447
Discrete Cosine Transform (DCT) coefficients,

364–372
Discrete Gaussian (DG), 307–308
Discrete version of external potential, 345
Disjoint gradients, 272
Distance gradient vectors, 261
Distance in Skeleton by Influence Zones (SKIZ),

264–265
Distance map, 318, 324
Distance metric (DM), 436
Distance transform algorithms, 33–59

Borgefors’ Chamfer distance algorithm,
41–44

Dijkstra’s graph algorithm, 44–45
8SED, 39–41
evaluating, 47–59
4SED, 39–31
Grevera’s improved 8SED algorithm, 39–41
Ragnemalm’s CSED algorithm, 46–47
simple, 37–38
SimpleList, 38–39, 49–50

Distance transform methods in flight path
generation, 447–448

Donut’s shape and medial curve, 472
Doppler sonography, 294
DOT. See Diffuse optical tomography (DOT)
Driving force in dual active contour models, 198
Driving velocity, 206

in dual-level-set approach, 210–212,
217–223

Dual active contour models, 197
Dual-Level-Set algorithm, 215
Dual-level-set method, 203–230

and blood cell filtering, 216–219
in brain imaging, 223–225
driving velocity, 210–212
and electron micrography image, 220–223
narrow band condition, 209–210

Dual markers, 260
Dual-T-Snakes model, 196–230

algorithm, 200–202
driving velocity, 210–212
dual-level-set results, 215–223
initialization, 207–208
narrow band method, 209–210
numerical methods, 206–207
segmentation framework for, 213–215

Dynamic Bayesian Network (DBN), 482
Dynamic Contrast Enhanced Resonance Imaging

(DCE-MRI), 294–295
and kidney imaging, 322–327
protocol, 301–302
and renal image analysis, 296–298
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Dynamic deformable models, 337
Dynamic programming, 377–379
Dynamic spring-mass mesh model, 410–412

8SED algorithm, 39–41, 53–57
Echocardiography, 364
Edge detection in kidney image analysis, 297
Eigenvalues, 172
Eigenvectors, 172, 360–361
Eikonal equation, 235–239, 245, 266, 450, 457
Ejection Fraction (EF), 165, 184–187
Electron micrography image in dual-level-set

method, 220–223
Elliptic equations, solving, 9–15
Embedding function, 215, 224, 228
Emory Cardiac Toolbox (ECTB), 170
End Diastolic Volume (EDV), 165–166, 184,

186–188
End Systolic Volume (ESV), 165–166, 184–186
Endocardial excursion, 182
Endogenous decay, 7
Endpoints removal in virtual endoscopy, 446
Energy functional, 141–142, 213–214, 300, 342

in image segmentation, 261–262
minimization of, 149, 151–152

Energy minimization, 260–262
in deformable models, 335–351

Enrichment functions, 10–11
Entropy

in breast lesions, 480
condition in T-Snakes model, 200
extensive, 487
and image segmentation, 487–488
non-extensive, 494
subextensive, 487
superextensive, 487
Tsallis, 485–488, 504–505

Epicardial surface, 181
Erosion filter, 297
Error propagation, 503
Errors in multi-stencils marching (MSFM)

method, 248, 251–252
Euclidean 3x3 Window distance transform

algorithm, 41–44
Euclidean distance, 324, 447–448, 457–458,

460–462, 501
Euclidean Distance Function, 494
Euclidean distance transform, 269
Euler-Lagrange equation, 337, 535
Euler method of medial curve extraction,

454–455
Evolution equation, 204
Expansion coefficients, 71–72

Expectation-Maximization (EM) algorithm, 305,
308–311

results of, 315–317
sequential initialization, 311–313

eXtended Finite Element Method (X-FEM),
9–15

and level set method, 14–15
Extensive entropy, 487
Extensive systems, 486–487
External energy

in breast boundary determination, 148
in kidney image analysis, 303–304
in snakes, 336–337

External energy function, 141
External forces

in deformable models, 262
in deformable organisms, 411, 414–415
in snakes, 339

Extracardiac uptake in gated Single Positron
Emission Computer Tomography
(Gated-SPECT), 169

Extracellular polymeric substances (EPS), 2–3, 7

4SED algorithm, 39–41, 53–57
Face alignment, 92

evaluation for, 110–117
in texture-constrained active shape model

(TC-ASM), 126–129
Facial image analysis, 91–129
False-negative pixels, 154, 160
False-positive pixels, 154, 160
Fast marching level sets, 298–299, 318
Fast Marching Method (FMM), 21–23, 236–238,

253, 266, 447–448, 454, 456–457
numerical experiments of, 245–252

Feature extraction algorithms, 483
Feed-Forward Neural Network (FFNN), 483
Femoral bone, segmentation of, 281–282
Field extremum points, 448
Filtered backprojection in computerized

tomography, 64–65
Finite-difference schemes, 490

for dual-snake models, 203
Finite-Element Methods (FEMs), 9, 226–227,

346, 360–362
First-order multi-stencil fast marching (MSFM)

method. See Multi-stencils fast marching
(MSFM) method

Fitting schedule for deformation, 405–408
Fixed image, 533, 536–537
Flexural force in snakes, 339
Flight path generation in virtual endoscopy,

446–449
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Floating distance field, 458
Floating image, 522, 524
Force in parametric deformable models, 270–271
Force vectors in three-dimensional active shape

model (ASM), 176
Foreground mask, 283
Fornix dip, 425, 429
Fréchet derivative of R, 79
Free-form deformation mechanisms, 397
Freezing point in T-Snakes model, 200–201
Frequency-based boundary representation, 364
Front evolution in dual-T-Snakes model,

201–202, 204–206
Front propagation, 229–230, 266–267
Fronts

moving in Dual-T-Snakes model, 210–212,
217–223

tracking monotonically advancing, 235–257

Functional analysis in Gated Single Positron
Emission Computer Tomography
(Gated-SPECT), 181

Functional MRI, 518
Fuzzy segmentation methods, 211

GAC. See Geodesic active contour model
Gadolinium diethylene triamine pentaacetic acid

(Gd-DTPA), 295
Galerkin method, 227
Gated Single Positron Emission Computer

Tomography (Gated-SPECT), 163–190
challenges in, 166–169

description of, 164–165

studies of, 179–181

Gaussian function, 300, 493, 528–531
Gaussians in kidney image analysis, 311–313
Generalized solutions of level-set problem,

228–229
Generalized Voronoi diagram, 263
Genetic algorithms, 358–359
Genu, 428–430
Geodesic active contour model, 262, 272–273,

279, 298–299
robustness of, 283–285

Geodesic distance, 175–176
Geodesic snakes, 196
Geodesic topographic distances (GTDs), 261,

264–265
computing, 266–267

transform and image partitioning, 268–270

Geometric deformable models (GDMs), 260, 263
testing, 273–277

Geometric regularization, 73–76

Geometrical corpus callosum deformable
organisms, 420, 422

applications of, 428–430
Geometrical layer of deformable organisms,

395–396
Geometrically based deformable corpus

callosum, 395–396
Gimp program, 154
Global alignment in physics-based deformable

organisms, 425
Global shape model, 92
Global transformation, 520
Gradient descent algorithm, 449
Gradient direction, 66

calculating, 80–83
of J, 79

Gradient Vector Flow (GVF), 211
in deformable models, 262, 288

Gradient vector flow snakes, 342, 344
Gradients

in geodesic topographic distance transforms,
269

in parametric deformable models, 270
Graph cuts, 298
Gray-level appearance

modeling, 354
and spatiotemporal shapes, 373

Gray-level distribution in kidney image analysis,
301–304

marginal density calculation, 305, 307–309,
317–318

Gray-level mismatch value, 377
Gray-level model, 358
Gray-level training for spatiotemporal shapes,

376
Gray-level values, 136
Gray matter and imaging by dual-level-set

method, 223–225
Greedy algorithms, 151, 214–216

propagation, 316
Greedy snake model, 219
Grevera’s improved 8SED algorithm, 39–41
Grid points, 17, 21

in fast marching method, 236–238
frozen, 210

Ground truth, 502
Group Marching Method (GMM), 236
Growth pattern in biofilms, 24, 26

Hamilton-Jacobi equation, 70–71, 229–230
Hausdorff distance, 478, 481, 484–485, 494
Hausdorff-Tsallis level set algorithm, 494–495
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Heart
dilation of and statistical deformable models

for cardiac segmentation, 186
motion in gated Single Positron Emission

Computer Tomography (Gated-SPECT),
167

size and statistical deformable models for
cardiac segmentation, 185

Heaviside function, 7, 72, 534
Hemispherical sensor, 421–422, 428
Henyey-Greenstein scattering function, 78, 84
Hessian sensors, 421, 436
Heterotrophic bacteria, 2
Heun’s method of medial curve extraction, 455
Hierarchical boundary-based shape models, 397
Hierarchical regional principal component

analysis (PCA), 403–405, 410
and mesh model deformations, 419

Higher Accuracy Fast Marching method, 236
Hough transform, 296–297, 424
Hybrid segmentation in deformable models,

262–263

Image
in breast boundary determination, 135–161
brightness, 498, 500
discontinuities in density, 207–208
discontinuities in intensity, 492–493
domain, 533
energy, 200–201
multimodality, 519
searching of, 357
sequencing using object tracking, 496–497,

499
synthetic in dual-level-set method, 215–216

Image force, 199
in deformable organisms, 411

Image gradient
in mammograms, 148–150, 152
in snakes, 342

Image matching in kidney image analysis, 297
Image partitioning based on geodesic

topographic distance transforms, 268–270
Image planes in three-dimensional active shape

model (ASM), 175
Image reconstruction in computerized

tomography, 67
Image registration, 517–539

segmentation-guided, 531–537
Image resolution in gated Single Positron

Emission Computer Tomography
(Gated-SPECT), 167

Image segmentation, 365–372

and deformable models, 259–289
and entropy, 487–488

Immersed boundary method, 9
Immersed interface method (IIM), 9, 11–14
Implicit snake, 489
Individual based model (IbM) of biofilms

simulation, 2
Inert biomass, 7
Infinite impulsional response (IIR), 264

filter, 278
Inflation force, 339–340
Inflection count metric (ICM), 436
Initialization dependency, 260, 262
Input image noise, 533
Intensity curves in image analysis, 298
Intensity gradient in snakes, 339
Intensity profiles, 354
Intensity similarity measure, 533
Intensity transformation, 519–520
Interaction steps in dual-level-set method,

215–216
Interactive deformable models, 391
Interface speed, 9
Internal energy, 197–198

in breast boundary determination, 148
in deformable organisms, 414
in kidney image analysis, 303
in snakes, 336–337

Interpolation artifact effects, 521, 523–531
Interpolation kernel, 526–531
Interstudy variability in Gated Single Positron

Emission Computer Tomography
(Gated-SPECT), 181

Inverse compositional algorithm, 92
Inverse discrete cosine transform (DCT)

coefficients, 365–366, 369–370
Inversion for shape and texture, 71–73
Isocontours

in fast marching method, 246–247, 249–251
in kidney imaging, 317–324

Isometric search in facial image analysis, 106
Isotropic fast marching method, 454
Isotropic grid spacing, 241–243

Joint intensity distributions, 538

Kalman filtering, 359–360
Kalman snakes, 373
Kernel-based estimation of shape density

distribution, 363
Kidney

diseases of, 296
local deformation, 317–326
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motion of, 317
segmentation of, 297–298, 301–317
transplantations and rejection, 294–295

Lagrange maximization, 310
Lagrange multiplier, 349
Landmarks, 360, 362, 364

automatic generation for point distribution
models, 356–363

coordinates, 352, 354
detection in deformable model, 389–391
positions, 355–356
searching for by deformable organisms,

393–394
in spatiotemporal shape segmentation,

377–379
in three-dimensional active shape models

(ASMs), 172–173
Latch-to-upper boundary behavior, 422
Lateral ventricle modeling using medial patches,

433–436
Leakage

in geodesic active contour level set, 272
in image segmentation, 260, 262

Least-squares cost functionals, 66, 79
Left thickness profile in 2D shape representation,

398–400, 406
Left thickness spring, 417
Left ventricle

image segmentation of, 169–170, 364,
367–372

and spatiotemporal shape determination,
380–382

volume, 178
Length profile in 2D shape representation,

398–400, 406
Level set formulation, 494–495

for dual snake models, 195–230
and object tracking, 477–512
of segmentation-guided image registration,

534–535
Level set function, 18, 23
Level set techniques

for bacterial biofilm simulation, 8–23
and eXtended Finite Element Method

(X-FEM), 14–15
and geodesic active contour, 272–273
in medical imaging, 62–87
for nonlinear inverse problems, 76–87
and shape deformation, 67–70
and shape evolution, 70–71
theoretical perspectives, 226–230

Levy distance, 312–313, 315

Linear attenuation coefficient, 286
Linear combination of discrete Gaussians

(LCDG), 305, 308–313, 317–319
classification of components, 313–317

Linear interpolation, 538
Linear inverse problems and level set techniques,

63–76
Linear ramp function, 11
Linear transport equation, 77
Linearized residual operator, 80–83
Linearized sensitivity functions, 76
Liver, segmentation of, 277, 280–281
Lloyd-Max algorithm, 135, 139
Local appearance model, 92
Local correlation, 538
Local transformation, 520–521
Localized bending, 413–414
Localized scaling, 412–415
Localized tapering, 413–414
Log likelihood ratio (LLR), 114–116
Loops and medial curve, 460
Lower boundary in geometrical deformable

organism, 428
Lungs, segmentation of, 277

Magnetic resonance angiography (MRA),
436–437

Magnetic resonance imaging. See MRI
Mahalanobis distance, 174–175, 482
Mammograms, 478–479

and active contour models, 133–161
and lesion imaging, 506–511

Manhattan distance, 447
Markers

in deformable models, 278, 280
in geodesic topographic distance transforms,

268–270
in parametric deformable models, 283–285

Markers in Skeleton by Influence Zones (SKIZ),
265

Markov models, 298
Mass attenuation coefficient, 286
Mass balance equations for biofilms, 3–5
Maximum a posteriori solution, 346
Mean profile in appearance model, 174
Medial axis transform, 35
Medial-based deformations, 411
Medial-based operators and shape deformations,

401–403
Medial-based shape representation, 395
Medial curve, 445–449

and boundary noise, 467–469
clinical datasets of, 469–470
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extraction algorithm, 460–461
of loops, 460
multiple extraction, 457–460
numerical integration methods for, 454–456
single extraction, 454
and speed function derivation, 451–453
validation and sensitivity analysis, 462–469

Medial curve extraction algorithm, 460–461
Medial curve extraction framework, 449–462
Medial patch-based deformations, 433–437
Medial patches and 3D shape representation,

405–409
Medial Point Replacement (MPR) method, 447
Medial profiles

and deformation, 398–405
by hierarchical regional PCA, 403–405
for shape reconstruction, 399–401
for shape representation, 399

Medial voxel, 451–453
Medialness function, 456–457
Medical image analysis

and deformable models, 335–383
by deformable organisms, 387–438
segmentation, 388

Medical imaging, 35, 517–518
and level set techniques, 62–87

Medulla structures, imaging of, 297
Mesh

connectivity, 409
deformation of, 175, 415–416, 419
discrete, 171
displacement of, 178
dynamic spring-mass model, 344–345,

410–412
and intersection of image planes, 175
in level-set method, 227
modes, 409–412

Mini-MIAS (Mammographic Image Analysis
Society) database, 142, 152

Minimum cost path, 449–450
Model components, classification of, 313–315
Model initialization in physics-based deformable

organisms, 424–425
Modified Dijkstra Dead Reckoning (MDDR)

algorithm, 45, 53–57
Monotonically advancing fronts, tracking of,

235–257
Morphable model, 96–97
Morphological opening operator, 137
Motion tracking, 373
Motor system in deformable organisms, 396–397
Mouse forces in deformable organisms, 411
Moving image, 533, 536–537
Moving-in set, 524–526

Moving-out set, 524–526
MR renograms, 295
MRI, 170–171, 173, 189, 518–519
Multi-phase segmentation, 177–178
Multi-resolution

image search, 357
in three-dimensional shape model (ASM),

179
Multi-stencils fast marching (MSFM) method,

237
numerical experiments of, 245–251
pseudocode of, 253–257
2D, 239–243
3D, 243–245
upwind condition, 242–243, 245

Multi-view direct appearance model (DAM),
119–122

Multi-view face alignment, 102
Multiple Hypotheses Tracking (MHT)

algorithm, 482
Multiple region concurrent coupled

segmentation, 288–289
Mumford-Shah functional, 75–76
Muscle actuation in deformable organisms, 414
Mutual Information (MI), 304–305, 538

metric, 521–531
Myocardial central surface, 181
Myocardial perfusion, 164
Myocardium and left ventricle segmentation,

169–170

Narrow band technique, 228, 490, 494
for dual-snake models, 203
for Dual-T-Snakes, 209–210

Narrowband points, 238
Narrowband technique

in fast marching method, 253
Neonates and tissue density, 287
Newton-Raphsor method, 508
Newtonian potential field, 448
Newton’s second law of motion, 344
Nipple region, 160
Nitrifying bacteria, 1–2
Noise, speckle, 498
Non-evolutionary dual model, 199
Non-extensive entropy, 494
Non-isometric search in facial image analysis,

106
Non-(multi)fractal boundary conditions, 486
Non-rigid body registration, 521
Non-rigid image registration, 521, 532
Non-rigid object deformations, 397
Non-rigid time-varying objects, 372–373
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Nonlinear inverse problems and level set
techniques, 76–87

Normalized error, 502–503
Normalized gray-level profiles in appearance

model, 174–175
Nuclear imaging, 294
Nucleolus, 220–221
Numerical integration methods for medial curve

extraction, 454–456
Numerical methods in Dual-T-Snakes model,

207–208

Object boundaries, 198
Object marker, 268–269
Object recognition, 477
Object tracking

experimental results of, 495–511
and level set formulation, 477–512

Off-board arc sensor, 420–421
Off-board sensors, 420–421
On-board sensors, 420
Operator-based localized deformations, 412–414
Operator profile, 401–402
Optical flow, 349–352
Optical Flow Approach (OFA), 498–500,

503–504
Optical flow constraint equation, 500
Optical flow snake forces, 346–352
Ordered propagation, 35
Ordinary differential equation (ODE), 454
Orientation profile in 2D shape representation,

398–400, 406
Overlapping vessels, 433–434

Pairwise corresponder, 356
Papillary muscles, 168
Parallel thinning methods, 446–447
Parameter dependency, 260, 262
Parameterization of shapes, 374
Parametric active surface model, 270–271
Parametric deformable models (PDMs), 196,

259–260, 263, 270–273, 283–284
testing, 273–274

Partial differential equations (PDEs), 445
Partial volume effect in gated Single Positron

Emission Computer Tomography
(Gated-SPECT), 168

Partial volume interpolation, 523–524
Parzen window method, 523
Path Coherent Function (PCF), 482
Patient motion in gated Single Positron Emission

Computer Tomography (Gated-SPECT), 167
Peak Filling Rate (PFR), 165–166, 185–186

Penalized-distance algorithm, 447–448
Perception system of deformable organisms,

420–422
Perfusion defect area assessment, 182
Perfusion defects, 167–168
Perfusion map, 182
Perturbation function, 80–81
Phase difference movement detection (PDM),

364
in kidney image analysis, 297

Photon absorption, 167
Photon propagation in diffuse optical

tomography, 77–79
Photons in Gated Single Positron Emission

Computer Tomography (Gated-SPECT), 167
Physical layer of deformable organisms,

396–397
Physically based corpus callosum deformable

organism, 395–396, 422–425, 433
Physics-based deformable organisms, 433, 435

sequential behavior selection, 427
Physics-based shape deformations, 409–420
Picture archiving and communication systems

(PACS), 134
Point Distribution Models (PDMs), 172–173,

179, 354, 360–362, 403
and automatic landmark generation for,

356–363
Point-objects, 48–49, 51–59
Point position accuracy in texture-constrained

active shape model (TC-ASM), 122–123
Polyline distance, 500–502
Polyline Distance Measure (PDM), 498,

500–502
experiments, 502–511

Pose parameters, 355, 379
Position decision function, 425
Positron emission tomography, 518–519
Potential field methods in flight path generation,

448–449
Prediction model in direct appearance model,

99–101
Pressure force in parametric deformable models,

270–271
Principal Component Analysis (PCA), 212, 298,

352–354
hierarchical regional, 403–405
reconstruction error, 111
and spring actuation, 415, 417
in statistically constrained snakes, 364–366

Probabilistic formulations, 345–346
Probability density function, 488
Probability density in kidney image analysis, 309
Probability functions, 523
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Projective transformation, 520
Propagating front in deformable surfaces,

489–490
Propagation force, 260
Propagation speed, 325
Pseudomonas aeruginosa, quorum-sensing in

biofilms, 6–7, 24
Putamina, imaging of, 430–433

q entropy, 488, 505–508
Quantitative gated-SPECT algorithm (QGS),

169–170, 183–190
Quantization level in breast boundary

determination, 135–136
Quorum-sensing

in Pseudomonas aeruginosa, 6–7, 24

Radial basis functions (RBFs), 449
Radial bulge, 412
Radial vector field, 222–223
Radiation dosimetry, 285–287

and anatomical models, 260–261

Radiative transfer equation, 77
Ragnemalm’s CSED algorithm, 46–47
Range compression operation, 135
Raster scanning algorithm, 35
Ray tracing algorithm, 35
Reconstruction-by-dilation, 267–268
Reconstruction-by-erosion, 268
Reconstruction error, 127–129
Reference image, 522, 524
Region homogeneity constraint, 533
Region segmentation, 482–483
Regional alignment in physics-based deformable

organisms, 425
Regional rotation/translation, 411
Registration-assisted segmentation, 521–522
Relaxation models for front propagation,

229–230
Renal image analysis, 295

using Dynamic Contrast Enhanced
Resonance Imaging (DCE-MRI),
296–298

Renal rejection and deformable models, 293–330
Renal transplantations, 294
Renogram, 327
Residual error, 358
Rest length, 412–414, 417
Right thickness profile in 2D shape

representation, 398–400, 406
Right thickness spring, 416
Right-ventricular imaging, 347–349
Rigid transformation, 520–521

Robustness of deformable models, 283–285
Rotation forces in deformable organisms,

414–415
Rough surface and boundary noise, 467–469
RR interval, 164–165
Runge-Kutta methods of medial curve

extraction, 455–456

Scale-invariant internal energy function, 197
Scaled-up absolute deviation, 313–314
Scaling

localized, 412–415
transformation, 520

Scattering function, 78
Scintigraphy, 294
Search profile, 355, 357
Search space, 491

in Dual-T-Snakes model, 213–216
Second-order multi-stencils fast marching

(MSFM) method. See Multi-stencils fast
marching (MSFM) method

Seed points, 449
Segmentation

algorithm, 143
of cortex, 327–329
in deformable organisms, 426–427
framework for dual snake models, 213–215
in geometrical deformable organism,

428–433
initialization of, 176–178
in kidney image analysis, 320–323
of kidneys, 301–317
of left ventricle, 169–170
methods in breast lesions, 480
multi-phase, 177–178
by snakes, 343

Segmentation guided registration, 521–522,
531–537

experimental results, 535–537
model, 533–535

Sensitivity functions, 82–83
Sensors, 518

in deformable organism, 420–422
Separating threshold, 269
Sequential behavior selection, 427
Sequential expectation-maximization

initialization, 311–313
Shannon entropy, 480, 485–486
Shape, 355

configuration decision, 427
evolution and level set techniques, 70–71
in facial image analysis, 98, 103, 107–108
in imaging, 345
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and level set representation, 67–68
penalizing area of, 75

Shape based deformable models, 91–129
Shape-based inversion, 71–73
Shape-based segmentation, 298–300
Shape deformation

controlling, 397–420
and level set techniques, 68–70
2D physics-based, 409–418
using medial-based operators, 401–403

Shape density distribution, 363
Shape model, 197, 358, 398, 482

construction of, 304–306
in Dual-T-Snakes, 211–212
initialization of, 176–178
new instance of, 176

Shape positioning in three-dimensional active
shape model (ASM), 175

Shape probability density function (PDF), 363
Shape profile by hierarchical regional PCA,

403–405
Shape reconstruction from medial profiles,

399–401
Shape recovery, 207
Shape representation

medial profiles for, 399–400
using medial patches, 405–409

Shape variations
modeling, 352–354
in point distribution model, 173
in statistically constrained snakes, 364–365

Shaped-based reconstruction in computerized
tomography, 67

Shearing transformation, 520
Shifted Grid Fast Marching method (SGFM),

236, 252
Signal concentration, 27

threshold for quorum-sensing, 7, 24
Signal drops in Gated Single Positron Emission

Computer Tomography (Gated-SPECT), 167
Signal-to-noise ratio, 479–480
Signaling molecule in P. aeruginosa, 6–7, 24
Signals in bacterial biofilms, 2, 24
Signed distance, 304
Signed-distance function, 84, 490
Signed distance map, 304–305, 307, 313
Similarity criteria, 522
Similarity transformations in deformable

organisms, 414–415
Simple distance transform algorithm, 37–38,

53–57
SimpleList distance transform algorithm, 38–39,

49–50, 53–57
Simplex Meshes, 346

Single photon emission computed tomography,
518–519

and statistical deformable models, 163–190
Singular points, 204
Singular-value decomposition (SVD), 212
Skeleton by Influence Zones (SKIZ), 263–265
Skeletonization of images, 35
Skin-air boundary information, 134, 136,

140–141
Smart snakes, 351–363
Smooth surface and boundary noise, 467–469
Smoothing force, 199
Smoothing in breast imaging, 151–153, 160
Snake model, 195–196, 303

for breast contour determination, 135, 141
Snakes, 335–336

adaptive inflation, 340
adaptive subdivision scheme, 340–341
classical, 336–337
color images, 342–344
discretization and numerical simulation of,

339
drawbacks of, 337–338
inflation force, 339–340
and optical flow field, 346–350
statistically constrained, 363–372
and user interaction, 341–342

Snaxels, 199–201, 214
Sobel filter, 114–115
Sorted heap, 236–237
Source image, 533
Source points in fast marching method, 246, 248
Spatial coordinate transformation, 519–520
Spatial image derivatives, 349
Spatiotemporal shape segmentation algorithm,

376–380
Spatiotemporal shapes, 372–383

alignment, 374
estimating and reiterating, 379–380
and gray-level training, 376
model representation, 375–376
statistical variation, 373–376
variation modes, 375

Speckle noise, 498
SPECT. See Single photon emission computed

tomography
Speed function, 18–21, 203–206, 246, 251–252,

489–491
derivation of, 450–453
in geodesic topographic distance transform,

267
in kidney image analysis, 325

Speed wave, 461
Spiral shape and medial curve, 472
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Splenium, 428–430
Spring actuation, 412–414

in deformable organisms, 411
and learned deformations, 414–418

Spring-mass deformable models, 344–345
Square error function, 349
Squashing deformations, 414
State space vector, 359
Statistical deformable models for cardiac

segmentation, 171–190
Statistical point distribution models, 260
Statistically constrained snakes, 363–372

overview of, 365–366
Stencils in multi-stencil fast marching (MSFM)

method, 237, 239–251
Step function, 11, 207–208, 492–493
Stiffness matrix, 345
Stretch deformations, 414, 416–417
Stretch springs, 414, 416–418
Stretching deformations, 412–413, 419
Subextensive entropy, 487
Subspaces

computation of, 117–118
modeling in facial image analysis, 97–98

Substrate, 15
in bacterial biofilms, 2
concentration in biofilms, 24, 26

Sum of angles metric (SOAM), 436
Superextensive entropy, 487
Superlinear function, 528–531
Swamping transform, 265

computing, 267–268
Synthetic shapes, 462–467
Systolic ventricular function, 165

2D projective transformation, 520
2D shape representation and deformation,

398–405
2D vessel crawler, 395–396, 420, 433–434
3D deformable models, 346, 362–363
3D morphable models (3DMMs), 96–97
3D physics-based shape deformations, 418–420
3D synthetic shapes, 462–467
3D vessel crawler, 395–396, 421–422, 425–428,

436
T-Snakes model, 196, 199–200
T-Surfaces, 490
Tapering, localized, 413–414
Tapering deformations, 414, 416
Target image, 533
Target Regions, 494–495
Taylor series expansion, 349, 452
Taylor series for brightness, 500

Temporal discontinuity value, 377
Temporal image derivative, 349
Tensile force in snakes, 339
Termination condition, 200, 494

in dual-level-set method, 215
in Dual-T-Snakes, 209–210

Texture-based deformable models, 91–129
Texture-based inversion, 71–73
Texture-constrained active shape model

(TC-ASM), 92, 104–109
in Bayesian framework, 108–109
evaluation for face alignment, 126–129
point position accuracy, 122–123
texture reconstruction error, 123–126

Texture parameters in facial image analysis, 98,
103, 107–108

Texture reconstruction error in
texture-constrained active shape model
(TC-ASM), 123–126

Thickness parameter in distance transform
methods, 447

Thickness profiles in 2D shape representation,
398–400, 406

Thickness springs, 414, 416–417
Thinning algorithm, 448
Thinning methods in flight path generation,

446–447
Three-dimensional active shape models (ASMs),

172–179, 183–190
Three-dimensional medial curves, 445–446
Three dimensional multi-stencils fast marching

(MSFM) method
numerical experiments of, 251

Three-dimensional multi-stencils fast marching
(MSFM) method, 243–245

Threshold value in breast contour determination,
151

Thresholding level sets, 298–299
Time to Peak Filling Rate (TTPF), 165–166,

185–186
Tissue density and deformable models, 285–287
Topographic distances in Skeleton by Influence

Zones (SKIZ), 264–265
Topological nodes, identification of, 457–458
Total variation (TV) functional, 76
Transformations in image registration, 519–521
Translation forces in deformable organisms,

414–415
Travel time, 458
True endoscopy, 446
Tsallis entropy, 478, 480, 485–488, 494–495,

504–505
Tumors

imaging lesions, 504–510
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segmentation of, 273, 275–289
Two dimensional active shape models (ASMs),

372–383
Two dimensional multi-stencils fast marching

(MSFM) method, 239–243
numerical experiments of, 245–251

Ultrasonography, 294
Ultrasound, 171, 518

of breast lesions, 478–480
Ultrasound echocardiography, 364
Ultrasound images and object tracking, 498,

507–511
Untidy priority queue, 237
Upper boundary in geometrical deformable

organism, 428
Upwind condition in multi-stencils fast marching

method, 242–243, 245
Upwind direction finite differences, 21–23
User-driven mouse forces in deformable

organisms, 411

Valve planes, 168
Variation modes in shape profiles, 403–405
Vector field, 273
Vector spaces in facial image analysis, 97
Vector-valued partial differential equation, 337
Vectors in parametric deformable models, 271
Velocity extensions, 21–23
Velocity fields, 68–71

and optical flow, 349
Velocity of biomass, 4
Velocity potential, 15–18, 27
Velocity potential equation, 15–16
Ventricles

imaging of, 430–433
modeling using medial patches, 433–436

Ventricular function, 165–166
Vessel crawler, 395–396, 419–422

and adaptive behavior selection, 427–428
behaviors of, 425–426
fitting, 426
growing, 426

and segmentation, 433–434, 436
spawning new organisms, 426

Vesselness, 428, 436
Vesselness sensor, 421–422
Vibrational modes in deformable models,

360–362
Virtual colonoscopy, 471–472
Virtual endoscopy, 445–473
Viscosity solution, arrival time of, 240
Viscous conservation laws, 205
Viterbi algorithm, 198–199, 213, 216
Volume

fraction, 16–18, 27
penalizing, 75

Volume-based shape representations, 397
Volume-Time Curve (VTC), 165, 189
Volumetric angiography, 436
Voxel coding technique, 447
Voxels, 251, 254–255, 268

medial, 456–460
in parallel thinning methods, 446–447
and speed function derivation, 450–453

Wall
motion in myocardia, 182
thickness in myocardia, 181

Watershed algorithm, 481
Watershed transform, 264–265, 288
Watersnake method, 288
Wave propagation

in geodesic active contour level set, 272
and geodesic topographic distance

transform, 266–267
Weak classifiers in facial image analysis,

114–115
statistical learning of, 115–117

Weak solutions, 226–227
Weighted Sequential Projection (WSR), 482
Weighting functions, 336
White matter and imaging by dual-level-set

method, 223–225

Zero level set, 489, 491




